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Abstract: In the present paper, we continue the study of the properties of tuzgyen (closed) soft sets, which were first introduced

in [1]. Also, we investigate the concepts of fuzaysoft interior (closure), fuzzyr-continuous (open) soft functions and fuzay
separation axioms which are important for further research on fuzzy soft topology. In particular we study the relationship between
fuzzy a-soft interior fuzzya-soft closure, which are basic for further research on fuzzy soft topology and will fortify the footing of the
theory of fuzzy soft topological space. Further, we study the properties of fuzzg gefjular spaces and fuzzy softnormal spaces.
Moreover, we show that if every fuzzy soft poifitis fuzzy a-closed soft set in a fuzzy soft topological sp&¥e¥, E), then(X,%,E)

is fuzzy softa-T;- (resp.T,-) space.

Keywords: Soft set, Fuzzy soft set, Fuzzy soft topological space, Fuzspft interior, Fuzzya-soft closure, Fuzzyr-open soft,
Fuzzya-closed soft, Fuzzgr-continuous soft functions, Fuzzy seftseparation axioms, Fuzzy saftTi-spacesi = 1,2, 3,4), Fuzzy
soft a-regular, Fuzzy softr-normal.

1 Introduction class of special information systems. In recent years,
many interesting applications of soft set theory have been

In real life situation, the problems in economics, €xpanded by embedding the ideas of fuzzy saf6, [0,
engineering, social sciences, medical science etc. do ndt8,27,31,32,33,34,36,37,49]. To develop soft set theory,
always involve crisp data. So, we cannot successfully uséhe operations of the soft sets are redefined and a uni-int
the traditional classical methods because of various type§ecision making method was constructed by using these
of uncertainties presented in these problems. To exceefeW operationsl]. _ o

these uncertainties, some kinds of theories were giveriRecently, in 2011, Shabir and Na4] initiated the study

like theory of fuzzy set, intuitionistic fuzzy set, rough set, of soft topological spaces. They defined soft topology as a
bipolar fuzzy set, i.e. which we can use as mathematicafollection 7 of soft sets overX. Consequently, they
tools for dealings with uncertainties. But, all these defined basic notions of soft topological spaces such as
theories have their inherent difficulties. The reason foropen soft and closed soft sets, soft subspace, soft closure,
these difficulties MolodtsovdH| initiated the concept of ~ SOft nbd of a point, soft separation axioms, soft regular
soft set theory as a new mathematical tool for dealingSPaces and soft normal spaces and established their
with uncertainties which is free from the above Several properties. Min imp] investigate some properties
difficulties. In [35,36], Molodtsov successfully applied Of these soft separation axioms. 169, Kandil et al.

the soft theory in several directions, such as smoothnesiitroduced some soft operations such as semi open soft,
of functions, game theory, operations research, RiemanR'® open soft, a-open soft and f-open soft and
integration, Perron integration, probability, theory of investigated their properties in detail. Kandil et &6]
measurement, and so on. After presentation of thdntroduced the notion of soft semi separation axioms. In
operations of soft sets 3f], the properties and particular they study the properties of the soft sgmi
applications of soft set theory have been studiedregular spaces and soft semi normal spaces. The notion of
increasingly 7,29,36]. Xiao et al.46] and Pei and Miao soft ideal was |n|t|'ated for the first time by Kandil et
[39 discussed the relationship between soft sets andl-[2Z. They also introduced the concept of soft local
information systems. They showed that soft sets are Junction. These concepts are discussed with a view to find

* Corresponding author e-maflaa_8560@yahoo.com, Alaa8560@hotmail.com

(© 2016 NSP
Natural Sciences Publishing Cor.

Published by Arab Journals Platform, 2016


http://dx.doi.org/10.18576/isl/050101

2 NS B Information Sciences LetterspV olpa ROEEH, sodlfri THosny : On soft separation axiowia...

new soft topologies from the original one, called soft Definition 2.2[35] Let X be an initial universe an& be
topological spaces with soft ideal (X,1,E,I). a set of parameters. L&(X) denote the power set of
Applications to various fields were further investigated by and A be a non-empty subset & A pair (F,A) denoted
Kandil et al. R0,21,23,24,25,28]. The notion of supra by Fa is called a soft set oveX , whereF is a mapping
soft topological spaces was initiated for the first time by given byF : A — P(X). In other words, a soft set over
El-sheikh and Abd El-latif 14]. They also introduced is a parametrized family of subsets of the univexXsé-or
new different types of subsets of supra soft topologicala particulare € A, F(e) may be considered the set &f
spaces and study the relations between them in detail. Thapproximate elements of the soft $6tA) and if e & A,
notion of b-open soft sets was initiated for the first time thenF(e) = @i.e

by El-sheikh and Abd El-latif13], which is extended by Fa={F(e):ec ACE, F:A— P(X)}. The family of all
Abd El-latif et al. in B]. Maji et al. [3]] initiated the these soft sets ovet denoted bySS(X)a.

study involving both fuzzy sets and soft sets. B] fhe  pefinition 2.3[31] Let A C E. A pair (f,A), denoted by
notion of fuzzy soft set was introduced as a fuzzy f, s called fuzzy soft set ovet , wheref is a mapping
generalization of soft sets and some basic properties ofiven by f : A— 1X defined byfa(€) = pe , wherep$ =0
fuzzy soft sets are discussed in detail. Then, many. Aandu® 20 if A wh GA _ov A X
scientists such as X. Yang et a7, improved the ifeg and H, # 0 if e € A whereQ(x) = X € A
concept of fuzziness of soft sets. Ki{Karal and Ahmed The family of all these fuzzy soft sets ov&rdenoted by
defined the notion of a mapping on classes of fuzzy soft X)a.

sets, which is a fundamental important in fuzzy soft setDefinition 2.4[4( Let T be a collection of fuzzy soft sets
theory, to improve this work and they studied propertiesover a universeX with a fixed set of parametes, then
of fuzzy soft images and fuzzy soft inverse images of ¥ C FSS(X)g is called fuzzy soft topology oX if

;uzzy soft sets. Changlp] int.roduc.e.d the concept of (Vig, 0 € 3, whereﬁE(e) -0 andiE(e) —1 VecE,
uzzy topology on a seX by axiomatizing a collectioff (2)the union of any members @fbelongs toz,

of fuzzy subsets oK. [4] introduced the_ Qefini_tion of (3)the intersection of any two members®belongs tct.
fuzzy soft topology over a subset of the initial universe set

while Roy and Samanta]] gave the definition of fuzzy  The triplet(X,%,E) is called fuzzy soft topological space
soft topology over the initial universe set. Some fuzzy overX. Also, each member &f is called fuzzy open soft
soft topological properties based on fuzzy semi (rgsp. in (X,%,E). We denote the set of all open soft sets by
pre) open soft sets, were introduced21[7,18,27]. FOS(X,%,E), or FOS(X).

In the present paper, we investigate some newpefiniton 2.5[40] Let (X,%,E) be a fuzzy soft
properties of fuzzyn-open soft sets and fuzay-closed  topological space. A fuzzy soft sét overX is said to be
soft sets, which were first introduced id][ Also, we  fuzzy closed soft set iiX, if its relative complements is
study the notions of fuzzyx-soft interior, fuzzya-soft  fuzzy open soft set. We denote the set of all fuzzy closed
closure and fuzzyr-separation axioms. Further, we study soft sets byFCS(X, %, E), or FCS(X).
the properties of fuzzy softr-regular spaces and fuzzy Definition 2.6[3§ Let (X,T,E) be a fuzzy soft

soft a-normal spaces. Moreover, we show that if every .

: . . topological space anda € FSS(X)e. The fuzzy soft
fuzzy soft pqntfe is fuzzy a-closed soft set Ina fuzzy closure offa, denoted byFcl (fa) is the intersection of all
soft topological spacéX,¥,E), then (X,%,E) is fuzzy fuzzy closed soft super sets bf. i.e.,
softa-Tp- (resp.Tz-) space. Fdl(fa) = M{ho : hp is fuzzy closed soft set and fa C

hpl.
. The fuzzy soft interior ofgs, denoted byFint(fa) is the
2 Preliminaries fuzzy soft union of all fuzzy open soft subsetsfafi.e.,
. ) ) o Fint(gs) = U{hp : hp is fuzzy open soft set and hp C
In this section, we present the basic definitions and result B}.
of fuzzy soft set theory which will be needed in the paper. Definition 2.7[30] The fuzzy soft setfa € FSS(X)g is

Definition 2.1[48] A fuzzy setA of a non-empty seXis  called fuzzy soft point if there existc X ande € E such
characterized by a membership function thatp, (x) = a (0 < a < 1) andug, (y) = 0 for eachy
Ha: X — [0,1] = | whose valueua(x) represents the 1,y ang this fuzzy soft point is denoted &§ or fe.
degree of membership” af in A for x € X. We denote . . . .
Definition 2.8[30] The fuzzy soft point¢ is said to be

family of all fuzzy sets byl*. If A B < I%, then some {
basic set operations for fuzzy sets are given by ZadefPelonging to the fuzzy soft sefg,A), denoted by
Xz €(g,A), if for the elemene € A, a < g, (X).

[48], as follows:
Theorem 2.1Mahanta2012f LetX,¥,E) be a fuzzy soft

ggﬁi S : ﬁﬁgg i z:gg gi g é topological space anék be a fuzzy soft point. Then, the
BIC=AVB © LX) = ta() V Ha(X) ¥ X € X. foIIOW|n~g propertle~s hold:

(4)D=AAB < up(x) = ua(X) A us(X) vV x € X. (L)If fecga, thenfedgy;

(BM = A° & uy(X) =1— pa(X) VX E X. (2)feEga = fSEQS;
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(3)Every non-null fuzzy soft seffy can be expressed as the
union of all the fuzzy soft points belonging fa.

Definition 2.9[3(0] A fuzzy soft setgg in a fuzzy soft
topological space (X,T,E) is called fuzzy soft
neighborhood of the fuzzy soft poin§ if there exists a
fuzzy open soft seftc such thaké Ehc C gg. A fuzzy soft
setgg in a fuzzy soft topological spad&, T, E) is called
fuzzy soft neighborhood of the soft skt if there exists a
fuzzy open soft selic such thatfa C hc T gg. The fuzzy
soft neighborhood system of the fuzzy soft pokg,
denoted byNz(x5), is the family of all its fuzzy soft
neighborhoods.
Definition 2.10[{30] Let (X,%,E) be a fuzzy soft
topological space and C X. Let hf be a fuzzy soft set
over(Y,E) such thaty : E — 1Y such thahy (e) = uﬁé,
1= {555

Let Ty = {hfMgs: gs € T}, then the fuzzy soft
topology ¥y on (Y,E)is called fuzzy soft subspace
topology for (Y,E) and (Y,%y,E) is called fuzzy soft
subspace ofX,%,E). If hf € T (resp.hf € ¥°), then
(Y,%y,E) is called fuzzy open (resp. closed) soft
subspace ofX, %, E).
Definition 2.11]38 Let FSS(X)e and FSS(Y)k be
families of fuzzy soft sets oveX andY, respectively. Let
u:X —Yandp:E — K be mappings. Then the mdpg,
is called fuzzy soft mapping frorK to Y and denoted by
fpu: FSS(X)e — FSY(Y)k such that,

()If fa € FSS(X)g. Then the image offy under the
fuzzy soft mappingfpy is the fuzzy soft set oveY
defined byfp,(fa), wherev ke p(E), VyeY,
fpu(fa)(K)(y)

[Vpe=k(Ta(€))] (%)

otherwise.

(2)If gs € FSS(Y)k, then the pre-image ajg under the
fuzzy soft mappingfpy is the fuzzy soft set oveX
defined byf,!(gs), wherev e € p~(K), ¥ x € X,

fp_ul(gB)(e)(X) _ {gB(D(E))(U(X)) for p(e). €B,

Vu(x):y ifxe u—l(y)’
0

otherwise.

The fuzzy soft mappingfy, is called surjective (resp.
injective) if p andu are surjective (resp. injective), also it
is said to be constant § andu are constant.

Definition 2.12[38] Let (X,%1,E) and (Y,%>,K) be two
fuzzy soft topological spaces and
fpu : FSS(X)e — FSS(Y)k be a fuzzy soft mapping.
Thenfpy is called

(1)Fuzzy continuous soft if ;' (gs) € T1 V (gs) € T2.
(2)Fuzzy open soft if pu(ga) € T2V (ga) € Z1.

Theorem 2.2[5] Let FSS(X)e and FSS(Y)k be two
families of fuzzy soft sets. For the fuzzy soft function
fou : FSS(X)e — FSS(Y)k, the following statements
hold,

(a)fp_ul((ga B)C) = (fp_ul(ga B))Cv (ga B) € FSS(Y)K

(0)fou( o ((9,B))) E (9,B)V (9,B) € FS(Y)k. If fpuis
surjective, then the equality holds.

©f,A) T fol(fu((F. ANV (f,A) € FSS(X)E. If fp is
injective, then the equality holds.

(d)fpu(Oe) = Ok, fpu(1e) C 1k. If fpy is surjective, then
the equality holds. .

(e)flgul(lK) =1 and fp_ul(OK) = Og.

(MIf (f,A) C (g,A), thenfpy(f,A) C fpu(9,A).

(9)If (f,B) C (9,B), then
fou (f,B) C fi(9,B) V (,B), (9,B) € FSY(Y)«k.
(h)f[;tll(LIjgj(f,B)j) = LIngfFiJl(f,B)j and

fou (Mjea(F,B)j) = Mjeafpi'(f,B).V (1,B); €
FSS(Y)k.

(1) fou(Ujea(F,A)) Ujea fou(f,A) | and
fpu(Mjea(f,A)j) E Mieafou(f,A)) vV (FA)) €
FSS(X)e. If fpy is injective, then the equality holds.

Definition 2.13[30] Let (X,T,E) be a fuzzy soft
topological space. A fuzzy soft separationlgfis a pair
of non null proper fuzzy open soft sefg,hc such that
OBl hc = Og and1g = oslUJ hc.

Definition 2.14]30] A fuzzy soft topological space
(X,%,E) is said to be fuzzy soft connected if and only if
there is no fuzzy soft separations of. Otherwise,
(X,%,E) is said to be fuzzy soft disconnected space.

Definition 2.16]27] Two fuzzy soft set€s and gg are said
to be disjoint, denoted byaMgs = O, if ANB= ¢ and
ufeAﬂugB =0VeeE.

Theorem 2.3[27] Let (X, T, E) be a fuzzy soft topological
space anda € FSS(X)g. Then,

(1)fa € FSOS(X) if and only if Fcl (fa) = Fcl (Fint(fa)).
(2)If gg € T, thengg M Fcl(fa) C Fcl(gsMgg).

Definition 2.15[19 Let (X,1,E) be a soft topological
space andra € SS(X)e. If FaCint(cl(int(Fa)), thenFa is

called a-open soft set. We denote the set of alopen
soft sets bya OS(X, 1,E), or aOS(X) and the set of all
a-closed soft sets bgyCS(X, 1,E), or aCS(X).

3 Fuzzy a-open (closed) soft sets

In this section, we move one step forward to Investigate
new properties of the notions of fuzay-open soft sets,
fuzzy a-closed soft setsl] and study various properties
and notions related to these structures.

Definition 3.1. [1]. Let (X,%,E) be a fuzzy soft
topological space and fa € FSS(X)e. If
fa C Fint(Fcl(Fint(fa))), thenfya is called fuzzya-open
soft set. We denote the set of all fuzayopen soft sets by
FaOS(X,%,E), or FaOS(X) and the set of all fuzzy
a-closed soft sets bl aCS(X, ¥, E), or FaCS(X).

Theorem 3.1.Let (X,%,E) be a fuzzy soft topological
space anda € FaOS(X).Then

Published by Arab Journals Platform, 2016
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(1)Arbitrary fuzzy soft union of fuzzyr-open soft sets is
fuzzy a-open soft.

(2)Arbitrary fuzzy soft intersection of fuzzyg-closed soft
sets is fuzzyr-closed soft.

Proof.
(L)Let {(f,A); : ] € J} € FaOS(X). Then,V j € J,
(f A)j C Fmt(F cl(Fin (f A)j)). It follows that,
uj (f, A) C  Uj(Fi (FcI(Fmt(f A)j))) C
Fmt(u,FcI(Fmt(f,A),)) =
Fint(Fel (ujFint(f,A);)) C
Fmt(FcI(Flnt( i(f,A)))) Hence,

).
Uj(f,A)j e FaOS(X) Vijeld.
(2)ByaS|m|Iar way.

Theorem 3.2.Let (X, ,E) be a fuzzy soft topological
space andip € FSS(X)e. Then, fa € FaOS(X) if and
only if Fcl(fa) = Fint(Fcl (Fint(fa))).

Proof. Immediate.

Definition 3.2. Let (X,%,E) be a fuzzy soft topological
spacefa € FSS(X)g and feEF SS(X)g. Then,

(D)fe is called fuzzy a-interior soft point of fa if 3
gs € FaOS(X) such thatfeegg C fa. The set of all
fuzzy a-interior soft points offa is called the fuzzy
a-soft interior of fo and is denoted by aint(fa)
consequently,

Faint(fa) = {gs: 98 C fa, g8 € FOOS(X)}.

(2)fe is called fuzzya-closure soft point of a if farhc #
Og V hp € FaOS(X). The set of all fuzzyo-closure
soft points offp is called fuzzya-soft closure offa
and denoted b¥zacl(fa). Consequentlyracl(fa) =
|_|{hD chp € FUCS(X), fal hD}.

Theorem 3.3.Let (X,T,E) be a fuzzy soft topological
space andfa,gs € FSS(X)e. Then, the following
properties are satisfied for the fuzayinterior operator,
denoted byF aint.

(1)Faint(ig) = 1 andFaint(0g)) =

(2QFaint(fa) E (fa).

(3)Faint(fa) is the largest fuzzg-open soft set contained
in fA.

(4)If fa C g, thenFaint(fa) C Faint(gs).

(B)Faint(Faint(fa)) = Faint(fa).

(B)Faint(fa) UFaint(gs) C Faint[(fa) L (gs)]-

(7MFaint[(fa)M(ge)] C Faint(fa) MTFaint(gs).

Ok

Proof. Obvious.

Theorem 3.4.Let (X,%,E) be a fuzzy soft topological
space andfa,gs € FSS(X)e. Then, the following
properties are satisfied for the fuzmyclosure operator,
denoted byFacl.

(1)Facl(ig) = 1g andFacl (Og) = O.

(2)(fa) T Facl(fa).

(3)Facl(fa) is the smallest fuzzya-closed soft set
containsfa.

(4)If fa C gs, thenFacl(fa) C Facl(gs).

(B)Facl (Facl(fa)) =Facl(fa).
(B)Facl(fa)LFacl(gs) C Facl[(fa) L (
(MFacl[(fa) M

9s)]-
(gs)] C Facl(fa)MFacl(gs).

Proof. Immediate.

Lemma 3.1.Every fuzzy open (resp. closed) soft set in
a fuzzy soft topological spaceX,T,E) is fuzzy a-open
(resp. closed) soft.

Proof. Let fo € FOS(X). Then, Fint(fa) = fa. Since
fa C Fcl(fa), then fa C Fint(Fcl(Fint(fa))). Thus,
fa € FaOS(X).

Remark 3.2. The converse of Lemma 3.1 is not true in
general as shown in the following example.

Example 3.1.Let X = {a,b,c}, E = {e,e,e3} and
AB,C,D C E where A = {e,&}, B = {e,e3},
C = {e,e3} and D = {e}. Let
T = {1g,0g, f1a, f28, f3p, f4e, fsa, fen } where
flA, fZBa f3D,f4E,f5B, fep are fuzzy soft sets oveX
defined as follows:

H?llA = {ao5,00.75,Co.4}, H?fA = {@0.3,b038,C0.7},

u:2, = {20.4,b06,C03}, 12 = {802,004, Co4s},
“%D = {@0.3,b056,C0.3},
M. = {aosbozs.coal, ki, = {204.bos,Corl,

H%E = {a0.2,b0.4,Co.45},
He2, = {a04,008,Co7}, U2, = {@0.2,004,Co4s},
He2 = {203,bos,Co7}-

Then, ¥ defines a fuzzy soft topology oK. Then, the
fuzzy soft seke where:

He = {aosborsCoal, e =
= {a0.3,b0.4,Co.4}-

is fuzzy a-open soft set of X, %, E), but it is not fuzzy
open soft.

Theorem 3.5.Let (X,%,E) be a fuzzy soft topological
space anda € FSS(X). Then,

(DFaint(f§) =1 [Facl(fa)].

(2)Facl(fg) =1—[Faint(fa)].

{@03,b038,C0.7},

Proof.

(1)SinceFacl(fa) = M{hp : hp € FaCS(X), fa C hp}.
Then,1-Fad(fa) = U{hy : hy € FaOS(X), hy
fo} = Faint(fg).

(2)By a similar way.

Theorem 3.6.Let (X,T,E) be a fuzzy soft topological
space, fa € FOS(X) and gg € FaOS(X). Then,
famngs € FaOS(X).

Proof. Let fa € FOS(X) and gg € FaOS(X). Then,
fa M gg C Fint(fa) M Fint(Fcl(Fint(gs))) =
Fint[Fcl(Fint(fa)) M Fint(gs)] C Fint(Fcl[Fint(fa) M
Fint(gs)]) = Fint(Fcl(Fint[(fa) T (gs)])) from Theorem
2.3(2). Hencefags € FaOS(X).

Theorem 3.7.Let (X,%,E) be a fuzzy soft topological
space andfa € FSS(X)g. Then, fa € FaCS(X) if and
only if Fcl(Fint(Fcl(fa))) C fa.

(© 2016 NSP
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Proof. Obvious. Proof. Immediate from Lemma 3.1.

Corollary 3.1 Let (X,%,E) be a fuzzy soft topological Theorem 4.2.Let (X,%1,E), (Y,%2,K) be fuzzy soft
space andfa € FS§(X)e. Then, fa € FaCS(X) if and  topological spaces anél,, be a soft function such that
only if fa = falUFcl(Fint(Fcl(fa))). fou : FSS(X)e — FSS(Y)k. Then, the following are
equivalent:

(1)fpy is a fuzzya-continuous soft function.

(2)fit(hs) € FaCS(X) V hg € FCS(Y).

In [4], Karal et al. defined the notion of a mapping on (3)fpu(Facl(ga) E Felg,(fpu(ga)) V ga € FSS(X)e.
classes of fuzzy soft sets, which is fundamental important4)F acl (5! (hg)) E f i (Fcls,(hg)) V hg € FSS(Y)k.

in fu_zzy soft set theory, to improye this work and they (5)f5u1(|:int‘zz(h8)) C Faint(fp—ul(hB)) Vhg € FSS(Y)k.
studied properties of fuzzy soft images and fuzzy soft

inverse images of fuzzy soft sets. Kandil et agg  Proof.

introduced some types of soft function in soft topological (1) = (2)Let hg be a fuzzy closed soft set ovér Then
spaces. Here, we introduce the notions of fuzegoft hS € FOS(Y) and fp—ul(h%) € FaOS(X) from
function in fuzzy soft topological spaces and study its  pefinition 4.1. Sincef@l(hg) _ (f@l(hB))c from

basic properties. 1
i Theorem 2.2. Thusi;"(hg) € FaCS(X).
Definition 4.1. Let (X,T1,E), (Y,T5.K) be fuzzy soft ., _ "3/ 0¢ g, ep“éSBS)(X)E_ S(Sir)lce o C

4 Fuzzy a-continuous soft functions

topological spaces antp, : FSS(X)e — FSS(Y)k be a 71 ] -~
fuzzy soft function. Then, the functiofy, is called; ]fr%ln(]fpu(g(Az))) c ;ﬁta(':d‘%_zh(gg;é%))) €2 gaCS(Tﬁ)en
(1)Fuzzya-continuous soft iffgul(gs) € FaOS(X)Vgs € 0a C Facl(ga) C f@l(Fclgz(fpu(gA))). Hence,
To. fou(Facl(ga)) C  fou(fat(Fele, (foul C
. pu A [ pu w,(fou(ga)))) C
(2)Fuzzya-open soft iffpu(ga) € FaOS(Y)V ga € T1. Fol, (fau(ga))) from p'lliheore?n 25 Thus,

(3)Fuzzya-g|osed soft ifqu(fﬂ € FaCYY)V fa € %9, fou(Facl(ga)) T Felz, (fpu(ga))-
(4)Fuzzya-|rresolute soft Iffpu (gB) S FUOS(X)V OB € (3) = (4)Let hg € FSS(Y)K and ga = fp_ul(hB)- Then,

F Y). _ _
(5)FuC;zOyS( : a-irresolute open soft if E‘ﬁ;()l):)acl fpul(hBl):)rOEmFdfz(pr(‘EgL;l Hence
Oy aimesoe dowd  sot it Faol(fi(he) T fuk(f(Facl(fyihe) C

fou(fa) € FACS(Y)Y fa € FaCS(Y). fou- (Fels, (fpu(foi(he))))

Example 4.1.Let X =Y = {a,b,c}, E = {e},&,e} and - f‘;“l(,':l0|32(h5)),1from Theorem  2.2. Thus,
A C E where A = {e;e)}. Let Facl(fp(he)) £ fpu' (Felz,(hs)).

fou © (X,T1,E) — (Y,T2,K) be the constant soft (4) = (2)Leths be afuzzy closed soft set over Then,
mapping wheret; is the indiscrete fuzzy soft topology ~ Facl(fuii(hs)) E fi(Fcls,(hs)) ¥V hs € FSS(Y)k
and ¥, is the discrete fuzzy soft topology such that from (4). But clearlyf[;L}(hB) C Facl(f[;L}(hB)). This

u(x) =avxeXandp(e) =e; VecE. Let fa be fuzzy means that, f,i'(hg) = Fadl(fyl(hs)), and
S%Itfet ovely defined anggllows. consequently@l(hs) € FaCs(X).

i, = {201,bos, Cos}, Ui; = {806,002, Cos}- (1) = (5)Let he e FSSY)k. Then,
Thenfs € . Now, we findflgul(fA) as follows: foi (Fintg,(hg)) € FaOS(X) from (1). Hence,
fou (fa)(e1) (@) = fa(p(er))(u(@)) = fa(er)(a) = 0.6 fai(Fintg,(hg)) = Faint(ftFints,(he)) C

fou- (fa)(e1)(b) = fa(p(er))(u(b)) = fa(er)(a) = 0.6, Faint(fyt(hs)). Thus,
foi (fa)(e1)(c) = fa(p(er))(u(c)) = fa(er)(a) = 0.6, foit (Fints, (he)) C Faint(fot(hs)).

fou (fa)(€2)(@) = fa(p(e2))(u(a)) = fa(er)(a) = 0.6, (5) = (1)Let hg be a fuzzy open soft set ov¥t Then,
foi- (fa)(e2) (b) = fa(p(€2)) (u(b)) = fa(er)(a) = 0.6, Fints,(hs) = hg and
fai (fa)(€2)(¢) = fa(p(e2))(u(c)) = fa(er)(a) = 0.6, fou (Fintz, (he)) = foi((he)) C Faint(fp)(he)

foi-(Fa) (€5) (@) = fa(P(e3)) (U(@) = fa(er) (@) = 06, from (5). But, we haveaint(fy(he)) C o (he).

fou (fa)(€3)(b) = fa(p(es))(u(b)) = fa(er)(a) = 0.6, S g neans a
fa(fa)(€2)(C) = fa(P(E2))(ULC) = fa(ex)(2) = 06. e o s et ) ThuS: fou S

Hence,f[;ul(fA) ¢ FaOS(X). Therefore,fy, is not fuzzy
a-continuous soft function. on the other hand, if we Theorem 4.3.Let (X,T1,E) and(Y,T2,K) be fuzzy soft
consider®; is the discrete fuzzy soft topology.In this topological spaces anfl,y be a soft function such that

case,fpy will be fuzzy a-continuous soft function. fpu : FSS(X)e — FSS(Y)k. Then, the following are
Theorem 4.1. Every fuzzy continuous soft function is €duivalent,
fuzzy a-continuous soft. (1)fpy is a fuzzya-open soft function.

(© 2016 NSP
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(2)fpu(Fintz, (ga)) E Faint(fpu(ga)) ¥V ga € FSS(X)E.
Proof.

(1) = (2)Let ga € FSS(X)e. Since Fintg,(ga) € T1.
Then, fpu(Fints, (ga)) € FAOS(Y) V ga € T1 by (1).
It follow that, fou(Fintz (ga)) =
Faint(fouFintz, (ga)) C Faint(fpu(ga)). Therefore,
fpu(Fints, (ga)) © Faint(fpu(ga)) ¥ 9a € FSS(X)e.

(2) = (1)Let ga € T By hypothesis,
fou(Fintz,(ga)) = fpu(ga) T Faint(fou(ga)) €
FaOS(Y), but Faint(fpu(ga)) & fou(ga). So,
Faint(fpu(ga)) = fou(ga) € FAOS(Y) V ga € F1.
Hence,fp, is a fuzzya-open soft function.

Theorem 4.5.Let fp, : FSS(X)e — FSS(Y)k be afuzzy
a-open soft function. Ikp € FSS(Y)k andlc € €5 such
that f,'(kp) C Ic, then there existag € FaCS(Y) such

thatkp C hg and fp_ul(hB) Clc.

Proof. Let kp € FSS(Y)k and Ic € ¥ such that
fou L(kp) C Ic. Then, fpu(I€) C K5 from Theorem 2.2
wherelC € T1. Since fpy is fuzzy a-open soft function.
Then, fpu(lc) € FaOs(Y). Takehg = [fpu(Ig)]°. Hence,
hB € FaCS(Y) such that C hg and
Hhe) = foit ([Tpu(18)]°) C foit (K)° = fol(ko) E lc.
'IJ?us completes the proof.
Theorem 4.6.Let (X,T1,E) and(Y,%2,K) be fuzzy soft
topological spaces ané, be a soft function such that
fou : FSS(X)e — FSS(Y)k. Then, the following are
equivalent:

(1)fpu is a fuzzya-closed soft function.
(2)Facl(fpu(ha)) E fpu(Fclg, (ha)) V ha € FSS(X)E.

Proof. It follows immediately from Theorem 4.3.

5 Fuzzy softa-separation axioms

Theorem 5.1.A soft subspacgY,Ty,E) of a fuzzy soft
a-To-space X, ¥, E) is fuzzy softa-T,.

Proof. Let he, ge be two distinct fuzzy soft points ifY, E).
Then, these fuzzy soft points are also(iX,E). Hence,
there exists a fuzzgr-open soft sefa in ¥ containing one
of the fuzzy soft points but not the other. Thisg, M fa is

a fuzzya-open soft set irfY, Ty, E) containing one of the
fuzzy soft points but not the other from Definition 2.10.
Therefore(Y, Ty, E) is fuzzy softa-T,.

Definition 5.2. A fuzzy soft topological spacéX,% E)
is said to be a fuzzy softr-T;-space if for every pair of
distinct fuzzy soft pointsfe,ge there exist fuzzya-open
soft setsfa andgg such thatfe€ fa, gefa; and fegg,
Oe€0B.

Example 5.1.Let X = {a,b,c}, E = {e1,e,e3} and¥T be
the discrete fuzzy soft topology oX. Then,(X,%,E) is
fuzzy softa-T;-space.

Theorem 5.2.A fuzzy soft subspacéY, Ty, E) of a fuzzy
softa-Ti-space X, T, E) is fuzzy softa-Ts.

Proof. Itis similar to the proof of Theorem 5.1.

Theorem 5.3.1f every fuzzy soft point of a fuzzy soft
topological spacéX,¥,E) is fuzzy a-closed soft, then
(X,%,E) is fuzzy softa-T;.

Proof. Suppose thafe andge be two distinct fuzzy soft
points of (X,E). By hypothesis,fe and ge are fuzzy
a-closed soft sets. Hencd$ and ¢S are distinct fuzzy
a-open soft sets wher&ege, gegége, and fegéfc, ge€ fS.
Therefore(X,%,E) is fuzzy softa-T.

Definition 5.3. A fuzzy soft topological spacéX,% E)
is said to be a fuzzy softr-T,-space if for every pair of
distinct fuzzy soft pointsfe, ge there exist disjoint fuzzy
a-open soft set$a andgg such thatfe€ fa andge€gs.

Example 5.1.Let X = {a,b,c,d}, E = {e},e,e3} and¥
be the discrete fuzzy soft topology &h Then,(X, %, E)
is fuzzy softa-T,-space.

Proposition 5.1. For a fuzzy soft topological space

Soft separation axioms for soft topological spaces werex, T, E) we have:

studied by Shabir and Naz42. Kandil et al. 26
introduced and studied the notions of saftseparation

axioms in soft topological spaces. Here, we introduce th

notions of fuzzy softa-separation axioms in fuzzy soft

fuzzy softa-Ty-space= fuzzy softa-Ti-space= fuzzy
soft a-To-space.

eProof.

topological spaces and study some of its basic properties(1)| et (X, T, E) be a fuzzy softa-To-space ande, ge be

Definition 5.1. A fuzzy soft topological spacéX,%, E)
is said to be a fuzzy softr-To-space if for every pair of
distinct fuzzy soft pointde, ge there exists a fuzzg-open
soft set containing one of the points but not the other.

Examples 5.1.

(1)Let X = {a,b,c,d}, E = {e1,e2,e3} and ¥ be the
discrete fuzzy soft topology oK. Then,(X,%,E) is
fuzzy softa-To-space.

(2)LetX = {a,b,c}, E = {e1,e2} and¥ be the indiscrete
fuzzy soft topology onX. Then,¥ is not fuzzy soft
a-Tp-space.

two distinct fuzzy soft points. Then, there exist disjoint
fuzzy a-open soft setg, andgg such thatfe€ fa_and
0e€0s. Sincefangs = Og. Then, fegng and gegz fa.
Therefore, there exist fuzzg-open soft setfa and
gs such thatfe€ fa, ge fa; and fegs, ge€gs. Thus,
(X,%,E) is fuzzy softa-Ti-space.

(2)Let (X,%,E) be a fuzzy sofin-T;-space ande,ge be
two distinct fuzzy soft points. Then, there exist fuzzy
a-open soft set$a andgs such thatfe€ fa, ge# fa; and
feZ0B, de€0s. Then, we have a fuzzg-open soft set
containing one of the fuzzy soft point but not the other.
Thus,(X, T, E) is fuzzy softa-To-space.

(© 2016 NSP
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Theorem 5.4.Let (X,%,E) be a fuzzy soft topological
space . If(X,%,E) is fuzzy soft a-T,-space, then for

and hg such thatfe€ka and ge T hg. Thus, fe€ka and
ge€hg. Therefore(X, T, E) is fuzzy softa-T,-space.

every pair of distinct fuzzy soft point[i,ge. there existsa Theorem 5.9.A fuzzy soft subspaceY, Ty, E) of a fuzzy
fuzzy a-closed soft seka such that containing one of the  soft o-T;-space(X, T, E) is fuzzy softa-Ts.

fuzzy soft pointsge€ka, but not the otherfegka and
geZF acl (ka).

Proof. Let fo,ge be two distinct fuzzy soft points. By
assumption, there exists disjoint fuzayopen soft setba
andhg such thatfe€ba, ge€hg. Hence ge€bfi and febf
from Theorem 2.1. Thug) is a fuzzya-closed soft set
containingge but not fe and feéF acl(bf) = bf.

Theorem 5.5.A fuzzy soft subspacéY, Ty, E) of fuzzy
softa-To-space X, ¥, E) is fuzzy softa-T,.

Proof. Let je, ke be two distinct fuzzy soft points iy, E).

Then, these fuzzy soft points are also(X,E). Hence,
there exist disjoint fuzzyr-open soft set$a andgg in ¥

such thafje € fa andke € gg. Thus,hf 1 fa andhy Mgs are
disjoint fuzzya-open soft sets ity such thage € hl M fa

andke € hf Mgs. So,(Y, Ty, E) is fuzzy softa-T,.

Theorem 5.6.If every fuzzy soft point of a fuzzy soft
topological spacéX, %, E) is fuzzy a-closed soft, then
(X,%,E) is fuzzy softa-T,.

Proof. It similar to the proof of Theorem 5.3.

Definition 5.4. Let (X,%,E) be a fuzzy soft topological
spacehc be afuzzyn-closed soft set angk be a fuzzy soft
point such thageZhc. If there exist disjoint fuzzyr-open
soft setsfs and fyy such thatge€ fs andgg C fw. Then,
(X,%,E) is called fuzzy softi-regular space. A fuzzy soft
a-regularTi-space is called a fuzzy saft-Ts-space.

Proposition 5.2.Let (X, ¥, E) be a fuzzy soft topological
space hc be a fuzzya-closed soft set ande be a fuzzy
soft point such thage¢hc. If (X,T,E) is fuzzy softa-
regular space. Then, there exists a fuzzppen soft set
fa such thage€ fa andfamhe = Og.

Proof. Obvious from Definition 5.4.

Theorem 5.7 Let (X, %, E) be a fuzzy softr-regular space
and be a fuzzyr-open soft segg such thatf.€gg. Then,
there exists a fuzzg-open soft sefs such thatfe& fs and
Facl(fs) C gs.

Proof. Let gg be a fuzzya-open soft set containing a
fuzzy soft point fo in a fuzzy soft a-regular space
(X,T,E). Then, gg is a fuzzy a-closed soft such that

fe¢gg from Theorem 2.1. By hypothesis, there exist

disjoint fuzzy a-open soft setds and fyy such thatf.< fs
andgg C fw. It follows that, fi§, C gg and fs C f§. Thus,
Facl(fs) C f} C gs. So, we have a fuzzg-open soft set
fs containingfe such that acl(fs) C gg.

Theorem 5.8 Every fuzzy softr-Tz-space, in which every
fuzzy soft point is fuzzya-closed soft, is fuzzy softr-To-
space.

Proof. Let fe,ge be two distinct fuzzy soft points of a
fuzzy soft a-Ts-space(X,T,E). By hypothesis,ge is
fuzzy a-closed soft set ande#ge. From the fuzzy soft
o-regularity, there exist disjoint fuzzy-open soft setia

fuzzy oa-open

Proof. By Theorem 5.2, (Y,%v,E) is fuzzy soft
a-Ti-space. Now, we want to prove th@¥,Ty,E) is
fuzzy soft a-regular space. Lekg be a fuzzya-closed
soft set in(Y,E) and ge be a fuzzy soft point inY,E)
such thatge¢ke. Then, kg = h\é Mgs for some fuzzy
a-closed soft segg in (X,E). Hence,geéh\é Mgs. But
ge€h!, so ge#gs. Since (X,%,E) is fuzzy soft a-Ts.
Then, there exist disjoint fuzzg-open soft setfs and
fi in T such thatge€ fs and gg C fu. It follows that,
hL M fs andhy. 1 fy are disjoint fuzzya-open soft sets in
Ty such thatge€hy M fs and ke C hf 1 f. Therefore,
(Y, %y, E) is fuzzy softa-Ts.

Definition 5.5. Let (X,%,E) be a fuzzy soft topological
space andc,gs be disjoint fuzzya-closed soft sets. If
there exist disjoint fuzzyr-open soft set$s and fyy such
thathc C fs, g C fw. Then,(X,T,E) is called fuzzy soft
a-normal space. A fuzzy sott-normalT;-space is called
a fuzzy softa-T4-space.

Theorem 5.10.Let (X,%,E) be a fuzzy soft topological
space. Then, the following are equivalent:

(1)(X,%,E) is a fuzzy softa-normal space.

(2)For every fuzzyu-closed soft setic and fuzzya-open
soft setgg such thathc C gg, there exists a fuzzy-
open soft sefs such thatc C fs, Facl(fs) C gs.

Proof.

(1) = (2) Lethc be aa-closed soft set angs be a fuzzy
a-open soft set such thdic C gg. Then, hc,gg are
disjoint fuzzy a-closed soft sets. It follows by (1),
there exist disjoint fuzzyr-open soft setds and fy
such thathc C fs, g§ C fw. Now, fs C f3, so
Facl(fs) C Facl fg, = f{, wheregg is fuzzy a-open
soft set. Also,f§, C gs. HenceFacl(f§) C f§ C gs.
Thus,hc C fs, Facl(fs) C gs.

(2) = (1) Let ga and gg be disjoint fuzzya-closed soft
sets. Thenga C gg. By hypothesis, there exists a fuzzy
a-open soft sefs such thaga C fs, Facl(fs) C gg.
Sogs C [Facl(fs)|% ga C fsand[Facl(fs)]°M fs=
Og, where fs and [Facl (fg)]¢ are fuzzya-open soft
sets. Thus(X,¥,E) is fuzzy softa-normal space.

Theorem 5.11.A fuzzy a-closed fuzzy soft subspace
(Y,%v,E) of a fuzzy softa-normal spaceX,%,E) is
fuzzy softa-normal.

Proof. Let ga andgg be disjoint fuzzya-closed soft sets
in Ty. Then,ga = hf M fc andgs = h{ r fp for some

fuzzy a-closed soft setdc, fp in (X,E). Hence,fc, fp

are disjoint fuzzya-closed soft sets iff. Since(X,%,E)

is fuzzy softa-normal. Then, there exist disjoint fuzzy
a-open soft setsfg and fyy in ¥ such thatfc C fg,
fo C fw. It follows that,hf 1 fs andhf 11 fyy are disjoint
soft sets in Ty such that

Published by Arab Journals Platform, 2016
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ga=hinfcChinfsandgs=hinfp Chirmfw. [3]A M.AbdElatifand Serkan Karatas, Supra b-open soft sets

Therefore(Y, Ty, E) is fuzzy softa-normal. and supra b-soft continuity on soft topological spaces, Journal
Theorem 5.12.Let (X, %1, E) and(Y, S5, K) be fuzzy soft (();‘Ol\ig;hle_Tgtlcs and Computer Applications Research, 5 (1)
tOpOngC.al Spa(.:es.arf@.” : S.S(X)E - .SS(Y)K be a fuzzy [4] B. Ahmad and A. Kharal, Mappings on fuzzy soft classes,

soft function which is bijective, fuzzg-irresolute soft and Adv. Fuzzy Syst. 2009, Art. ID 407890, 6 pp.

fuzzy a-irresolute open SOft: X, %1, E) is afuzzy sofr- [5] B. Ahmad and A. Kharal, Mappings on soft classes, New

normal space, thefY, ¥,,K) is also a fuzzy softr-normal Math. Nat. Comput., 7 (3) (2011) 471-481.

space. [6]H. Aktas and N. Cagman, Soft sets and soft groups,
Proof. Let fa,gg be disjoint fuzzya-closed soft sets i. Information Sciences, 1 (77)(2007) 2726-2735.

Since fpu is fuzzy a-irresolute soft, thenfy(fa) and ~ [7IM. 1. Ali, F. Feng, X. Liu, W. K-h'V“” and M. Shabirﬁ On I
f-1(gg) are fuzzy a-closed soft set inX such that some new operations in soft set theory, Comput. Math. Appl.,
Fiul 1 O P ~ 57 (2009) 1547-1553.

foo (fa) T fpi(g8) = foy [fAl_]gB] = fo [OK] :_O_E .from [8] S. Atmaca and I.Zorlutuna, On fuzzy soft topological spaces,

Theorem 2.2. By hypothesis, there exist disjoint fuzzy — Ann. Fuzzy Math. Inform., 5 (2013) 377-386.

a-open soft set& andhp in X such thatf,'(fa) ke [9] Bakir Tanay and M. Burcl Kandemir, Topological structure of

and fﬁul(gB) C  hp. It follows that, fuzzy soft sets, Comput. Math. Appl., 61 (2011) 2952-2957.
f _ f [f—l(f )] C fou(ke) [10] N. Cagman, F. Citak and S. Enginoglu, Fuzzy parameterized
A pullpu \TA = pu fuzzy soft set theory and its applications, Turkish Journal of

08 = fpulfpi'(9e)] E fpu(hp) from Theorem 2.2 and Fuzzy Systems, 1 (1) (2010) 21-35.
fou(ke) M fou(hp) = fpulke Mhp] = fpu[Og] = Ok from [11] N. Cagman and S. Enginoglu, Soft set theory and uni-Fint
Theorem 2.2. Sincdyy, is fuzzy a-irresolute open soft decision making, European Journal of Operational Research,
function. Then, fyu(ke), fpu(hp) are fuzzy a-open soft 207 (2010) 848-855.
setsinY. Thus,(Y,%2,K) is a fuzzy softa-normal space.  [12] C. L. Change, Fuzzy topological spaces, J. Math. Anal.
Appl., 24 (1968), 182-190.
. A. EI-Sheikh and A. M. -latif, Characterization o
[13] S. A. EI-Sheikh and A. M. Abd El-latif, Ch izati f
. b-open soft sets in soft topological spaces, Journal of New
6 Conclusion Theory, 2 (2015) 8-18.
. A. EI-Sheikh and A. M. -latif, Decompositions o
[14] S. A. EI-Sheikh and A. M. Abd El-latif, D iti f
Since the authors introduced topological structures on some types of supra soft sets and soft continuity, International
fuzzy soft sets9,16,43], so thea-topological properties, Journal of Mathematics Trends and Technology, 9 (1) (2014)
which introduced by Kandil et af), is generalized here ~ 37-56. .
to the fuzzy soft sets which will be useful in the fuzzy [15]S. Hussain and B. Ahmad, Some properties of soft
systems. Because there exists compact connections toPological spaces, Comput. Math. Appl., 62 (2011) 4058-
. . 4067.
between soft sets and information syster§, 39], we : . o . )
can use the results deducted from the studies on fuzzyt8lJianyu Xiao, Minming Tong, Qi Fan and Su Xiao,
soft topological space to improve these kinds of Generallzgtlon of Belief gnd Plau5|b|!|ty Functlons to Fuzzy
connections. We hope that the findings in this paper wil Sets, Applied Mathematics Information Sciences, 6 (2012)
- 697-703.
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