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Abstract: In this paper, we prove some common fixed point theorems for four weakly compatible self maps satisfying E.A. property
and (CLR) property in C*-algebra valued metric spaces. An example is also adopted to substantiate the significance of our newly proved
results. In addition, we use one of our main results to establish the existence and uniqueness of a solution for the system of integral

equations.
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1 Introduction

The Banach contraction principle [1] is a very useful,
simple and effective tool in modern analysis. It has
extensive applications within several domains, such as
Mathematical Sciences, Physical Sciences and Social
Sciences. Several authors have investigated the existence
of fixed points for several types of mappings which are
spread throughout the existing literature. For a relevant
work of this kind, one can consult [2,3,4,5,6,7,8,9,10,
11]. In particular, it is an important tool for solving
existing problems within several domains, such as
integral equations, differential equations, fractional
differential equations and partial differential equations
[12,13,14,15,16,17] etc.

Recently, Ma et al. [18] has extended Banach
contraction principle to C*-algebra valued metric spaces
using the set of all positive members of a unital
C*-algebra instead of the set of real numbers. Later on,
some researchers have done some work on this (see [19,
20,21,22,23]).

In this paper, we prove some common fixed point
theorems for four weakly compatible self maps along
with E.A. property and (CLR) property of C*-algebra
valued metric spaces.

The following definitions and notations will be used in
a sequel to prove our theorems. For the details, we refer to
[22,23].

A x-algebra A is a complex algebra with linear
involution * such that for all p,q € A (pg)* = ¢*p* and
p** = p. The pair (A,x) is called a unital x-algebra if it
contains the unity element 14. A unital x-algebra (A, ) is
called a Banach *-algebra if it satisfies ||p*|| = || p|| along
with a complete sub-multiplicative norm. A Banach
C*-algebra satisfying ||p*p|| = ||p||*>, for all p € A is
called C*-algebra. If p = p* and
o(p) ={B € R: 1, — pisnon-invertible }, p is called
the positive element of A. If p € A is positive, we write it
as p = 0p. The partial ordering on A can be defined as
follows: p = g if and only if p — g = 04.

Throughout the paper, by A, we denote a unital C*-
algebra with the unity element 14.

In 2014, Ma et al. [18] introduced the notion of C*-
algebra valued metric spaces in the following way:

Definition 1.1. Suppose X is a non-empty set. The
mapping d : X x X — A is called C*-algebra valued
metric on X if it satisfies the following for all p,q,r € A:

(i) d(p,q) = 05 and d(p,q) = 04 if p=g;
(it) d(p,q) = d(q,p);
(iii) d(p,r) < d(p,q) +d(q,r).

The triplet (X,A,d) is called a C*-algebra valued metric
space.

Definition 1.2. A sequence {x,} in (X,A,d) is said to be
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(i) convergent with respect to A, if for given € > 0, there
exists a positive integer k such that ||d(x,,x)|| < €, for
alln >k,

(if) Cauchy sequence with respect to A if for any € > 0,
there exists k € N such that ||d(x,,x,)| < €, for all
n,m > k.

The triplet (X, A, d) is called complete C*-algebra valued
metric space if every Cauchy sequence with respect to A
is convergent.

The following definition is used in our subsequent
discussions.

Definition 1.3.[20] The max function on A (C*-algebra)
with the partial order relation ¢ <’ is defined by (for all
x,y € A):

max{x,y} =y < x<yand [|x]| < |ly[.

Jungck [24] and Vetro [25] introduced the concept of
weakly compatible maps as follows:

Definition 1.4. Let f and g be two self-mappings of a
metric space (X,d). Then, the pair (f,g) is said to be
weakly compatible if they commute at coincidence points.

Example 1.1. Define f,g: R — R by fx = 3, for all

x € R and gx = X2, for all x € R. Here, 0 and % are two
coincidence points for the maps f and g. Note that f and
g commute at 0, ie. fg(0) = gf(0) = 0, but
f8(3) = f(3) = 77 and gf(3) = 8(§) = gy so f and g
are not weakly compatible on R.

In 2002, Aamri and Moutawakil [26] introduced the
notion of E.A. property, as follows:

Definition 1.5. Let f and g are two self-mappings of a
metric space (X,d). Then, the pair (f,g) is said to satisfy
E.A. property if there exists a sequence {x,} in X such that
’}ijgofxn :,}ijﬂchn =t forsomet € X.

Example 1.2. Let X = [0,1] be endowed with the
Euclidean metric d(x,y) = |x —y| and fx = %x and

gx = %x for each x € X. Consider the sequence

{x.} = {n} so that r}grolcfx,, r}glologxn 0, where 0 € X.
Hence, the pair (f, g) satisfies the E.A. property.

In 2011, Sintunavarat and Kumam [27] introduced the
notion of (CLR) property as follows.

Definition 1.6. Let f and g are two self-mappings of a
metric space (X,d). Then, the pair (f,g) is said to satisfy
(CLRy) property if there exists a sequence {x, } in X such
that r}i_r)rgofxn = ,}E&gxn = fx for some x € X.

Example 1.3. Let X = [0,1] be endowed with the
Euclidean metric d(x,y) = |x —y| and fx = x and gx = x>
for each x € X. Consider the sequence {x,} = {1} so that
lim fx, = ’}grolo gx, = f(0), where 0 € X. Hence, the pair

n—oo

(f.g) satisfies the (CLR) property.

2 Main Results

In this section, we will prove some common fixed point
theorems for four weakly compatible self maps along with
E.A. property and (CLR) property.

Theorem 2.1. Let f,g,S and T be four self maps of
C*-algebra-valued metric space (X,A,d) satisfying the
followings:

SX CgX,TX C fX, (1)
d(Sx,Ty) < a*m(x,y)a,
for any x,y € X, where a € A with ||a]| < 1 and

m(x,y) = max{d(fx,gy),d(Sx, fx),d(Tx,gy),
d(Sx,gy),d(Ty, fx)}. @
If one of fX, gX, SX and TX is a complete subspace of
X, the pairs (f,S) and (g,7T) have a coincidence point.
Moreover, if the pairs (f,S) and (g,7) are weakly

compatible, f,g,S and T have a unique common fixed
point.

Proof. Let xp € X be an arbitrary point. From (1), we can
construct a sequence {y,} in X, as follows (for all n =
0,1,2,...):

Yonl = SXon = 8Xon+1,Y2m42 = TXon1 = fxoni2,  (3)

Define d, = d(yn,yn+1)- Suppose that dp,, = 0 for some n.
Then, y2, = y2n11, 1.€. Txon—1 = fxon = Sx0n = gX2n+1, f
and S have a coincidence point. Hence, we are done. Now,
we suppose that dy,, > 0 for all n € N. Then, from (2), we
have

d(Sx2n, Txony1) < a*m(X2p,X2n41)4, 4)

where,

m(Xan, X2n11) = max {d(fxan, gx2n11),d(SX2n, fX20),
d(Tx2n41,8%2n+1),d(SX2n, 8X2n41)

d(Txonq1, fX2n) }
= max{da,,drn41}. (5)

Thus, from (4), we have
d(Sx2n, Txops1) < a*max{dan,doni1 }a. (6)

If possible, assume da,, | > day,, for all n € N, so that (6)
reduces to
dyny1 < d*dyyra,

that is,
d(yan+1,Y2n+2) < @ d(Yant1,Y2m+2)a,

which together with ||a|| < 1 implies that

ldans1,y2002) | < llall?|d G2, 2040 < ld G205 2011

a contradiction. Thus, d»,, > d»,11 for all n € N from (6).
We have
d2n+l < a*d2na~
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Similarly, dyy < a*doy_1a, and dy, 1 < a*dy,_na. In
general, we have (for all n € N)

dn < a*dnf 14,
ie.

d(menH) < a*d(yn—layn)a
< (@) d(yn—2,yn—1)a*

P

(a*)"d(yo,y1)a".

Thus, for any k € N and using the triangle inequality, we
have

d(yn+kayn) =< d(yn+k7yn+k71) +d(yn+k717yn+k72)+

ot d(Yns1,9n)
n+k—1
< Y (a)"d(y1,y0)a"
m=n
n+k—1
< Z (ba™)*ba™
m=n
n+k—1
< Y, lba"?
m=n
n+k—1
< Y, lba"Pll1a
m=n
n+k—1
<[16lP1a Y, (@) = 0a(n — o),
m=n

where 1, is the unit element in A and d(y;,yo) = |b|* for
some b € A;. This can be done since d(yi,yo) € A;.
Therefore, {y,} is a Cauchy sequence since fX is
complete. Note that {y,} is contained in fX and has a
limit in X, say u, that is, r}groloyn =u. Letv € f'u, then

fv =u. Now, we shall prove that Sv = u. Let, if possible,
Sv # u, that is, d(Sv,u) = p > 0u. Putting x = v and
y=Xx,—1 in (2), we get

d(Sv,Tx,—1) < a*m(v,x,_1)a.

Putting limit as n — oo, we have

Hm d(Sv, Tx,—1) < a* lim m(v,x,—1)a, @)
n—soo n—soo
where

lim m(V,xn_l) = Jgﬂcmax{d(U,yn—l)vd(Sva M)ad(ynayn—l)7

n—roo
d(SVaynfl)ad(ymu)}
= max{d(u,u),d(Sv,u),d(u,u),
d(Svyu),d(u,u)}
=d(Sv,u) = p.
Thus, by (7), we have

d(Sv,u) < a*d(Sv,u)a,

which together with ||a|| < 1, implies that
ld(Svu)|| < llal?|d(Sv.w)l| < ||d(Sv,u)]|,

a contradiction. Thus, we get Sv = u = fv where v is the
coincidence point of the pair (f,S). Since SX C gX, Sv=u
which implies that u € gX. Let w € g~ 'u. Then gw = u.
Using the same arguments as above, one can easily verify
that Tw = u = gw, i.e. u is the coincidence point of the pair

(8,7T).

The same result holds if we assume that gX is complete
instead of fX. Now, if TX is complete, then by (1), u €
TX C fX. Similarly, if SX is complete, u € SX C gX. Now,
since the pair (f,S) and (g, T) are weakly compatible,

u=_Sv=fv=T_Tw=gw,

then
fu=fSv=Sfv=_Su,
gu=gTw=Tgw="Tu.
Now, we claim that Tu = u. Let, if possible, Tu # u. By
(2), we have
d(u,Tu) = d(Sv,Tu) < a*m(v,u)a,
where
m(v,u) = max{d(fv,gu),d(Su, fu),d(Tv,gv),
d(Su,gv),d(Tv, fu)}
= max{d(u,Tu),d(u,u),04,d(u,Tu),d(Tu,u)}
=d(u,Tu).

Thus, we have
d(u,Tu) < a*d(u,Tu)a,
which together with ||a|| < 1 implies
ld(u, Tu)|| < l|al*||d(u, Tu)|| < ||d(u, Tu)l,

a contradiction. Thus, we have Tu = u. Similarly, one can
prove that, Su = u and we get fu = Su=gu =Tu = u.
Hence, u is the common fixed point of f,g,S and T'.

To prove the uniqueness, let z be another common fixed
point of f,g,S and T with u # z. From (2), we have

d(u,z) =d(Su,Tz) < a"m(u,z)a,
where

m(u,z) = max{d(fu,gz),d(Su, fu),d(Tz,gz),
d(Su,gz),d(Tz, fu)}
=max {d(u,z),04,04,d(u,2),d(z,u)}
=d(u,z).

Thus, we have d(u,z) < a*d(u,z)a, which together with
lla]| < 1, provides

ld(u,2)|| < llal?l|d(u,2)|| < |ld(w,2)]],
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a contradiction. Thus, # = z and the uniqueness follows.
Theorem 2.1 of [28] can be deduced from our Theorem

2.1 in the following form.

Corollary 2.1. Let S and T be two self maps of complete

C*-algebra-valued metric space (X, A,d) satisfying

1 (Sx, Ty)[| < llalllld(x,y)l,

for any x,y € X, where a € A with |ja]| < 1. Then, Sand T
have a unique common fixed point in X.
Proof. Putting f = g = Iy and taking m(x,y)
can easily verify the result.
Remark 2.1. Putting S = 7 in the aforementioned
corollary, we can generalize the Theorem 2.1 of [2].
Lemma 2.1. Let f,g,S and T be four self maps of
C*-algebra-valued metric space (X,A,d) satisfying the
followings:

(Li) {f,S} (or {g,T}) satisfies (E.A.) property,

(Lii) S(X) C g(X) (or T(X) C f(X)),
(Liii) f,g,S and T satisfy condition (2).
Then, {f,S} and {g,T} satisfy (E.A.) common property.

Proof. If the pair {f,S} satisfies the (E.A.) property, there
exists a sequence {x,} in X such that

=d(x,y), one

lim fx, = hm Sx,, =z, for some z € X.
n—yoo

Since S(X) C g(X), for each {x,}, there exists {y,} in X
such that Sx, = gy,. Therefore, lim gy, = lim Sx, = z,
n—oo n—roo

for some z € X. Thus, we have that gy, — z, Sx, — z and
fx, — z. Now , we assert that Ty, — z. On the contrary,
let Ty, — t # z. Then from (2), we have

d(anaTYn) a m(xna)’n)

Taking limit as n — oo, we have
’}ijgod(an, Ty,) = ,}E&d(z’t) < r}iﬁnoloa*m(x,,,y,,)a
=a*limd(t,z)a ®)
n—yoo
where,

lim m(x,,y,) = hm max {d Sxn,8Vn),d(Sxn, fX4),

n—yoo
d(Tyn,gyn),d(an,gyn),d(Tyn,fxn)}
= max{OA,OA,d(t,z),OA,d(t,z)}
= r}grolod(t,z).
Now, condition (8) gives rise d(z,t) < a*d(z,t)a, which
together with |ja|| < 1, implies

ld(z.0)]| < llal*ld(z0)]l < ld(z0)]|,
a contradiction. Therefore, lim Ty, = z which shows that
the pairs {f,S} and {g:l Ff satisfy (E.A.) common
property.
Theorem 2.2. Let f,g,S and T be four self mappings of

C*-algebra-valued metric space (X,A,d) satisfying (2)
and the followings:

(i) pairs (f,S) and (g,T) are weakly compatible,
(ii) pairs pairs (f,S) and (g, T) satisfy the E.A. common

property,
(iii) fX and gX are closed subsets of X.
Then, f,g,S and T have a unique common fixed point.

Proof. Since the pairs (f,S) and (g,T) satisfy the E.A.
common property. Then, there exist two sequences {x,}
and {y,} in X such that

lim fx, = hm Sx, = hm N gy = hm Ty, =z, for somez € X.
n—oo

If fX is aclosed subset of X, lim fx, =z € gX. Therefore,
n—soo

there exists a point v € X such that z = fv. Now, we shall
show that fv = Sv. Let, if possible, fv # Sv. Using (2.2),
we have

d(Sv,Tyn) < a*m(v,y,)a. )

Defining limit as n — oo we have
lim d(Sv,Ty,) < a* lim m(v,y,)a, where

lim m(v,y,) = hm max {d Sv,8n),d(Sv, fv),d(Tyn, gyn),

d(Sv,8yn),d(Tyn, fv) }

= max{d(z,z),d(Sv,z),d(z,z),
d(Sv,z),d(z,2)}

=d(8v,7). (10)

Making limit as n — o in (11) and using (12), we get

d(Sv,z) < a*d(Sv,z)a,

which together with ||a|| < 1, implies
ld(sv.2)|| < llal[ld(Sv,2)]| < lld(Sv.2)]],

a contradiction. Hence, Sv = z = fv. Therefore, v is a

coincidence point of the pair (f,S). If gX is a closed

subset of X, lgrl gyn = z € gX. Therefore, there exists a
n—soo

point u € X such that z = gu. Now, we shall show that
gu = Tu. Let, if possible, gu # Tu. Using (2.2), we have

d(Sx,, Tu) < a*m(x,,u)a. (11)

Defining limit as n — oo, we have
lim d(Sx,, Tu) < a* lim m(x,,u)a, where
n—yoc0 —yo0

lim m(x,,u) = lim max {d(fx,,gu),d(Sxy, fxn),

d(Tu,gu),d(Sx,,gu),d(Tu, fx,,)}
= max{d(z,z),d(z,2),d(Tu,z),
d(z,2),d(Tu,z)}
= max {0y,04,d(Tu,z),d(Tu,z)}
=d(Tu,z7). (12)

Making limit as n — oo in (13) and using (14), we get

d(z,Tu) < a*d(z,Tu)a,
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which together with ||a|| < 1, implies that
ld(z, Tu)|| < llall?||d(z, Tu)|| < |ld(z, Tu)ll,

a contradiction. Hence, Tu = z = gu. Therefore, u is a
coincidence point of the pair (g,T). Since the pair (g,T)
is weakly compatible, g7u = Tgu which implies that
TTu = Tgu = gTu = ggu. Since TX C fX, there exists
v € X such that Tu = fv. Now, we claim that fv = Sv.
Let, if possible, fv # Sv. From (2), we have

d(Sv,Tu) < a*m(v,u)a (13)

where

m(v,u) = max{d(fv,gu),d(Sv, fv),d(Tu,gu),
d(Sv,gu),d(Tu, fv)}
=d(Sv, fv) =d(Sv,Tu).

Thus, from (15), we have
d(Sv,Tu) < a*d(Sv,Tu)a,
which together with ||a|| < 1 implies that
ld(Sv. Tu)| < [lal*|d(Sv, Tu) | < |d(ASv, Tu)],

a contradiction. Therefore, Sv = Tu = fv. Thus, we have
Tu = gu = Sv = fv. The weak compatibility of the pair
(f,S) implies that fSv=Sfv=8Sv= ffv. Now, we claim
that T'u is the common fixed point of f, g, S and T. Suppose
that TTu # Tu. From (2), we have

d(Tu,TTu) =d(Sv,TTu)
< a*m(v,tu)a, (14)

where

m(v,u) = max{d(fv,gTu),d(Sv, fv),d(gTu,TTu),
d(Sv,gTu),d(TTu, fv)}
= max{d(Tu,TTu),04,04,d(Tu,TTu)}
=d(Tu,TTu).

Using this value in (16) and |ja|| < 1, we get
(T, TTw)|| < |lal|*|d(Tu, TTu)|| < ||d(Tu, TTu)|,

a contradiction. Therefore, Tu = TTu = gTu. Hence, Tu
is the common fixed point of g and 7. Similarly, we can
prove that Sv is the common fixed point of f and S. Since
Tu = Sv, Tu is the common fixed point of f,g,Sand T.
For the uniqueness of common fixed point, suppose
that p and g are two common fixed points of f,g,S and T
such that p # ¢. From (2), we have
d(Sp,Tq) < a"m(p,q)a, (15)

where

m(p,q) = max{d(fp,gq),d(Sp,fp),d(Tq,8q),
d(Sp,8q),d(Tq,fp)}
=max{d(p,q),04,04,d(p,q)}
=d(p,q).

Using this value in (17) together with ||a|| < 1, we get

Id(p,q)|| < llall*(ld(p.q)|| < lld(p,q)l,

a contradiction. Therefore, p = ¢, and the uniqueness
follows.

Theorem 2.3. The conclusions of Theorem 2.2 remain true
if the condition (iii) is replaced by the following

(iii)’ SX C gX and TX C fX.

As a corollary of Theorem 2.3, we have the following
result which is also a variant of Theorem 2.1. Corollary

2.2. The conclusions of Theorems 2.2 and 2.3 remain true
if the conditions (iii) and (iii)’ are replaced by the
following

(iii)” SX and TX are closed subsets of X provided
SX CgXandTX C fX.

Theorem 2.4. Let f,g,S and T be four self mappings of
C*-algebra-valued metric space (X,A,d) satisfying (2),
(9) and the following:

(i) SX C gX and the pair (f,S) satisfies (CLR) property,
or
(i) TX C fX and the pair (g,7T) satisfies (CLRy)
property.
Then f,g,S and T have a unique common fixed point.
Proof. Without loss of generality, assume that SX C gX and

the pair (f,S) satisfies (CLR,) property, then there exists a
sequence {x,} in X such that

lim fx, = lim Sx,, = fx,
n—soo n—soo
for some x in X. Since SX C gX, there exists a sequence
{yn} in X such that Sx, = gy,. Hence, lim gy, = fx. We
n—yo0
shall show that lim Ty, = fx. Let, if possible, lim Ty, =
n—oo n—oo
z# fx. Using (2), we have d(Sx,,, Ty,) < a*m(x,,y,)a, that
is

lim d(Sx,, Ty,) < a* lim m(x,,y,)a
n—yoo

n—oo
and

d(fx,z) <a’ lgn m(xnvyn)v (16)
where

lim m(x,,yn) = ILm max{d(fxn,gy,,),d(an,fxn),
n—yoo

d(Tymg.Vn)ad(anvgyn)ad(Tymfxn)}
= max {OA,OA,d(Z,fX),OA,d(Z,fX)}
= d(z, fx).

Using this value in (18) together with ||a|| < 1, we get

ld(fx.2)I| < llallPlld(fx,2)]| < lld(fx.2)].
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a contradiction. Thus, fx = z, thatis, lim Ty, = fx. Then,
n—oo

we have
lim fx, = lim Sx, = lim gy, = lim Ty, = fx=2z.
n—yo0 n—yo0 n—yoo n—yoo

Now, we shall show that Sx = z. Let, if possible, Sx # z.
From (2), we have d(Sx,Ty,) < a*m(x,y,)a, ie.
lim d(Sx, Ty,) < @* lim m(x,y,)a which implies that

n—soo n—soo

d(Sx,z) < a* lim m(x,y,)a, (17)
n—soo
where
lim m(x,y,) = lim max {d(fx, gyn),d(Sx, fx),
d(Tyn,gYn),d(Sx,8Yn),d(Tyn, fx)}
= max{d(z,z),d(Sx,2),d(z,2),
d(Sx,z2),d(z,2)}
= d(Sx,z2).
Using this value in (19) together with ||a|| < 1, we get

ld(Sx,2) < llall*lld(Sx,2)]| < [ld(Sx,2)

a contradiction. Therefore, we get Sx = z = Ax. Since, the
pair (f,S) is weakly compatible, it follows that fx = Sz.
Moreover, since Sx C gX, there exists some y in X such
that Sx = gy, i.e. gy = z. Now, we show that T’y = z. Let, if
possible, Ty # z. Using (2), we get

r}ggd(sxnaTY) <a r}ggm(xna)’)aa (18)
this implies that

d(z,Ty) < a* lim m(x,,y)a,
n—oo

where

Jim m(xn, y) = max{d(fxn,8y),d(Sxn, fxn),d(Ty,8y),
d(anvgy)7d(Tyafxn)}
= max{d(z,z),d(z,2),d(z, Ty),
d(z,2),d(Ty,z)}
=d(z,Ty).
Making use of this value in (20) alongwith ||a|| < 1, we get

ld(z,7y) < llal*|d(z Ty)I| < |ld(z Ty)ll,

a contradiction. Thus, z = Ty = gy. Since the pair (g,7) is
weakly compatible, it follows that 7z = gz. Now, we claim
that Sz = Tz. Let, if possible, Sz # Tz. From (2), we have

d(Sz,Tz) < a*m(z,2)a, (19)

where

m(z,z) = max{d(fz,82),d(Sz, fz),d(gz,Tz),
d(8z,82),d(Tz, fz)}
=d(Sz,Tz).

Using this value in (21) along with ||a|| < 1, we get
ld (82, T2)|l < [lal*[ld(Sz,T2)| < [ld(Sz, T2)]|,

a contradiction. Therefore, Sz=Tz,i.e. fz=Sz=Tz=gz.
Now, we shall show that z = Tz. Let, if possible, z # Tz.
Putting y = zin (2), we get

d(z,Tz) =d(Sx,Tz) < a*m(x,z)a, (20)

where

m(x,z) = max{d(fx,Sz),d(Sx, fx),d(gz,Tz),
d(Sx,82),d(Tz, fx)}
=d(Sx,Tz)
=d(z,Tz).

Putting this value in (22) and using ||a|| < 1, we get
ld(z,T2)|| < llall*lld(z,T2) | < |ld(z, T2)]|,

a contradiction. Therefore, z = Tz = gz = fz = Sz. Hence
z is the common fixed point of f,g,S and T. Uniqueness
follows easily as in the previous theorem.

Now, we provide the following example, which
illustrates Theorem 2.1.

Example 2.1. X = [0,1], and A = M,(C), the set of
bounded linear operators on a Hilbert space C2. Define
d:XxX — Aby

_|lk=y 0
d(x7y)_|: O k|X—y| 1)

where k > 0 is a constant. Then, (X, A,d) is a C*-algebra-
valued metric space.

Define the four self maps f,g,S and T on X by fx =x,
gx = %, Sx = %, Tx= % for all x € X. Clearly,

Zci.

X = -
S [0, ,4]

=gX, TX = [0,%] co,1] = fX.

Also, fX is complete subspace of X and the pairs (f,S)
and (g,T) are weakly compatible.

-2 0 x—2 0
d(Sx,T)’):_|802|k|§_§|:|7d(fx,g)’):|:| O4|k|x—i|]’
M x Yy Y

_|l5=x 0 _|lz—3l 0
I 0 i1 0
ot =35 gy L asnmn= (158 4 2

Observe that d(Sx,Ty) < a*m(x,y)a (for all x,y € X)
where m(x,y) is defined in (2) with

V2 o1

20

Here, 0O is the unique common fixed point of f,g,S and 7.
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3 Application

As an application, we solve the following integral
equation:
Consider the integral equation

(1) = /E (Ky (1, 5,%(5) + Ka(t,5,x(s))) )ds + (1)1 € E,

where E is a measurable set. Let X = L*(E) and
H =L*(E). Define d : X x X — L(H) by (for all f,g € X
and || a ||=k < 1):

d(f,8) = ms_g,

where 7, : H — H is the multiplicative operator defined
by: m,(y) = h.y.

Now, we are equipped to state and prove our result, as
follows:

Theorem 3.1. Assume that, for all u,v € L*(E),

(DK :EXEXR—=[0,4),K; : EXEXR — (—,0]
and g € L*(E);

(2) there exists a continuous function y : £ X E — R and
k € (0,1) such that (for ¢t,s € E and u,v € R)

|K1(t7s7u) —KQ(I,S,V) |S k | l/l(t7s) || u—v |7
B) suprce [¢ | w(t,s) |ds < 1.

Then, the integral equation has a solution in L*(E).
Proof. Let S,T : L*(E) — L*(E) be given by:

$+(1) = [ Ki(t.s.x(5))ds+ g(0)
and
Tx(r) = /E Ko(t,5,x(s))ds + g(1).
Seta =kl, thena € L(H). For any h € H, we have
|| d(Sx,Ty) || = sup)jpj=1 (Fse—1y(2: 1)
:Sul’HhH:l./l;_[l '/;Kl(tasax@))_
Ka(t,5,x(s))ds [|h(t)h{t)dt
< supppir [ 1Ki(r5,5(9) -
Ka(t,5,x(s)) | ds] | h(r) | di
< suppujr [ Vewle,)(x(s) -
¥(s)) | ds] | h(r) | di
< ksupya [ 1w(o.) | ds] () P
<[ 5=yl
=k|[x=yll
=llall @) .

Since, || a ||< 1, so using Corollary 2.1, we can say that S
and T have a unique common fixed point.
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