
Information Sciences Letters Information Sciences Letters 

Volume 9 
Issue 2 May 2020 Article 3 

2020 

Some Fixed Point Theorems under E.A. and (CLR) Properties on Some Fixed Point Theorems under E.A. and (CLR) Properties on 

C∗-Algebra Valued Metric Spaces C -Algebra Valued Metric Spaces 

Manoj Kumar 
Department of Mathematics, Deenbandhu Chhotu Ram University of Science and Technology, Murthal, 
Sonepat, 131039, India, mhimdad@gmail.com 

Mohammad Imdad 
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India, mhimdad@gmail.com 

Mohammad Asim 
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India, mhimdad@gmail.com 

Follow this and additional works at: https://digitalcommons.aaru.edu.jo/isl 

Recommended Citation Recommended Citation 
Kumar, Manoj; Imdad, Mohammad; and Asim, Mohammad (2020) "Some Fixed Point Theorems under E.A. 
and (CLR) Properties on C∗-Algebra Valued Metric Spaces," Information Sciences Letters: Vol. 9 : Iss. 2 , 
Article 3. 
Available at: https://digitalcommons.aaru.edu.jo/isl/vol9/iss2/3 

This Article is brought to you for free and open access by Arab Journals Platform. It has been accepted for 
inclusion in Information Sciences Letters by an authorized editor. The journal is hosted on Digital Commons, an 
Elsevier platform. For more information, please contact rakan@aaru.edu.jo, marah@aaru.edu.jo, 
u.murad@aaru.edu.jo. 

https://digitalcommons.aaru.edu.jo/isl
https://digitalcommons.aaru.edu.jo/isl/vol9
https://digitalcommons.aaru.edu.jo/isl/vol9/iss2
https://digitalcommons.aaru.edu.jo/isl/vol9/iss2/3
https://digitalcommons.aaru.edu.jo/isl?utm_source=digitalcommons.aaru.edu.jo%2Fisl%2Fvol9%2Fiss2%2F3&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.aaru.edu.jo/isl/vol9/iss2/3?utm_source=digitalcommons.aaru.edu.jo%2Fisl%2Fvol9%2Fiss2%2F3&utm_medium=PDF&utm_campaign=PDFCoverPages
https://www.elsevier.com/solutions/digital-commons
mailto:rakan@aaru.edu.jo,%20marah@aaru.edu.jo,%20u.murad@aaru.edu.jo
mailto:rakan@aaru.edu.jo,%20marah@aaru.edu.jo,%20u.murad@aaru.edu.jo


Inf. Sci. Lett. 9, No. 2, 75-82 (2020) 75

Information Sciences Letters
An International Journal

http://dx.doi.org/10.18576/isl/090203

Some Fixed Point Theorems under E.A. and (CLR)
Properties on C∗-Algebra Valued Metric Spaces

Manoj Kumar1, Mohammad Imdad2,∗ and Mohammad Asim2

1Department of Mathematics, Deenbandhu Chhotu Ram University of Science and Technology, Murthal, Sonepat, 131039, India
2Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India

Received: 22 Aug. 2019, Revised: 12 Apr. 2020, Accepted: 20 Apr. 2020
Published online: 1 May 2020

Abstract: In this paper, we prove some common fixed point theorems for four weakly compatible self maps satisfying E.A. property
and (CLR) property in C∗-algebra valued metric spaces. An example is also adopted to substantiate the significance of our newly proved
results. In addition, we use one of our main results to establish the existence and uniqueness of a solution for the system of integral
equations.
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1 Introduction

The Banach contraction principle [1] is a very useful,
simple and effective tool in modern analysis. It has
extensive applications within several domains, such as
Mathematical Sciences, Physical Sciences and Social
Sciences. Several authors have investigated the existence
of fixed points for several types of mappings which are
spread throughout the existing literature. For a relevant
work of this kind, one can consult [2,3,4,5,6,7,8,9,10,
11]. In particular, it is an important tool for solving
existing problems within several domains, such as
integral equations, differential equations, fractional
differential equations and partial differential equations
[12,13,14,15,16,17] etc.

Recently, Ma et al. [18] has extended Banach
contraction principle to C∗-algebra valued metric spaces
using the set of all positive members of a unital
C∗-algebra instead of the set of real numbers. Later on,
some researchers have done some work on this (see [19,
20,21,22,23]).

In this paper, we prove some common fixed point
theorems for four weakly compatible self maps along
with E.A. property and (CLR) property of C∗-algebra
valued metric spaces.

The following definitions and notations will be used in
a sequel to prove our theorems. For the details, we refer to
[22,23].

A ∗-algebra A is a complex algebra with linear
involution ∗ such that for all p,q ∈ A (pq)∗ = q∗p∗ and
p∗∗ = p. The pair (A,∗) is called a unital ∗-algebra if it
contains the unity element 1A. A unital ∗-algebra (A,∗) is
called a Banach ∗-algebra if it satisfies ∥p∗∥ = ∥p∥ along
with a complete sub-multiplicative norm. A Banach
C∗-algebra satisfying ∥p∗p∥ = ∥p∥2, for all p ∈ A is
called C∗-algebra. If p = p∗ and
σ(p) = {β ∈ R : β1A − p is non-invertible }, p is called
the positive element of A. If p ∈ A is positive, we write it
as p < 0A. The partial ordering on A can be defined as
follows: p < q if and only if p−q < 0A.

Throughout the paper, by A, we denote a unital C∗-
algebra with the unity element 1A.

In 2014, Ma et al. [18] introduced the notion of C∗-
algebra valued metric spaces in the following way:

Definition 1.1. Suppose X is a non-empty set. The
mapping d : X × X → A is called C∗-algebra valued
metric on X if it satisfies the following for all p,q,r ∈ A:

(i) d(p,q)< 0A and d(p,q) = 0A if p = q;
(ii) d(p,q) = d(q, p);
(iii) d(p,r)4 d(p,q)+d(q,r).

The triplet (X ,A,d) is called a C∗-algebra valued metric
space.

Definition 1.2. A sequence {xn} in (X ,A,d) is said to be
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(i) convergent with respect to A, if for given ε > 0, there
exists a positive integer k such that ∥d(xn,x)∥< ε , for
all n > k,

(ii) Cauchy sequence with respect to A if for any ε > 0,
there exists k ∈ N such that ∥d(xn,xm)∥ < ε , for all
n,m > k.

The triplet (X ,A,d) is called complete C∗-algebra valued
metric space if every Cauchy sequence with respect to A
is convergent.

The following definition is used in our subsequent
discussions.

Definition 1.3.[20] The max function on A (C∗-algebra)
with the partial order relation ‘ 4′ is defined by (for all
x,y ∈ A):

max{x,y}= y ⇔ x 4 y and ∥x∥ ≤ ∥y∥.

Jungck [24] and Vetro [25] introduced the concept of
weakly compatible maps as follows:

Definition 1.4. Let f and g be two self-mappings of a
metric space (X ,d). Then, the pair ( f ,g) is said to be
weakly compatible if they commute at coincidence points.

Example 1.1. Define f ,g : R → R by f x = x
3 , for all

x ∈ R and gx = x2, for all x ∈ R. Here, 0 and 1
3 are two

coincidence points for the maps f and g. Note that f and
g commute at 0, i.e. f g(0) = g f (0) = 0, but
f g( 1

3 ) = f ( 1
9 ) =

1
27 and g f ( 1

3 ) = g( 1
9 ) =

1
81 so f and g

are not weakly compatible on R.
In 2002, Aamri and Moutawakil [26] introduced the

notion of E.A. property, as follows:

Definition 1.5. Let f and g are two self-mappings of a
metric space (X ,d). Then, the pair ( f ,g) is said to satisfy
E.A. property if there exists a sequence {xn} in X such that
lim
n→∞

f xn = lim
n→∞

gxn = t for some t ∈ X .

Example 1.2. Let X = [0,1] be endowed with the
Euclidean metric d(x,y) = |x − y| and f x = 1

5 x and
gx = 3

5 x for each x ∈ X . Consider the sequence
{xn} =

{ 1
n

}
so that lim

n→∞
f xn = lim

n→∞
gxn = 0, where 0 ∈ X .

Hence, the pair ( f ,g) satisfies the E.A. property.
In 2011, Sintunavarat and Kumam [27] introduced the

notion of (CLR) property as follows.

Definition 1.6. Let f and g are two self-mappings of a
metric space (X ,d). Then, the pair ( f ,g) is said to satisfy
(CLR f ) property if there exists a sequence {xn} in X such
that lim

n→∞
f xn = lim

n→∞
gxn = f x for some x ∈ X .

Example 1.3. Let X = [0,1] be endowed with the
Euclidean metric d(x,y) = |x− y| and f x = x and gx = x2

for each x ∈ X . Consider the sequence {xn}= { 1
n} so that

lim
n→∞

f xn = lim
n→∞

gxn = f (0), where 0 ∈ X . Hence, the pair

( f ,g) satisfies the (CLR f ) property.

2 Main Results

In this section, we will prove some common fixed point
theorems for four weakly compatible self maps along with
E.A. property and (CLR) property.
Theorem 2.1. Let f ,g,S and T be four self maps of
C∗-algebra-valued metric space (X ,A,d) satisfying the
followings:

SX ⊆ gX ,T X ⊆ f X , (1)

d(Sx,Ty)4 a∗m(x,y)a,

for any x,y ∈ X , where a ∈ A with ∥a∥< 1 and

m(x,y) = max{d( f x,gy),d(Sx, f x),d(T x,gy),
d(Sx,gy),d(Ty, f x)}. (2)

If one of f X , gX , SX and T X is a complete subspace of
X , the pairs ( f ,S) and (g,T ) have a coincidence point.
Moreover, if the pairs ( f ,S) and (g,T ) are weakly
compatible, f ,g,S and T have a unique common fixed
point.
Proof. Let x0 ∈ X be an arbitrary point. From (1), we can
construct a sequence {yn} in X , as follows (for all n =
0,1,2, ...):

y2n+1 = Sx2n = gx2n+1,y2n+2 = T x2n+1 = f x2n+2, (3)

Define dn = d(yn,yn+1). Suppose that d2n = 0 for some n.
Then, y2n = y2n+1, i.e. T x2n−1 = f x2n = Sx2n = gx2n+1, f
and S have a coincidence point. Hence, we are done. Now,
we suppose that d2n > 0 for all n ∈ N. Then, from (2), we
have

d(Sx2n,T x2n+1)4 a∗m(x2n,x2n+1)a, (4)

where,

m(x2n,x2n+1) = max
{

d( f x2n,gx2n+1),d(Sx2n, f x2n),

d(T x2n+1,gx2n+1),d(Sx2n,gx2n+1),

d(T x2n+1, f x2n)
}

= max{d2n,d2n+1}. (5)

Thus, from (4), we have

d(Sx2n,T x2n+1)4 a∗ max{d2n,d2n+1}a. (6)

If possible, assume d2n+1 ≥ d2n, for all n ∈ N, so that (6)
reduces to

d2n+1 4 a∗d2n+1a,

that is,

d(y2n+1,y2n+2)4 a∗d(y2n+1,y2n+2)a,

which together with ∥a∥< 1 implies that

∥d(y2n+1,y2n+2)∥≤∥a∥2∥d(y2n,y2n+1)∥< ∥d(y2n,y2n+1)∥,

a contradiction. Thus, d2n > d2n+1 for all n ∈ N from (6).
We have

d2n+1 4 a∗d2na.

c⃝ 2020 NSP
Natural Sciences Publishing Cor.

2

Information Sciences Letters, Vol. 9 [2020], Iss. 2, Art. 3

https://digitalcommons.aaru.edu.jo/isl/vol9/iss2/3



Inf. Sci. Lett. 9, No. 2, 75-82 (2020) / www.naturalspublishing.com/Journals.asp 77

Similarly, d2n 4 a∗d2n−1a, and d2n−1 4 a∗d2n−2a. In
general, we have (for all n ∈ N)

dn 4 a∗dn−1a,

i.e.

d(yn,yn+1)4 a∗d(yn−1,yn)a

4 (a∗)2d(yn−2,yn−1)a2

. . .

4 (a∗)nd(y0,y1)an.

Thus, for any k ∈ N and using the triangle inequality, we
have

d(yn+k,yn)4 d(yn+k,yn+k−1)+d(yn+k−1,yn+k−2)+

...+d(yn+1,yn)

4
n+k−1

∑
m=n

(a∗)md(y1,y0)am

4
n+k−1

∑
m=n

(bam)∗bam

4
n+k−1

∑
m=n

|bam|2

4
n+k−1

∑
m=n

∥|bam|2∥1A

4 ∥b∥21A
n+k−1

∑
m=n

(am)2 → 0A(n → ∞),

where 1A is the unit element in A and d(y1,y0) = |b|2 for
some b ∈ A+. This can be done since d(y1,y0) ∈ A+.
Therefore, {yn} is a Cauchy sequence since f X is
complete. Note that {yn} is contained in f X and has a
limit in f X , say u, that is, lim

n→∞
yn = u. Let v ∈ f−1u, then

f v = u. Now, we shall prove that Sv = u. Let, if possible,
Sv ̸= u, that is, d(Sv,u) = p ≻ 0A. Putting x = v and
y = xn−1 in (2), we get

d(Sv,T xn−1)4 a∗m(v,xn−1)a.

Putting limit as n → ∞, we have

lim
n→∞

d(Sv,T xn−1)4 a∗ lim
n→∞

m(v,xn−1)a, (7)

where

lim
n→∞

m(v,xn−1) = lim
n→∞

max{d(u,yn−1),d(Sv,u),d(yn,yn−1),

d(Sv,yn−1),d(yn,u)}
= max{d(u,u),d(Sv,u),d(u,u),

d(Sv,u),d(u,u)}
= d(Sv,u) = p.

Thus, by (7), we have

d(Sv,u)4 a∗d(Sv,u)a,

which together with ∥a∥< 1, implies that

∥d(Sv,u)∥ ≤ ∥a∥2∥d(Sv,u)∥< ∥d(Sv,u)∥,

a contradiction. Thus, we get Sv = u = f v where v is the
coincidence point of the pair ( f ,S). Since SX ⊆ gX , Sv= u
which implies that u ∈ gX . Let w ∈ g−1u. Then gw = u.
Using the same arguments as above, one can easily verify
that Tw = u = gw, i.e. u is the coincidence point of the pair
(g,T ).

The same result holds if we assume that gX is complete
instead of f X . Now, if T X is complete, then by (1), u ∈
T X ⊆ f X . Similarly, if SX is complete, u∈ SX ⊆ gX . Now,
since the pair ( f ,S) and (g,T ) are weakly compatible,

u = Sv = f v = Tw = gw,

then
f u = f Sv = S f v = Su,

gu = gTw = T gw = Tu.

Now, we claim that Tu = u. Let, if possible, Tu ̸= u. By
(2), we have

d(u,Tu) = d(Sv,Tu)4 a∗m(v,u)a,

where

m(v,u) = max{d( f v,gu),d(Su, f u),d(T v,gv),
d(Su,gv),d(T v, f u)}

= max{d(u,Tu),d(u,u),0A,d(u,Tu),d(Tu,u)}
= d(u,Tu).

Thus, we have

d(u,Tu)4 a∗d(u,Tu)a,

which together with ∥a∥< 1 implies

∥d(u,Tu)∥ ≤ ∥a∥2∥d(u,Tu)∥< ∥d(u,Tu)∥,

a contradiction. Thus, we have Tu = u. Similarly, one can
prove that, Su = u and we get f u = Su = gu = Tu = u.
Hence, u is the common fixed point of f ,g,S and T .

To prove the uniqueness, let z be another common fixed
point of f ,g,S and T with u ̸= z. From (2), we have

d(u,z) = d(Su,T z)4 a∗m(u,z)a,

where

m(u,z) = max{d( f u,gz),d(Su, f u),d(T z,gz),
d(Su,gz),d(T z, f u)}

= max{d(u,z),0A,0A,d(u,z),d(z,u)}
= d(u,z).

Thus, we have d(u,z) 4 a∗d(u,z)a, which together with
∥a∥< 1, provides

∥d(u,z)∥ ≤ ∥a∥2∥d(u,z)∥< ∥d(u,z)∥,

c⃝ 2020 NSP
Natural Sciences Publishing Cor.

3

Kumar et al.: Some Fixed Point Theorems under E.A. and (CLR) Properties on C?-A

Published by Arab Journals Platform, 2020



78 M. Kumar et al.: Some fixed point theorems under E.A. and (CLR) properties....

a contradiction. Thus, u = z and the uniqueness follows.
Theorem 2.1 of [28] can be deduced from our Theorem

2.1 in the following form.
Corollary 2.1. Let S and T be two self maps of complete
C∗-algebra-valued metric space (X ,A,d) satisfying

∥d(Sx,Ty)∥ ≤ ∥a∥∥d(x,y)∥,

for any x,y ∈ X , where a ∈A with ∥a∥< 1. Then, S and T
have a unique common fixed point in X .
Proof. Putting f = g = IX and taking m(x,y) = d(x,y), one
can easily verify the result.
Remark 2.1. Putting S = T in the aforementioned
corollary, we can generalize the Theorem 2.1 of [2].
Lemma 2.1. Let f ,g,S and T be four self maps of
C∗-algebra-valued metric space (X ,A,d) satisfying the
followings:

(Li) { f ,S} (or {g,T}) satisfies (E.A.) property,
(Lii) S(X)⊂ g(X) (or T (X)⊂ f (X)),

(Liii) f ,g,S and T satisfy condition (2).

Then, { f ,S} and {g,T} satisfy (E.A.) common property.
Proof. If the pair { f ,S} satisfies the (E.A.) property, there
exists a sequence {xn} in X such that

lim
n→∞

f xn = lim
n→∞

Sxn = z, for some z ∈ X .

Since S(X) ⊂ g(X), for each {xn}, there exists {yn} in X
such that Sxn = gyn. Therefore, lim

n→∞
gyn = lim

n→∞
Sxn = z,

for some z ∈ X . Thus, we have that gyn → z, Sxn → z and
f xn → z. Now , we assert that Tyn → z. On the contrary,
let Tyn → t ̸= z. Then from (2), we have

d(Sxn,Tyn)4 a∗m(xn,yn)a.

Taking limit as n → ∞, we have

lim
n→∞

d(Sxn,Tyn) = lim
n→∞

d(z, t) 4 lim
n→∞

a∗m(xn,yn)a

= a∗ lim
n→∞

d(t,z)a (8)

where,

lim
n→∞

m(xn,yn) = lim
n→∞

max
{

d( f xn,gyn),d(Sxn, f xn),

d(Tyn,gyn),d(Sxn,gyn),d(Tyn, f xn)
}

= max{0A,0A,d(t,z),0A,d(t,z)}
= lim

n→∞
d(t,z).

Now, condition (8) gives rise d(z, t) 4 a∗d(z, t)a, which
together with ∥a∥< 1, implies

∥d(z, t)∥ ≤ ∥a∥2∥d(z, t)∥< ∥d(z, t)∥,

a contradiction. Therefore, lim
n→∞

Tyn = z which shows that

the pairs { f ,S} and {g,T} satisfy (E.A.) common
property.
Theorem 2.2. Let f ,g,S and T be four self mappings of
C∗-algebra-valued metric space (X ,A,d) satisfying (2)
and the followings:

(i) pairs ( f ,S) and (g,T ) are weakly compatible,
(ii) pairs pairs ( f ,S) and (g,T ) satisfy the E.A. common

property,
(iii) f X and gX are closed subsets of X.

Then, f ,g,S and T have a unique common fixed point.
Proof. Since the pairs ( f ,S) and (g,T ) satisfy the E.A.
common property. Then, there exist two sequences {xn}
and {yn} in X such that

lim
n→∞

f xn = lim
n→∞

Sxn = lim
n→∞

gyn = lim
n→∞

Tyn = z, for some z∈X .

If f X is a closed subset of X , lim
n→∞

f xn = z∈ gX . Therefore,
there exists a point v ∈ X such that z = f v. Now, we shall
show that f v = Sv. Let, if possible, f v ̸= Sv. Using (2.2),
we have

d(Sv,Tyn)4 a∗m(v,yn)a. (9)

Defining limit as n → ∞, we have
lim
n→∞

d(Sv,Tyn)4 a∗ lim
n→∞

m(v,yn)a, where

lim
n→∞

m(v,yn) = lim
n→∞

max
{

d( f v,gyn),d(Sv, f v),d(Tyn,gyn),

d(Sv,gyn),d(Tyn, f v)
}

= max{d(z,z),d(Sv,z),d(z,z),
d(Sv,z),d(z,z)}

= d(Sv,z). (10)

Making limit as n → ∞ in (11) and using (12), we get

d(Sv,z)4 a∗d(Sv,z)a,

which together with ∥a∥< 1, implies

∥d(Sv,z)∥ ≤ ∥a∥2∥d(Sv,z)∥< ∥d(Sv,z)∥,

a contradiction. Hence, Sv = z = f v. Therefore, v is a
coincidence point of the pair ( f ,S). If gX is a closed
subset of X , lim

n→∞
gyn = z ∈ gX . Therefore, there exists a

point u ∈ X such that z = gu. Now, we shall show that
gu = Tu. Let, if possible, gu ̸= Tu. Using (2.2), we have

d(Sxn,Tu)4 a∗m(xn,u)a. (11)

Defining limit as n → ∞, we have
lim
n→∞

d(Sxn,Tu)4 a∗ lim
n→∞

m(xn,u)a, where

lim
n→∞

m(xn,u) = lim
n→∞

max
{

d( f xn,gu),d(Sxn, f xn),

d(Tu,gu),d(Sxn,gu),d(Tu, f xn)
}

= max{d(z,z),d(z,z),d(Tu,z),
d(z,z),d(Tu,z)}

= max{0A,0A,d(Tu,z),d(Tu,z)}
= d(Tu,z). (12)

Making limit as n → ∞ in (13) and using (14), we get

d(z,Tu)4 a∗d(z,Tu)a,
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which together with ∥a∥< 1, implies that

∥d(z,Tu)∥ ≤ ∥a∥2∥d(z,Tu)∥< ∥d(z,Tu)∥,

a contradiction. Hence, Tu = z = gu. Therefore, u is a
coincidence point of the pair (g,T ). Since the pair (g,T )
is weakly compatible, gTu = T gu which implies that
T Tu = T gu = gTu = ggu. Since T X ⊆ f X , there exists
v ∈ X such that Tu = f v. Now, we claim that f v = Sv.
Let, if possible, f v ̸= Sv. From (2), we have

d(Sv,Tu)4 a∗m(v,u)a (13)

where

m(v,u) = max{d( f v,gu),d(Sv, f v),d(Tu,gu),
d(Sv,gu),d(Tu, f v)}

= d(Sv, f v) = d(Sv,Tu).

Thus, from (15), we have

d(Sv,Tu)4 a∗d(Sv,Tu)a,

which together with ∥a∥< 1 implies that

∥d(Sv,Tu)∥ ≤ ∥a∥2∥d(Sv,Tu)∥ ≤ ∥d(ASv,Tu)∥,

a contradiction. Therefore, Sv = Tu = f v. Thus, we have
Tu = gu = Sv = f v. The weak compatibility of the pair
( f ,S) implies that f Sv= S f v= SSv= f f v. Now, we claim
that Tu is the common fixed point of f ,g,S and T . Suppose
that T Tu ̸= Tu. From (2), we have

d(Tu,T Tu) = d(Sv,T Tu)
4 a∗m(v, tu)a, (14)

where

m(v,u) = max{d( f v,gTu),d(Sv, f v),d(gTu,T Tu),
d(Sv,gTu),d(T Tu, f v)}

= max{d(Tu,T Tu),0A,0A,d(Tu,T Tu)}
= d(Tu,T Tu).

Using this value in (16) and ∥a∥< 1, we get

∥d(Tu,T Tu)∥ ≤ ∥a∥2∥d(Tu,T Tu)∥< ∥d(Tu,T Tu)∥,

a contradiction. Therefore, Tu = T Tu = gTu. Hence, Tu
is the common fixed point of g and T . Similarly, we can
prove that Sv is the common fixed point of f and S. Since
Tu = Sv, Tu is the common fixed point of f ,g,S and T .

For the uniqueness of common fixed point, suppose
that p and q are two common fixed points of f ,g,S and T
such that p ̸= q. From (2), we have

d(Sp,T q)4 a∗m(p,q)a, (15)

where

m(p,q) = max{d( f p,gq),d(Sp, f p),d(T q,gq),
d(Sp,gq),d(T q, f p)}

= max{d(p,q),0A,0A,d(p,q)}
= d(p,q).

Using this value in (17) together with ∥a∥< 1, we get

∥d(p,q)∥ ≤ ∥a∥2∥d(p,q)∥< ∥d(p,q)∥,

a contradiction. Therefore, p = q, and the uniqueness
follows.
Theorem 2.3. The conclusions of Theorem 2.2 remain true
if the condition (iii) is replaced by the following

(iii)’ SX ⊂ gX and T X ⊂ f X .

As a corollary of Theorem 2.3, we have the following
result which is also a variant of Theorem 2.1. Corollary
2.2. The conclusions of Theorems 2.2 and 2.3 remain true
if the conditions (iii) and (iii)’ are replaced by the
following

(iii)” SX and T X are closed subsets of X provided
SX ⊂ gX and T X ⊂ f X .

Theorem 2.4. Let f ,g,S and T be four self mappings of
C∗-algebra-valued metric space (X ,A,d) satisfying (2),
(9) and the following:

(i) SX ⊆ gX and the pair ( f ,S) satisfies (CLR f ) property,
or

(ii) T X ⊆ f X and the pair (g,T ) satisfies (CLR f )
property.

Then f ,g,S and T have a unique common fixed point.
Proof. Without loss of generality, assume that SX ⊆ gX and
the pair ( f ,S) satisfies (CLRg) property, then there exists a
sequence {xn} in X such that

lim
n→∞

f xn = lim
n→∞

Sxn = f x,

for some x in X . Since SX ⊆ gX , there exists a sequence
{yn} in X such that Sxn = gyn. Hence, lim

n→∞
gyn = f x. We

shall show that lim
n→∞

Tyn = f x. Let, if possible, lim
n→∞

Tyn =

z ̸= f x. Using (2), we have d(Sxn,Tyn)4 a∗m(xn,yn)a, that
is

lim
n→∞

d(Sxn,Tyn)4 a∗ lim
n→∞

m(xn,yn)a

and

d( f x,z)4 a∗ lim
n→∞

m(xn,yn), (16)

where

lim
n→∞

m(xn,yn) = lim
n→∞

max
{

d( f xn,gyn),d(Sxn, f xn),

d(Tyn,gyn),d(Sxn,gyn),d(Tyn, f xn)
}

= max{0A,0A,d(z, f x),0A,d(z, f x)}
= d(z, f x).

Using this value in (18) together with ∥a∥< 1, we get

∥d( f x,z)∥ ≤ ∥a∥2∥d( f x,z)∥< ∥d( f x,z)∥,
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a contradiction. Thus, f x = z, that is, lim
n→∞

Tyn = f x. Then,
we have

lim
n→∞

f xn = lim
n→∞

Sxn = lim
n→∞

gyn = lim
n→∞

Tyn = f x = z.

Now, we shall show that Sx = z. Let, if possible, Sx ̸= z.
From (2), we have d(Sx,Tyn) 4 a∗m(x,yn)a, i.e.
lim
n→∞

d(Sx,Tyn)4 a∗ lim
n→∞

m(x,yn)a which implies that

d(Sx,z)4 a∗ lim
n→∞

m(x,yn)a, (17)

where

lim
n→∞

m(x,yn) = lim
n→∞

max
{

d( f x,gyn),d(Sx, f x),

d(Tyn,gyn),d(Sx,gyn),d(Tyn, f x)
}

= max{d(z,z),d(Sx,z),d(z,z),
d(Sx,z),d(z,z)}

= d(Sx,z).

Using this value in (19) together with ∥a∥< 1, we get

∥d(Sx,z)∥ ≤ ∥a∥2∥d(Sx,z)∥< ∥d(Sx,z)∥,

a contradiction. Therefore, we get Sx = z = Ax. Since, the
pair ( f ,S) is weakly compatible, it follows that f x = Sz.
Moreover, since Sx ⊆ gX , there exists some y in X such
that Sx = gy, i.e. gy = z. Now, we show that Ty = z. Let, if
possible, Ty ̸= z. Using (2), we get

lim
n→∞

d(Sxn,Ty)4 a∗ lim
n→∞

m(xn,y)a, (18)

this implies that

d(z,Ty)4 a∗ lim
n→∞

m(xn,y)a,

where

lim
n→∞

m(xn,y) = max{d( f xn,gy),d(Sxn, f xn),d(Ty,gy),

d(Sxn,gy),d(Ty, f xn)}
= max{d(z,z),d(z,z),d(z,Ty),

d(z,z),d(Ty,z)}
= d(z,Ty).

Making use of this value in (20) alongwith ∥a∥< 1, we get

∥d(z,Ty)∥ ≤ ∥a∥2∥d(z,Ty)∥< ∥d(z,Ty)∥,

a contradiction. Thus, z = Ty = gy. Since the pair (g,T ) is
weakly compatible, it follows that T z = gz. Now, we claim
that Sz = T z. Let, if possible, Sz ̸= T z. From (2), we have

d(Sz,T z)4 a∗m(z,z)a, (19)

where

m(z,z) = max{d( f z,gz),d(Sz, f z),d(gz,T z),
d(Sz,gz),d(T z, f z)}

= d(Sz,T z).

Using this value in (21) along with ∥a∥< 1, we get

∥d(Sz,T z)∥ ≤ ∥a∥2∥d(Sz,T z)∥< ∥d(Sz,T z)∥,

a contradiction. Therefore, Sz= T z, i.e. f z= Sz= T z= gz.
Now, we shall show that z = T z. Let, if possible, z ̸= T z.
Putting y = z in (2), we get

d(z,T z) = d(Sx,T z)4 a∗m(x,z)a, (20)

where

m(x,z) = max{d( f x,Sz),d(Sx, f x),d(gz,T z),
d(Sx,gz),d(T z, f x)}

= d(Sx,T z)
= d(z,T z).

Putting this value in (22) and using ∥a∥< 1, we get

∥d(z,T z)∥ ≤ ∥a∥2∥d(z,T z)∥< ∥d(z,T z)∥,

a contradiction. Therefore, z = T z = gz = f z = Sz. Hence
z is the common fixed point of f ,g,S and T . Uniqueness
follows easily as in the previous theorem.

Now, we provide the following example, which
illustrates Theorem 2.1.
Example 2.1. X = [0,1], and A = M2(C), the set of
bounded linear operators on a Hilbert space C2. Define
d : X ×X → A by

d(x,y) =
[
|x− y| 0

0 k|x− y|

]
,

where k ≥ 0 is a constant. Then, (X ,A,d) is a C∗-algebra-
valued metric space.

Define the four self maps f ,g,S and T on X by f x = x,
gx = x

4 , Sx = x
8 , T x = x

2 for all x ∈ X . Clearly,

SX = [0,
1
8
]⊆ [0,

1
4
] = gX , T X = [0,

1
2
]⊆ [0,1] = f X .

Also, f X is complete subspace of X and the pairs ( f ,S)
and (g,T ) are weakly compatible.

d(Sx,Ty)=
[
| x

8 −
y
2 | 0

0 k| x
8 −

y
2 |

]
, d( f x,gy)=

[
|x− y

4 | 0
0 k|x− y

4 |

]
,

d(Sx, f x)=
[
| x

8 − x| 0
0 k| x

8 − x|

]
, d(Ty,gy)=

[
| y

2 −
y
4 | 0

0 k| y
2 −

y
4 |

]
,

d(Ty, f x)=
[
| y

2 − x| 0
0 k| y

2 − x|}

]
, d(Sx,gy)=

[
| x

8 −
y
4 | 0

0 k| x
8 −

y
4 |

]
Observe that d(Sx,Ty) 4 a∗m(x,y)a (for all x,y ∈ X)
where m(x,y) is defined in (2) with

a =

[√
2

2 0
0

√
2

2

]
∈ A and ∥a∥=

√
2

2
=

1√
2
< 1.

Here, 0 is the unique common fixed point of f ,g,S and T .
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3 Application

As an application, we solve the following integral
equation:
Consider the integral equation

x(t) =
∫

E
(K1(t,s,x(s)+K2(t,s,x(s))))ds+g(t), t ∈ E,

where E is a measurable set. Let X = L∞(E) and
H = L2(E). Define d : X ×X → L(H) by (for all f ,g ∈ X
and || a ||= k < 1):

d( f ,g) = π| f−g|,

where πh : H → H is the multiplicative operator defined
by: πh(ψ) = h.ψ .

Now, we are equipped to state and prove our result, as
follows:
Theorem 3.1. Assume that, for all u,v ∈ L∞(E),

(1) K1 : E ×E ×R → [0,+∞),K2 : E ×E ×R → (−∞,0]
and g ∈ L∞(E);

(2) there exists a continuous function ψ : E ×E → R and
k ∈ (0,1) such that (for t,s ∈ E and u,v ∈ R)

| K1(t,s,u)−K2(t,s,v) |≤ k | ψ(t,s) || u− v |,

(3) supt∈E
∫

E | ψ(t,s) | ds ≤ 1.

Then, the integral equation has a solution in L∞(E).
Proof. Let S,T : L∞(E)→ L∞(E) be given by:

Sx(t) =
∫

E
K1(t,s,x(s))ds+g(t)

and
T x(t) =

∫
E

K2(t,s,x(s))ds+g(t).

Set a = kI, then a ∈ L(H). For any h ∈ H, we have

|| d(Sx,Ty) || = sup||h||=1(π|Sx−Ty|h,h)

= sup||h||=1

∫
E
[|
∫

E
K1(t,s,x(s))−

K2(t,s,x(s))ds |]h(t) ¯h(t)dt

≤ sup||h||=1

∫
E
[
∫

E
| K1(t,s,x(s))−

K2(t,s,x(s)) | ds] | h(t) |2 dt

≤ sup||h||=1

∫
E
[
∫

E
| kψ(t,s)(x(s)−

y(s)) | ds] | h(t) |2 dt

≤ ksup||h||=1

∫
E
[
∫

E
| ψ(t,s) | ds] | h(t) |2 dt

× || x− y ||∞
= k || x− y ||∞
= || a || || d(x,y) || .

Since, || a ||< 1, so using Corollary 2.1, we can say that S
and T have a unique common fixed point.
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