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Abstract: In this article we introduce some new difference sequence spaces ugiogvergent and Orlicz function, and study some
basic topological and algebraic properties of these spaces. Also we investigate the relations between these spaces.
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1 Introduction

the corresponding convergence coincide with the usual
convergence.

The notion ofl —convergence initially introduced by Example 1.3.1f we take | =I5 = {ACN:d(A) =0}

Kostyrko, Salat and Wilczynskil]. Later on, it was

where §(A) denote the asymptotic density of the get

futher investigated from the sequence space point of vievllhen |5 is a non-trivial admissible ideal ol and the
and linked with the summability theory by Salat, Tripathy corresponding convergence coincide with the statistical

and Ziman p,3], Tripathy and Hazarika4,5,6] and
Kumar and KumarT{], Aiyub [26], Khan et.al 7] and
many others authors.

Let X be a non-empty set, then a family of sets 2%
(the class of all subsets i) is called anideal if and only
if for eachA,B € |, we haveAUB € | and for eactA € |
and eaclB C A, we haveB € |. A non-empty family of
setsF C 2% is afilter on X if and only if ¢ ¢ F, for each
A, B e F, we haveANB € F and eachA € F and each
A C B, we haveB € F. An ideall is callednon-trivial
ideal if 1 # @ andX ¢ I. Clearlyl ¢ 2X is a non-trivial
ideal if and only ifF = F (1) = {X—A:Ac |} is afilter
onX. A non-trivial ideall ¢ 2¥ is calledadmissibléf and
only if {{x} :xe€ X} CI. A non-trivial ideall is maximal
if there cannot exists any non-trivial ideh# | containing
| as a subset. Further details on idealsbfcan be found
in Kostyrko, et.al 1].

Lemma1.1([1, Lemma5.1]) Ifi ¢ 2V is a maximalideal,
then for eactA C N we have eitheAc |l orN—Ac .

Example 1.2.1f we takel =1y = {AC N : Ais a finite
subse}. Thenl; is a non-trivial admissible ideal & and

convergence.
Kizmaz [B] defined the difference sequence spaces
le(A),c(A) andcy(A) as follows: ForZ = 4., c andcg

Z(A) = {x= (%) : (Ax) € AZ},

whereAx = (Axy) = (X — Xk+1), for allk e N. The above
spaces are Banach spaces, normed by

(X[ = [xal +SlkJD||AXkH-

The idea of Kizmaz §] was applied to introduce
different type of difference sequence spaces and study
their different properties by Tripathyq[10]), Et and Esi
[11] and many others.

Recall in [12] that anQOrlicz function Mis continuous,
convex, nondecreasing function is definedar 0 such
that M(0) = 0 and M(x) > 0. If convexity of Orlicz
function is replaced b (x+y) < M(x) +M(y) then this
function is called thenodulus functiorand characterized
by Ruckle fL3]. An Orlicz functionM is said to satisfy
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Ar—condition for all values ofu, if there existsK > 0
such thaM(2u) < KM(u), u > 0.

Lemma 1.4.Let M be an Orlicz function which satisfies
Ar—condition and let 0< d < 1. Then for each > 9, we
haveM(t) < K&~1tM(2) for some constari > 0.

Two Orlicz functionsM; and M, are said to be
equivalentif there exist positive constants,3 and Xg
such that

My (a) < Mz(x) < M1(B)

for all x with 0 < x < Xg.
Lindenstrauss and Tzafririlfj] studied some Orlicz
type sequence spaces defined as follows:

Im = {(XK)EW5 S>M <|%k|) < oo, forsomep>0}.
k=1

The spacé), with the norm

. - X
||x||:|nf{p>0: M(— <1
kzl p

becomes a Banach space which is called Quicz
sequence spacdhe spacey is closely related to the
space ¢, which is an Orlicz sequence space with
M(t) = Jt|P, for 1 < p < co.

In the later stage, different classes of Orlicz sequence

Lemma 1.6.Every n-normed space is &n—r)—normed
space for allr = 1,2,....n— 1. In particular every
n-normed space is a normed space.

Lemma 1.7.A standardn—normed space is complete if
and only if it is complete with respect to usual nojfrj =

V<>

Lemma 1.8.0n a standard n-normed spacg the

derived from (n — 1)—norm |..,.,...||, defined with

respect to the orthogonal s, e; ..., en} is equivalent to
the standardn—1)—norm ||..,.,...||s. To be precise, for
all 1,2, ...,z,—1 € X, we have

121,22, -, Zn-1lleo < 121,22, -, Z0-1 |5
<VN(|21,22, - Zn-1] o
where
HzlaZZa "'7Zn—1||oo = maxlgign{HZlaZZa "'7Zn—lva||S}'

Some counter examples for n-normed spaces can be
found in Dutta et.al29].

2 Some New Sequence Spaces

The following well-known inequality will be used

spaces were introduced and studied by Parashar arigroughout the article. Lep = (p) be any sequence of

Choudhary 19, Esi and Et [L6], Et, Altin, Choudhary
and Tripathy [L7], Altinok, Altin and Isik [18], Gungor,
Et and Altin [19], Hazarika et.al 24], Hazarika and Esi
[29], Esi and OzdemirZ8] and many others.
Throughout the articleN and R denote the set of

positive real numbers with & px < sup.px = G,
D = max{1,26~1} then

|+ b P < D (Ja ™ + [ow ™)

positive integers and set of real numbers, respectivelyso, 5 k ¢ N anday, by € C. Also |a|* < max{l |ak|G}

The zero sequence is denotedty
A sequence spade is said to besolid (or normal)if
(Yk) € E whenever(x) € E and|yi| < |x| forall k € N.

Lemma 1.5.([20, page 53]) A sequence spaeés normal
impliesE is monotone.

Letne N andX" be a real vector space of dimension
n. A real-valued function|.,...,.|| on X" satisfying the
following four conditions:

(i) [|X1,%2,---, %] = O if and only if x3,%p,...,%, are
linearly dependent,

(i) [|X1,X2, ..., Xn|| is invariant under permutation,

(iii) |joxg, X2, ....%nl| = |O]||X1, X2, ... %n|, @ € R,

(IV) ||X1+XI17X23 ---7Xn|| < HX13X27 "'7XnH+HXI17X27 "'aXnH
is called ansn—normon X", and the pai(X",|.,...,.||) is
called am—normed spacg?1].

A trivial example of n—normed space iX" = R"
equipped with the following Euclideam—norm:

X11...-X1n
[IX1,%2, ..., Xn||g = abs
an...Xnn

wherex; = (X1, ...,Xn) € R" foreachi =1,2,....n.

for all a € C.

The main aim of this article is to introduce the
following sequence spaces and examine topological and
algebraic properties of the resulting sequence spaces.

In paper 2], Mursaleen and Noman introduced the
notion of A-convergent andA-bounded sequences as
follows: LetA = (Ax),_o be a strictly increasing sequence
of positive real numbers tending to infinity, that is

0<Ag <A1 <...andAg — o ask — o

and let

1 k
z ()\m - )\mfl) Xm.

m=1

Ak (X) =

Ak

Let| be an admissible ideal &f and letp = (px) be a
bounded sequence of positive real numbers fok alN.
Let M = (M) be a sequence of Orlicz functions and
(X, ]+5---,-]]) be ann—normed space. Furthev(n—X)
denotes X—valued sequence space, we define the
following sequence spaces as follows:

(© 2016 NSP
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:{(xk) ew(n—X): {keN:
[m(H%,ZLZZ,...,ZM )} pk>g}e|,

for somep > 0 andL and for everyn, 2, ...,z, 1 ex},

A (MA Ry Da
:{(xk) ew(n—X): {keN:

Ay (AX
|:MK<H k( )7217227“'72[171

)

for somep > 0 and for every;, 2, ...,Z, 1 € X} ,

les(MAP-vesevc])a
:{(xk) ew(n—X):3K >0such that{keN:

Pk
[Mk<HAk£)AX) 12,22, 201 )] > K} el,

for somep > 0 and for every,, 2, ...,Z, 1 € X}

and

loo (M AP, e[
= {(Xk) € w(n—X):3K > 0 such that

Pk
SUP[Mk(HAK‘(DAX),Zl,Zz,---7Zn—1 ﬂ <K,
k

for somep > 0 and for every,, z,...,Z, 1 € X} .

3 Main Results

In this section we examine the basic topological and

[Nk (AX), 21,22, ..., Zn-1] — O ask — oo.

SinceM is continuous for alk and 0< py < sup, px =
G < o for eachk, then we have
Pk
)] -
for somep > 0.

(b) The proof of this part is similar to part (a).

Theorem 3.2.c,(MA,p, |- a, € (MR, )a
and £, (MA,p,||...,...| )a are linear spaces.

Proof. We will proved the result for the space
cL(M,A,p,||...,...])a only, and the others can be proved
in similar way. Letx = (x¢) andy = (yi) be two elements
in  c(MA,p]......]Da. Then  for  every
2,2, ..., Zn-1 € X there exisip; > 0 andp, > 0 such that

Pk €
w,zl,zz,---,zn—lH)} ZE}El

| —lim |:Mk (HAk(AX),Zl,Zz,...,Zn_l
k—>o0 P

Ag:{keN: [Mk(’

B :{keN: w,zl,zz,...,zn_lu)}pk>f}el.

-2

i

Leta,B be two scalars. Sindd = (M) is a sequence
of continuous functions, the following inequality holds:
(A (X))

|:Mk< A (A (ax+ By)) ﬂ . pk
P1 ﬂ

|a|p1+ |B|p2
lalp1 [ (
<D—— 21,20,y Zn—
= Talpr+ 1Blez | S
A (A Pk
|:Mk (vazlaZZV"vzn—l >:|
P2
>}Pk

)"

|alp1+[Blpz
_ ooy \© (_1Blor\®
WhereK_maX{l’(GPHBPz) (etim) }

2,22, 201

<DK [Mk <Hw,21722,m,2n1
1

2,22, 201

(22

algebraic properties of these spaces and obtain the From the above relation we obtain the following:

inclusion relation between these spaces.
Theorem 3.1.If {A(AX),z1,2,...,Z,-1} is a linearly
dependent set iriX, |...,...||) for all but finite k, where
X = (Xc) € w(n—X) and inf px > 0, then
. Pk
(@) I=limy_e [Mk(H%Amllaz&---azn—lH)} =0,
for somep > 0,

P
(b) sup {Mk(‘ w,zl,zz,...,zn_lH)} < oo, for
somep > 0.
Proof. (a) Suppose thafAx(AX),z,2,...,Z-1} IS a
linearly dependent set ifX,]...,...||) for all but finite k.

Then we have

{ke N : {Mk (H%’w,zl,zz,...,zn,llm . > s} -

{ke N : DK [Mk (H%l(x”,zl,zz,...

w,zl,ZZ,...,Zn_j_H)} . > } el.

This completes the proof.

Remark 3.3. It is easy to verify that the space
Leo(MSAL R, || a IS @ linear space.

The proof of the following theorem is similar t@3,
Theorem 2.2], therefore we omit it.

u{keN:DK[Mk(‘
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Theorem 3.4. The spacelo(M,A,p,|...,...]1)a is a the resultfollows:
paranormed space (not totally paranormed) with the A (%) P
paranorng defined by {(Mk+sk) (H"T,zl,zz,...,znl )]
) Py Pk Nk (AX Pk
g(x):mf{pe 3Slka[Mk(HAK%M721,227~-~,Zn71H)} <1, <D {Mk (H k; )721722,~.7an1 )]
P
for somep > 0 and for every,,z,,...,Zy_1 eX}, +D {3( (HM 2070 ot )} k.
p ) 3 ) 3 —

whereG = max{1, supp}.

Theorem 3.5.LetM = (M) andS= (&) be sequences of
Orlicz functions. Then the following hold:

() co(SA.P,[erelDa S (M 0 SA,P,[[..cec])a
providedp = (py) be such thaGg = inf pg > 0.
(i co(M,A P, [l )a N Co(SA P [l l)a C
Co(M+SA, p,||...,...||)A.

Proof. (i) Let € > 0 be given. Choose; > 0 such that
max{sle,sf"} < &.Choose < 6 < 1suchthatGt <o

implies thatMy(t) < & for eachk € N. Letx = (x) be any
elementirc (S, A, p,||...,...|[)a. Foreveryz, z, ...,z 1 €

X, put
(T

Then by the definition of ideal we havgs € I. If k¢ A
we have

(2
o[

SinceM
from the relation 8.1) we have

(o[

121,225, Zn—1

71,22,..

Pk
wZn-1 )} <&% fork=1,2,....n

)<e.

1215225 -

Zn-1 (3.1)

72,22, 201

s

= (M) is a sequence of continuous functions,

The proof of the following theorems are easy and so
omitted.

Theorem 3.6.Let 0 < py < gk and (%) is bounded, then
Co(M,A, G, || ])a C Co(MLA,

Theorem 3.7.For any two sequencgs= (px) andq =
(gk) of positive real numbers, then the following holds:

ZIM AP e DAaNZ(MLAL G, e [Da # @
forz=c',cl, ¢, and/,,.
Proposition 3.8. The sequence spaces
Z(M,A,p,]|.......]|)a are normal as well as monotone for
Z =cl and/.,.
Proof. We shall give the prove of the proposition for
ch(M AL, ||..p)a only. Let x = (x) € ¢, (M,A,p,

[I...;---])a andy = (yk) be such thatyyx| < || for all
k € N. Then for givens > 0 we have

B:{keN: [Mk(‘ Ak(pA) 2,2, .. 20— 1H)}pk28}el.

Again the set
= {kE N: {Mk (‘ w,zl,ZZ,...,Zn_j_H)} . > 8} CB.

HenceE € | and soy = (yk) € c5(M,A,p,|[-.|)a-
Thus the spacel(M,A,p,||...,...])a is normal. Also
from the Lemma 1.5. it follows that
ch(M, A, p,||...,...|a is monotone.

Inview of Lemma 1.8., we state the following theorem.

Theorem 3.9.Let X be a standard—normed space and

fork=1,2,3,...,n. Consequently we get {e1,&...,en} be an orthonormal set ifX. Then the
following holds:
ABX) G (Go (a)C'(M AP |selw)a = S MAL P, [l _1)as
(e[| 5 2202 )) ] < ma{efie®} <o (6) Ch (M, A, P, [ o) =S (M AP, [ 1)
| |
= (M (S ([ 220 21,2, .. 20 <e. (LMD la =M AP 1)
[ "( (H pooth 1\!))} (d) Ll M AL P, [y leo) 2= Lo ML AL P |1
P Where|\...,...||oo is derived (n — 1)—norm defined with
This implies that respect to the sefe;,ey...,en} and|.......[|,_; is the
standardn— 1)—norm onX.
} Me(Ax) Pk
{kEN'[M"(S‘((H 5 ’21722""’2"*1"))} 28} Theorem 3.10. The spacesc' (M,A,p,]...,...])a and
CAs€El. c'(M,p,]|.......|l,)a are equivalent as topological spaces.
Proof. Consider the mapping : ¢' (M, A, p,||...,...] )a —
This completes the proof. ' (M, p, ||+ |leo) 2 defined byT (x) = (A (AXx)) for each
| (i) Let x = (x%) € c{)(M,A,p,H_...,..:H)A n x:(xk)ec'(M,A,p,|\...,...|\)A.ThenclearIyT is alinear
Co(SA,P,|---5---])a- Then by the following inequality homeomorphism and the proof follows.
(@© 2016 NSP
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4 Conclusion: Ayhan Esi was born
in Istanbul, Turkey, on March
5, 1965. Ayhan Esi got his
B.Sc. from Inonu University
in 1987 and M. Sc. and Ph.D.
degree in pure mathematics
from Elazig  University,
Turkey in 1990 and 1995,

respectively. His research

In this paper defined some new difference sequence
spaces combining the concepts of Orlicz function ad

I-convergence. Further, we proved some topological and
algebraic properties of resulting spaces. This notion can
be used for further generalization of such spaces.
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