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Abstract: The aim of this paper is<, € vVq)-fuzzification of the concept of prime ideals in commutat3@K-algebras. We state and
prove some theorems (&, € \Vq)-fuzzy prime ideals in commutatiiBCK-algebras also we study relation betweerfare \vq)-fuzzy
prime ideal and arfe Vq)-fuzzy level prime ideals.

Keywords: BCK-algebra, Prime ideal, Fuzzy prime ide@d, € \Vq)-fuzzy prime ideal.
AMS Subject Classification: 06F35, 03E72, 03G25, 11R44.

1 Introduction 2 Preliminaries

The concept of fuzzy sets was first initiated by Definition 2.1([1,18,19]) An algebra(X,x,0) of type (2,
Zadeh(R1]) in 1965. Since then these ideas have beerQ) is called a BCK-algebra if it satisfies the following
applied to other algebraic structures such as groupaxioms:

semigroup, ring,vector spaces etc. Imai and Iseki(i) ((X*Y)*(x*2))*(zxy)=0

([11)introduced two classes of abstract algebras:(ii) (X (xxy))*y=0

BCK-algebras an8Cl-algebras. It is known that the class (i) X xx=0

of BCK-algebra is a proper sub class of the class of(iv) 0xx=0

BCl-algebras. Iseki([2) introduced the concept of prime (V) Xxxy=0and yxx=0=x=Yy forall x,y,z€ X.

ideal in commutativeBCK-algebras. In @]) Ahsan, We can define a partial ordering X ” on X by x <y iff
Deeba and Thaheem have studied the theory of ideals, iK*y = 0.

particular, prime ideals of a commutatiBCK-algebras.

IN([18,19]) Jun and Xin have studied fuzzy prime ideals Definition 2.2(11.18 191 A BCK-alaebra X is said to be
and i_nvertible fuzzy idgals iB_CK—_e_tIngr_as. AbduII_ah Commutativé(iE‘ i:[ sa,\tisgi)es the idenq[ity'w:y/\x where
([1]) introduced the notion of intuitionistic fuzzy prime XAY — ys(y+x)¥xy € X. In a commutative

ideals of commutative BCK-algebras. Murali g . -
([16])proposed a definition of a fuzzy point belonging to Eguﬁglgfef::{(;vs known that xy is the greatest lower

fuzzy subset under natural equivalence on fuzzy subset ) ; .
Bhakat and Das §6])used the relation of "belongs to” I(B i*BgE )?Igebra X, the following hold:
and "quasi-coincident” between fuzzy point and fuzzy set ;;; o
. (i) (xxy)*xz= (Xx2)xy

to introduced the concept dE, € vq)-fuzzy subgroup, (iil) X Yy < X
(€,€ vq)-fuzzy subring and € \Vg)-level subset. Basnet Y

; ; . (iv) (xxy)*2< (X*2) % (y*2)
and Singh (f])introduced (€,€ VvQq)-fuzzy ideals of (V) X< y implies x2< y+z and 2y < zxX
BG-algebra in 2011. Dhanani and Pawaf]) introduced - - - '
the concept of €, € vq)-fuzzy ideals(prime) of lattice. It
is now natural to investigate similar type of generalisationDefinition 2.3([20])) A nonempty subset | of a
of the existing fuzzy subsystem with other algebraic BCK-algebra X is called an ideal of X if
structure. In this paper, we introduced the notion of (i) 0l
(e,€ vq)- fuzzy prime ideals of commutative (ii)x«xyelandyel=-xelforallx,yeX.
BCK-algebras and got some interesting result.
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Definition 2.4([20]) A fuzzy setu in BCK-algebra X is
called a fuzzy ideal of X if it satisfies

(i) u(0) > p(x)
(i) H(x) > min{u(xxy),u(y)} forall x,y € X.

Definition 2.5([1]) An ideal | of a commutative
BCK-algebra X is said to be prime ifxye | =x¢€ | or
yel

Definition 2.6([19]) A non constant fuzzy ideagl of a

< p>={xeXxqu}={xeX|uXx) +t>1}

[t = {xe X|x% € vau} —
{xeX|u(x) >toru(x)+t> 1}

Here 1 is called t level set oft , < i >t is called q level

set ofy and ], is called(e Vvq) level set ofu
Clearly [u]t =< p >t Upk

Definition 3.4[20] A fuzzy setu of a BCK-algebra Xis
said to be(a, B)-fuzzy ideal of X, whera #¢ Aq if

commutative BCK-algebra X is said to be fuzzy prime if() Xtau = 0By

HXAY) < maXu(x),u(y)} for all x,y € X Since
XAy < x,y and u is order reversing, it follows that
H(X) < u(xAy) and u(y) < pu(xAy) therefore a non
constant fuzzy idegl of a commutative BCK-algebra X
is fuzzy prime iffu(x Ay) = maxu(x),u(y)} for all
X,y € X or equivalentlyu(xAy) = u(x) or u(y) for all
X,y € X.

Definition 2.7Let A and u be two fuzzy sets, then their
union A U i and their intersectiom N u are defined by
A U WX max{A (x), 4(x)} and
(AN p)(x) =minfA (x), 1 (x) }

3 (g, € vQ)-fuzzy prime ideals of
BCK-algebra

In what follows, let X denote a commutatiBCK-algebra
unless otherwise stated.

Definition 3.1([5]) A fuzzy selu of the form

_Jt, ify=x1t€(0,1],

(il) (Xxy)ap,ysa = Xms)BH for all x,y € X
where a,B8 € {€,9,€ Vg, Ag};t,s € (0,1]
m(t,s) = min(t,s).

and

Example 3.8Consider BCK-algebra %= {0,x,y,z} with
the following cayley table.

N[Ol X| O

O|N|O| x| Oo|l=

SN[ X|O| *
SINI<|x|O|O
S| X|<| o O x
S| oo olN

y

Define amapu : X — [0,1] by u(0) = 0.7, u(x) = u(z) =
0.3, u(y) = u(w) = 0.2, thenpu is an(e, € vq)-fuzzy ideal
of X.

Definition 3.6An(a, B)-fuzzy ideaju of a BCK-algebra X
is said to be ar{a, B)-fuzzy prime ideal of X if

(XAy)apu = xBuor yBu, forall x,y € X.
wherea, B € {€,0,€ Vg, € Ag}; o #€ Ag and te (0,1].

Theorem 3.7A fuzzy sep of a BCK-algebra X is a fuzzy

is called a fUZZy pOint with Support x and value t and it is prime ideal if and 0n|y IﬂJ is an(ej E)_fuzzy prime ideal.

denoted byx

Definition 3.2([5]) Let u be a fuzzy set in X and ke a
fuzzy point then

() If pu(x) >t then we say xbelongs tou and write
X €l

(i)If u(x)+t > 1then we sayxquasi coincident withu
and write xqu

(ii)if xt € Vgu < % € 4 or %qu

(iv) If xy € AQU < % € u and xqu

The symbol gau means yxu does not hold and&E Aq
meanse vV {

For a fuzzy pointx and a fuzzy seat in set X, Pu and Liu
gave meaning to the symbol (o where
a € {€,0,€ Vg,€ Aq}

Definition 3.3[3] Let u be a fuzzy set in BCK-algebra X
andte (01, let

He={x€ X[x € pu} = {xe€ X|u(x) = t}

ProofLet u be a fuzzy prime ideal, therefogg(xAy) <
max{ (), p(y)}

Let (XAY) € U= H(XAY) >t

= max i (x), H(y)} > H(xAY) >t

= u(x) >torpu(y) >t

=X EUOry €

Thereforeu is an(e, €)-fuzzy prime ideal.
Conversely, Lett be an(e, €)-fuzzy prime ideal.
Letx,y € X andu(xAy) =t wheret € [0, 1]
thenp(xAy) >t = (XAy) € U

=X EUOry €l

= H(X) =torpu(y) >t

= max U(x), u(y)} >t = p(xAy)
Thereforeu is a fuzzy prime ideal.

Theorem 3.8u is a (q,q)-fuzzy prime ideal if and only if
U is an(€, €)-fuzzy prime ideal.

(© 2016 NSP
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ProofLet u be a(qg,q)-fuzzy ideal of aBBCK-algebra X. Letx,y € X such thai{xAy); € u wheret € (0,1]
Letx,y € X such thai{xAy); € u ie. ux Ay > t. Now
= p(xAy) >t (3.2= max{p(x), u(y)} > min{t,0.5}.
= U(XAY)+ 0 >t, forsomed >0 Now we have
= U(XAY)+0—-t+1>1 Case It <0.5
= (XAY)5-t410H then maxu(x),uy)} =t = uKx) =t or

Sincey is a(q,q) fuzzy prime ideal X.
Therefore we haves_; QU Orys_; 10U
=pu(X)+0—t+1>1orpu(y)+0—-t+1>1
= U(X)+0>toru(y)+0 >t

= H(x) =torpu(y) =t

=X EUOrYEU

therefore(xAy) e Hu=X% € L Ory; € U
Henceu is an(€, €)-fuzzy prime ideal of X.
Conversely,

Assumey is an(e€, €)-fuzzy prime ideal of X.
Let (XA y)iqu

= U(XAY)+t>1

= U(XAY) > 1t

= U(XAY) >0 —t+1>1—tforsomed >0
= (XAY)s-t11 € U

Sincey is an(e, €) fuzzy prime ideal X.
Therefore we havgs ;€ HoOrys (.1 €U
=UX)>0—-t+1>1—-toru(y)>o0—-t+1>1-t
=uXx)>1-toruly)>1-t

= pu(xX)+t>loru(y)+t>1

= % QU Ory:qu

therefore(X A y)iqu = % qu or yrqu

Hencey is a(q,q)-fuzzy prime ideal of X.

Theorem 3.An (€, vq)-fuzzy ideal u of a
BCK-algebra X is ar{e, € vq)-fuzzy prime ideal of X iff

max p(x), u(y)} = min{u(xAy),05}  vxyeX

ProofFirst let u be an(e, € \vq)-fuzzy prime ideal of X.
To prove

max{p(x), u(y)} = min{p(xAy),0.5}

Assume thaf}.1)
X,y € Xsuch that

(3.1)

is not valid,then there exists

max{ p(x), u(y)} < min{p(xAy),0.5}
choose a real number t such that

max{u(x), 4(y)} <t <min{u(xAy),0.5}
thent € (0,0.5] andp(xAyY) >t = (XAY)t € U
and alsqu(x) <tandu(y) <ti.e.x€u,yeu
alsou(x)+t <2t <2x05=1ie.x€Vau, yie Vqu
which is a contradiction, sincg is an (€, Vvq)-fuzzy
prime ideal. Hence we must have

max{ p(x), u(y)} = min{p(xAy),0.5}
Conversely, Suppose

max{u(x), u(y)} > minf{p(xAy), 05} (3.2)

ply) >t=x € pory €

Case llit > 0.5

thenmax{ p(x), u(y)} > 0.5= u(x) > 0.5oru(y) > 0.5
= pux) +t > 05+t > 05+05 =1 or
pu(y)+t>05+t>05+05=1

= XU or yrgu combining case | and casexl € vgu or
Y € Vau

Hence(xAy) € 4 = % € VU Ory; € Vgu

thatisu is an(e, € vq))-fuzzy prime ideal of X.
ideal is

Corollary 3.10Every  fuzzy prime an

(e, € vq)-fuzzy prime ideal.

Note 1Converse of above is not true as seen from the
following Example.

Example 3.1Consider a BCK-algebra %= {0,x,y,z}
with the following cayley tables.

*1O0|x|y|z AlO|X]|Yy]|z
ojofojo0f|oO 0|0|0|0]O
X| x| 0|O0] X X |0l x|x]|O0
yly[x]|O0]y y|O0[x]|y]|O
zlz|z|z]|O z| 00|02z
Table 1 Table 2
Define a map pu X — [0, by

1(0) =0.6,u(x) =0.5,u(y) =0.7,u(z) = 0.56 thenpu is
an (€, vq)-fuzzy prime ideal X, but not a fuzzy prime
ideal of X becauseu(x Az = pu(0 = 06 >
maxX U (X), U(z)} = max{0.5,0.56} = 0.56.

Theorem 3.12f a fuzzy sefu of a BCK-algebra X is an
(€,€ vq)-fuzzy prime ideal of X anfl(x) < 0.5Vx € X,
theny is also an(e, €)-fuzzy prime ideal of X.

ProofLet u be an(e, € vq)-fuzzy prime ideal of X and
H(x) <05Wxe X Let(xAyr e g = U(XAY) >t

therefore t < pux A'y) < 05 and also
H(x) < 0.5, u(y) < 0.5 thereforet < 0.5 and also
U(x)+t<05+05=1andu(y)+t<05+05=1

= xqu andy:qu Sincep is (€, € Vq)- fuzzy prime ideal,
so we must havg € pory; € pi.e. i is an(e, €)-fuzzy
prime ideal of X.

Published by Arab Journals Platform, 2016
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Theorem 3.1 fuzzy setu in X is an (€, Vvq)-fuzzy
prime ideal of X if and only if the set
s = {x € X|u(x) >t} is a prime ideal of X, where
e # @forallt € (0,0.5]

ProofAssume thap is an(e€, € VvVq)-fuzzy prime ideal of
X. Lett € (0,0.5] andx Ay € . Thereforeu(xAy) >t .
It follows that

max{ t(x), 4(y)} > min{u(xAy),0.5} > min{t,0.5} =t
thereforeu(x) >t or u(y) >t, thatisx e gy or y €
thereforey is a prime ideal of X.

Conversely

Suppose that; is a prime ideal of X for alt € (0,0.5] and
assume 3.1) is not valid, then their exists songb € X
such thatmax 1 (a), 1 (b) } < min{u(aAb),0.5} hence we
can take € (0,0.5) such that

maxX u(a),u(b)} <t <min{u(anb),0.5} (3.3)

(3.9= aAb e .Since 1 is a prime ideal of X, it
follows thata e iy or be  , so thatu(a) >t or
p(b) >t, which contradicts3.3), therefore we must have

max{ u(x), u(y)} > min{u(xAy),0.5} consequently is
an (e, e vq)-fuzzy prime ideal of X.

Theorem 3.14.et A be a non empty subset of a BCK-
algebra X. Consider the fuzzy get in X defined by

1 if xeA,
Ha(X) = {

0, otherwise,

Then A is a prime ideal of X iffis is an (€, € vq)-fuzzy
prime ideal of X.

ProofLet A be an ideal of X. Then
(Ua)t = {xe X]ua(x) >t} = A, Vt € (0,0.5 which is a
prime ideal. Hence by above theorema is an
(€, € vq)-fuzzy prime ideal of X.

Conversely, assume thgh is an (€, € vq)-fuzzy prime
ideal of X.

LetxAy € A, thenua(xAy) =1

max{Ua(x), ua(y)} = min{ua(x A y),0.5}
min{1,0.5} = 0.5

= max{ Ua(X), Ha(Y) }
= Ha(X) > 0.5 or Lia(
= Ha(X) = 1 or a(y)
=XeAoryeA
Thereforex A\ ye A= xc Aorye A
Hence A is a prime ideal of X.

>05
y)} > 05
y=1

Theorem 3.1% et A be a prime ideal of X, then for every
t € (0,0.5], their exists an(e, € vq)-fuzzy prime ideal
of X, such thap; = A.

ProoflLet u be a fuzzy set in X defined by

1 if xeA
H(x) = {s, otherwise,

forall x € X

wheres <t € (0,0.5], iy = {x € X|u(x) >t >s} =A
hence u; is a prime ideal. Now if u is not an
(€,€ vq)-fuzzy prime ideal of X, then there exists some
a,b € X such thamaxX u(a), u(b)} < min{u(anb),0.5}
hence we can takec (0,0.5) such that

max 1 (a), u(b)} <t <min{u(anb),0.5} (3.4)

thereforep(anb) >t for somea,be X = aAbe g =
A a prime ideal thereforac Aorbe A= pu(a)=1or
p(b) = 1 which contradicts.4). Henceu is an(e, € vVq)-
fuzzy prime ideal of X.

Theorem 3.16.et u be a fuzzy set in BCK-algebra
X.Thenu is an (€, € vq)-fuzzy prime ideal of X iffult is

a prime ideal of X for all te (0 1. We call [u]; an
(€ va)-level prime ideal o4

ProofAssume thap is an(e€, € vq)-fuzzy prime ideal of
X, to prove[u]; is a prime ideal of X. Lek Ay € [u]; for
t € (0 1] then(xAYy): € vau thenpu(xAy) >t or g(XA
y)+t > 1 sinceu is an(&€,€ vq)-fuzzy prime ideal of
X.Thereforemax{ u(x), u(y)} > min{ u(xAy),0.5}. Now
we have the following cases:
Case liu(xAy) >t
max{ i (x), 4(y)} > min{t,0.5}
Subcase I: t > 0.5
max{p(x), u(y)} = 0.5
= u(x)>05 or pu(y)>05
= U(x)+t>05+05=1or u(y)+t>05+05=1
=X%OH or yqu
Subcase ll: t <05
max{u(x), u(y)} >t
=uX =t or uy) >t
SXEH OF YEH

Hence (XAy)evgu =X €Vgu or Yy €Vau

ie. (xAy}€(plk =xe[pl or yeluk
Casell: p(xAy)+t>1
max{pi(x), u(y)} >min{1-t,0.5}

Subcase |: t <0.5
max{u(x), u(y)} = 05>t
=HX) =t or ply) >t
=SXEU OF YEU
Subcase II: t > 0.5
max{ p(x), u(y)} > 1t
=p(x)=1-t or u(y)
= H(X)+t=1 or pu(y)
=Xqu or yqu
Hence(xAy): € VQu = % € Vvqu or
l.e (XAY) € [t =X € [p] orw € [H]
Conversely, lefu be a fuzzy set in X andl € (0 1] such
that [u]: is a prime ideal of X. To proveu is an
(€,€ vq)-fuzzy prime ideal of X. If u is not an
(€,€ vq)-fuzzy prime ideal of X, then there exists
a,b € X such thamax u(a), u(b)} < min{u(anb),0.5}
holds. Choose t such that

maxX u(a),u(b)} <t < min{u(anb),0.5}

>1-t
+t>1

Yt € Vau

(3.5)

(© 2016 NSP
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thenp(anb) >t=aAbe i C
ideal=ae [u]; orb e [ul;

= u@ >toru(@a+t>loru)>torulb)+t>1
which contradicts %.5. Hence we must
max{H(x), u(y)} = min{u(xAy),0.5}

Theorem 3.17etA and u be two(e, € vq)-fuzzy prime
ideals of X them U i1 is an (e, € vq)-fuzzy prime ideal of
X.

[U]t which is a prime

ProofHereA andu be (e, € vq)-fuzzy prime ideals of X.
Therefore

max{A (x),A(y)} >min{A(xAYy),0.5},and
max uU(x), u(y)} >min{u(xAy),0.5}, Vxye X.(3.6)

To proveA Ul is an(€, € vq)-fuzzy prime ideal of X. It
is enough to show that

max{(A U)(x), (A U)(y)} > min{(AUp)(xAY),05) ¥xyeX.

3.7
Now max{A U pt)(x),A U )(y)} o7
:max{max{)\g ), KEX} ;max{A (y), u(y )ﬁ

=

— max{max(A (x).A (y) }, max{ t(x), u(y)
> maxmin{A (xAy),0.5}, mm{u(x/\y) 0.5}} by (3.6

(xAy),0.5}, min{p(xAy),0.5}}

\/

= max{(A UH)(x),A U p)(y)} > maxmin{ (A

(3.8)

Now we have the following cases:

Case I:A(xAy) <0.5andu(xAy) < 0.5, then

3.8 = max{(A U (X),(AUL)(Y)} >maxA(XAy), H(XAY)}
> (AUR)(xAY)
=min{(A Up)(xAY),0.5}

Case Il:A (xAy) < 0.5 andu(xAy) > 0.5, then

B389 =max{(AUu)(x),(AUM)(y)} >maxA(xAy),05}=0.5
= min{maxA (XAy),u(xAy)},0.5}
=min{(AUpu)(xAy),0.5}

Case Ill:A (xAyY) > 0.5 andu(xAy) <0.5

39 = max{(AU)(X).AUR)(Y)} >max(05 u(xAy)} =05
= min{maxA (XAy),u(xAy)},0.5}
=min{(A Up)(xAY),0.5}

Case IV:A (xAy) > 0.5 andu(xAy) > 0.5, then

(3.9 = max{(AUu)(x),(AUM)(y)} >max0.5,05} =05
=min{maxA (xAY),4(xAy)},0.5}

=min{(AUpu)(xAy),0.5}

Hence from above3(7) holdVx,y € X.
Therefore(A U 1) is an(e, € vVg)-fuzzy prime ideal of X.

Theorem 3.18et {y:ieA} be a family of
(e,€ vq)-fuzzy prime ideal of X, thepg = U{p;i :i € A}
is an(e, € vq)-fuzzy prime ideal of X.

Theorem 3.19et A and u be two(e, € vq)-fuzzy prime
ideals of X, themd N u may not be an(e, € vq)-fuzzy
prime ideal of X as shown in Example below.

have

Example 3.2@onsider a BCK-algebra X as in Example

3.11 and fuzzy sets A and pu defined by
A(0) = 045A(x) = A(y) = 046,A(z) = 0.2 and
©(0) = 0.4, u(x) = 0.32, u(y) = 0.35,u(z) = 0.45. Then

by routine calculations it can be verified that and u

both are (€, vq)-fuzzy prime ideals X and also
(A N0 = 04,(A N (X = 032(A Ny =

0.35,(A N u)(2) :02 But A N is not an (e, € vq)-
fuzzy prime ideal of X because
max (A Nu)(x), (A Nu)(2)} = maxo. 3202} 0.32%#
min{(A N p)(x A 2),0.5} = min{(A N u)(0),0.5} =
min{0.4,0.5} = 0.4.

4 Cartesian product of BCK-algebras and
their (€, € vq)-fuzzy prime ideals

Theorem 4.1 et X,Y be two BCK-algebras, then their
cartesian product XY = {(x,y)|x € X,y € Y} is also a
BCK-algebra under the binary operation defined in
X x Y by (xy)*(pq) = (x+py=xaq) for al
(x,y),(p,q) € X xY.

Proof Straightforward.

Definition 4.2Let 3 and iy be two(e, € vQq)-fuzzy prime
ideals of a BCK-algebra X.Then their cartesian product

1 x pa is defined by piy x L) (X,y) = max{ Hy (X), p2(X) }
Where(py x o) : X x X = [0,1] VxyeX.

Theorem 4.3 et py and u» be two(€, € vq)-fuzzy prime
ideals of a BCK-algebra X.Them; x up is also an
(€, € vq)-fuzzy prime ideal of X% X.

ProofSimilar to theoren8.17, just replaceJ by x, A by
Ha andp by .

5 Homomorphism of BCK-algebras and
(e,€ vq)-fuzzy prime ideals

Definition 5.1Let X and X be two commutative
BCK-algebras, then a mapping: X — X'is said to be a
lattice homomorphism if (kAy) = f(X) A f(y) Vx,y € X.

Theorem5.2et X and X be two commutative
BCK-algebras and f: X — X' be a lattice
homomorphism. Ifi be an(e, € vq)-fuzzy prime ideal of
X', then f1(u) is an (e, € vq)-fuzzy prime ideal of X.

Proof.f~1(u) is defined ad ~(u)(x) = p(f(x))vx € X.
Let u be an(e, € vq)-fuzzy prime ideal oX’

andx,y € X such thatxAy); € f~1(u)
thenf—1(u)(xAy) >t

p(f(xAy)) >t
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= (f(XAY)r € U (2) (€, € vq)-fuzzy prime ideals of lattice.
= (fx) A f(y))y € © [ Since f is a lattice (3) (€,€ vo)-fuzzy prime and irreducible ideals in
homomorphism. ] BCK-algebras.

= (f(x))x € vau or (f(y)) € vgu becauseu be an
(€, € vq)-fuzzy prime ideal oX’
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