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Abstract: In this paper, the modified simple equation method is used to construct exact periodic and soliton solutions of some nonlinear
partial differential equations. Exact solutions of the nonlinear &tihger equation, the Hamiltonian amplitude equation, Klein-Gordon
equation in 1+2 dimension, the coupled Klein-Gordon equation, the (2 + 1)-dimensional long-wave-short-wave resonance interaction
equation, the modified KdV-KP equation and the modified Benjamin-Bona-Mahony equation are successfully obtained. These solutions
may be important of significance for the explanation of some practical physical problems.
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1 Introduction equations of Bernoulli and Riccati which are well known
nonlinear ordinary differential equations and their
Various physical phenomena in physics, engineeringsm_UtiO”S, can be.expressed by elementary .functions.
mechanics, biology and chemistry are modeled by’Usmg this method |n'WorkS2[7,28,29] exact squyons of
nonlinear partial differential equations (NPDEs). the nonlinear  Fitzhugh-Nagumo  equation, the
Searching for exact soliton solutions of NPDEs has beerph@ma-Tasso-Olver equation and the generalization of
played significant role in the study of dynamics of the Korteweg-de Vries equation were obtained. Also, in
observed phenomenal,p,3,4,5,6,7,8,9,10,11,12,13, WOFkS. [30,31,32,33] exact solutions .of a clf_;\ss of
14,15,16,17,18,19]. Many new methods for obtaining equations that generah;e the reacupn-dlffusmnl, the
exact solutions to NPDEs have been proposed. Amon eaction- telegra_ph equation and the Fisher equation are
these are inverse scattering meth@d][ Hirota’s direct ~ discussed. In this paper, we apply the modified simple
method P1], tanh method [22], extended tanh-function equation method2[7,28,29]/}o seek the exact saolu'uons of
method P3], multiple exp-function method [24], the second-order ODR®"(z) + B®(z) + C®°(z) = 0
transformed rational function metho@d], first integral ~ @nd then by means of exact solutions this second-order
method P6], modified simple equation method [2B, ODE", we establish .the exact squthns pf the non]mear
29,30,31,32,33], ansatz method [385,36,37,38] and so  Schibdinger equation, the Hamiltonian —amplitude
on. The modified simplest equation method is a Veryequatlon, the Kleijordon equation in 1+2 dimension,
powerful mathematical technique for finding exact N coupled Kiein-Gordon equation, the (2 +
solutions of nonlinear ordinary differential equations 1)-dimensional ~— long-wave-short-wave resonance
(ODEs). Recently, this useful method is deveIoped'“teraCt'Q,” equat!on,.the modified KdV-KP equation and
successfully by Vitanov and the reference therein. Thethe modified Benjamin-Bona-Mahony equation
modified simple equation metho@7,28,29] is based on
the assumptions that the exact solutions can be expressed
by a polynomial in¥;, such that¥ = W(z) satisfy in an 2 Modified simplest equation method
unknown function to be determined later. The modified
simple equation method3p,31,32,33] is based on the Step 1.Consider a general nonlinear PDE in the form
assumptions that the exact solutions can be expressed by
a polynomial in¥, such that¥ = W(z) satisfy in the P(u, Uy, Ut, Uxx, Uxt, Ut ...) = 0. Q)
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Using a wave variable = x — ct, we can write Eq. (1) in

the following nonlinear ODE: BAW (2) + AA\W (2) + 3CASAY (2) =0,  (8)
/ /! /1!
QUL ) =0 @ AR (W (2)2 - 3AMY (W) =0, (9)
where the prime denotes the derivation with respea to
If all terms contain derivatives, then E®)(is integrated oA
where integration constants are considered zeros. A=+ ——. (20)
Step 2.We suppose that Eg2) has the following formal C
solution: Eq. (7) directly implies following solutions
<A Y@
ud =3 Alge) @) 5
I= Ag =0, Aoziq/—é. (11)

where Ay are arbitrary constants to be determined such
that Ay # 0, while ¥(2) is an unknown function to be Case 1.If Ay = 0, then we can obtain the trivial solution,
determined later. which is rejected.
Step 3.We determine the positive integirin Eq. 3) by

balancing the highest order derivatives and the nonlineaggqe 2 |f Ao=+
terms in Eq. 2).

Step 4. We substitute Eq.3) into Eq. (2), we calculate all

—&, then we can deduce that

" !
the necessary derivativag,u”’,... and then we account A¥"(2) —2B¥'(2) =0, 12)
the function¥(z). As a result of this substitution, we get
a polynomial of % and its derivatives. In this —ALIJ”(z)Jr\/ﬁ(.U’(z) —0 (13)

polynomial, we equate with zero all the coefficients of it. o )
This operation yields a system of equations which can beBY substituting Eq.12) into Eqg. (13), we get
solved to findA and¥(z). Consequently, we can get the

exact solution of Eq.1). [ A Wi it —
+ ZBW (2-¥"(z=0. (14)

3 Exact solutions of second-order ODE The general solution of Eq14) is

" 3 —_N-
A®"(2)+B®(2) +CP>(2) =0: W(z) = ao+ayz+ azei\/¥z7 (15)

Let us consider the following ODE .
wherea (I = 0,1,2) are arbitrary constants.
AD"(2) + BO(2) +C<D3(z) —o. (4) Thus, we .obtain the new exact solution of the OB if
the following form

Balancing®” (z) with ®3(z) givesN = 1. This means that

W(7 B 2A aliaZ\/¥ei‘/Z‘Bz
o(2) = Ao+ AP, 5 P@=H/c|1tyF —Ta.

Y(z) a+ayz+ae VA

(16)
heorem 3.1.The second-order ODE4) has solutions
described as follows.

whereAq andA; are constants to be determined such thaLr
A1 # 0, while ¥(z) is an unknown function to be
determined.

By substituting Eq.5%) into Eq. (4), we obtain

BAIW/(2) + AA W (2) + 3CAZAL Y (2)

1)- The new exact solution

3
BAo+CAp + Y(z) B 2A aliazﬁei\/szz
3CARAR (W' (2))% — 3AALY (W' (2) P(2)=%\/-5 1+\/; e
+ w23 a0+ az+aeV Az
2AA(W (2)* + CAY (W (2))? a7

= where 0, a1 # 0 anday # 0.
e 0. (6) a # 0, &g # e

Equating expressions a%(z), W~1(z), W¥~2(z) and
W=3(2) to zero, we have the following equations:

L[ By A A
B+ CAT 0. @ ®(z) =+ c<l+\/;ao+alz>’ (18)

2)- The rational solution
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whereag # 0, a3 # 0.

3)- The periodic solutions

®(z) = i\/E tan( —ZBAZ> , (29)
P(2) = $\/E cot( —% ) , (20)

where8 < 0.

and

4)- The exact soliton solutions

P(2) = i\/—g tanh( 2'12) , (21)
P(2) = i\/—g coth( 2'12) , (22)

where8 > 0.

and

4 Applications

Example 4.1. The nonlinear Schédinger (NLS)
equation

Let us first consider the nonlinear Sodinger equation

[39,40]
iU + U+ glufPu=0. (23)

We introduce the transformation
u(x,t) =€%U(z), 8 =ax+pt, z=x—2pat, (24)

wherea andf are constants arld(z) is real function.

Substituting Eq. Z4) into Eqg. (23), we obtain ordinary

differential equation:

d?U(2)
dz

—(B+pa®)U(2)+p +qu32=0. (25)

2)
z|. (31

In (x,t)-variables we have the following exact solutions of
the nonlinear Sclidinger equation:
The new exact solution of EQ28):

B+ pa? 2p
1 _
q A+ B+ pa?

|_2(B+pa?)
_2(B+pa2) + 7T(X72pat)
y a; +apy/ = €
L ]_2B+4pa?) (oot
ap+a1(x—2pat) +age p (x-2pa)

x @(axtBy, (32)
The rational solution of Eq2Q3):

up(xt) = £

)

X &
ap+a1(Xx—2pat)

)ei(orx+[>'t). (33)

The periodic solutions of Eq28) for p(8 + pa?) > 0:

_ B+ pa? B+ pa?
us(x,t)_i\/— a tan<\/2p(x—2pat)>

i t
By using theorem 3.1, we obtain the exact solutions of x g(@p )’ (34)
ODE. 25) in the following forms: and
2 _ B + pa? B+ pa?
Ui(2) = + B+ pa (14— 2p us(x,t) = zp\/— a cot \/ 2p (x—2pat)
q B+ pa?
al X ei(UX+Bt). 35
a2 ERYRCTEE (35)
x P ), (26)  The exact soliton solutions of E®3) for —p( + pa?) >
o,/ _2B+pa?), 0:
o +aZ+ age p
B+ pa? B+ pa?
2 Us(X,t) =+ tanh - X—2pat
i [ (1 [ ) e 2 B0 e
q B+ pa?ag+ayz .
(27) x dl@xthy), (36)
@© 2014 NSP
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2
o Ua(2) = ﬂ/W
B + pa? B+ pa? 2
_ hl /- ) a+pBc+eaf
Ug (X, t) i\/TCOt ( 2p (x pat)) X cot( 2k2(/\2+£/\)z> : (46)

x @By (37)
Example 4.2. New Hamiltonian amplitude equation Us(z) = + Ja+B2+eaf
A new Hamiltonian amplitude equatiod{]: S\ = 20
iux+utt+20'\u|2ufsuxt:0, (38) « tanh( _01;32;80{[32) (47)
) 2k2(A%+ €A ’
where 0 = +1, € << 1, was recently introduced by ( )

Wadati et al., 42]. This is an equation which governs
certain instabilities of modulated wave trains, with the 2

al : : a+pe+eap
additional term—e&uy overcoming the ill-posedness of the Us(2) = & 20

unstable nonlinear Sabdinger equation. It is a

Hamiltonian analogue of the Kuramoto-Sivashinski th a+p2+eaf 48
equation which arises in dissipative systems and is X co _2k2(/\2+g/\)z ) (48)
apparently not integrable.

By making the transformation Combining @3)-(48) with (39), we obtain the exact

io solutions to Eq. 88) can be written as
u(x,t) =€°U(z), 8=ax—pt, z=k(x—At), (39)  The new exact solution of Eq38):

the Eqg. (38) becomes (D) = i\/m(pr  2KR(A2+€A)
K2(A%2+eAU"(2) + ik(1+2BA +caA +£B)U'(2) wA 20 a+p2+eaf
2

- (C{ +B°+ SGB) U(2) 2(a+p%reaf) T\~ 1(22(5;212;«)) Xt et

+ 20U3%(z)=0. (40) A +8\/ ~Tenzien) )
If we take 146 a0 Bzt agei _ znfszfifff ! (kx5 )

+ & .
T 2B+ea (“41) x gl@xpy), (49)

Eq. (40) is transformed into The rational solution of Eq. (38):

Ke(A2+eAU"(2) — (a+B>+eaBf)U(2)

a+pB2+eaf 22 (A%+¢€A)
3 _ = —
+20U3(z) = 0. (42)  u2(xt) i\/T(H a+pB2+cap
X A

By using theorem 3.1, we get the exact solutions of ODE.
(42) in the following forms: )

1
a0+ (K(x+ 5L 1))

| Ja+p?+eap 2KR(A2+€A) x @By (50)
Ui(2) =+ 20 (1+ a+p2+eap

] The periodic solutions of Eq38) for % 0:
[ 2(+pa?)
a1 +ay 2(a+B%+eap) ei - k?(;??fe/\) z

T TR Zer) a+pB2+ea
x ), (43)  us(xt) =+ _¥
nya 2(012+B22+sa/3) g
Botaztage ¥ COH a+p2+eap 1+¢B
x tan PRI R ( (x+ 2t))
Us(2) = = /G+BZ+EC{B(1+ _ 2K(A2+eA) (A=+eA) B+ea
24 = 20 a+p2+eap x @(@=B, (51)
x L) (44)
ap+ a1z a+p%+eaf
us(x,t) = ¥ BT
Un(z) — + a+p%+eap
s@ =5 a+pB2+eaP 1+eB
x cot| 4| o TERE (e o g
2 2k2(A2+€A) 2B+c¢ea
2KR(A2+€A) )" x g(@=p), (52)
@© 2014 NSP
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The exact soliton solutions of Eq. (38) fer% >
0:
B a+p%+eap
s(x,t) = £/ TR
a+p?+eap 1+¢pB
tanh ————— |k t
xfan ( 2kR(A2+ €) ( O+ 2 eat)
x (@B (53)
a+p%+eaf
IR S
a+p%+eap 1+¢pB

dimension §3]
Gkt — K*(Ghox + Ghy) + 89— bq® = O, (55)

wherek, a andb are real constants.
Using the transformation

axyt)=U(z), z=Bix+By—-w,  (56)
and substituting Eq50) into Eq. (57) yields
(V—K3(BZ +B3)U"(2) +aU(z2) —bU3(20 =0 (57)

=, /-2
%=F/"p

a
X COt(\/Z(kZ(Bf—s- 82— (Bix+ Bzy—vt)) .(61)

The exact soliton solutions of Ecp) for a(v? — k?(B? +

B3)>0:

a
QS—i\/;

a
tanh(\/z(vz 8 (Bix+Bay— vt)) (62)

X

+ ZB—H:at))) O = i\/ﬁ

x @By (54)

Example 4.3. Klein-Gordon equation in 1+2 dimension
Let us now consider the Klein-Gordon equation in 1+2

a
X COth(\/Z(VZ—kZ(B%—i—B%)) (Byix+ Bzy—vt)> (63)

Example 4.4. Coupled Klein-Gordon equation
In this section, we study the coupled Klein-Gordon
equation #4]

U — Ut — U+ 20° +2uv =0,

Vyx —Vt —4uu = 0. (64)

The nonlinear coupled Klein-Gordon equation is very
important equation in the area of Theoretical Physics. The
nonlinear coupled Klein-Gordon equation was first

whereB;, B, andv are constants and the prime denotesstudied in ##5], and then Shang [46] and Yusufoglu and

the derivation with respect

Bekir [47] gave further result by using the ideas of the

By using theorem 3.1 and similar to the previous tanh method and the general integral method. They also
examples, we can find the following exact solutions for obtained the solutions and periodic solutions. In paper

Eq. G5):
The new exact solution of Eq5%):

B 2 2
Q= i\/g(u \/2(\'2 kz;Bl’LBZ))

2a

EEgy —1
2a V2—k2(BZ+B3)
atay, VA =y
X )
+ [5—>22 7
v2—Kk2(BZ+B2)
o +az+ ape 1772

wherez = B1x+ Boy — M.
The rational solution of Eq55):

o = i\/§(1+ \/Zo’z_kng%Jng))

(58)

Sassaman and Biswasig], the quasilinear coupled

Klein-Gordon, which have several forms of power law
nonlinearity, are well studied by using soliton
perturbation theory.

We use the wave transformations

u(x,t) =u(z), v(x,t)=v(z), z=x—ct. (65)

Substituting Eq.&5) into Eqgs. (64), we have the ordinary
differential equations (ODEs) far(z) andv(z)

(1— A" (2) — u(2) + 203 (2) + 2u(2)v(z) =0,

(1+c)V(2) +4cu(z)u(z) = 0. (66)
By integrating the second equation with respect,tand

ar - . . .
. 59 neglecting the constant of integration we obtain

) ao+a1(81X+Bzy—vt)> (59) Jeeing ?
The periodic solutions of Eq. 56) for _ 2c 5
a(k2(B2+B2) —v?) > 0: V@ ="1r @ (1)

_ a Substituting Eq. §7) into the first equation of Egs. (66),
g3 = =4/ —+ :

b we find
a 2(1-c)
x tan (Bix+ Bzy—vt)) ,(60) A () 3(5) —
<\/2(k2(B§+B§)v2) (1—-cHU"(2) —u(z2) + o u(z) =0. (68)
© 2014 NSP
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By using theorem 3.1, we obtain the exact solutions of

ODE. (68) in the following forms:

l+c
210 (1+4/2(c2-1)
F
, ey G (69)

2
o +az+ aze ERY

1+c a
7)==+ 2(1-0 (l+\/2(02—1)ao+alz>, (70)

ui(z) = +

Us(2) = + 2(1C+_Cl)tan< 2(1Z_c2)>’ (71)
a(2) = T 2(10+_C1)cot< 2(12_(:2)), (72)
Us(2) = + 2(1+_°)tanh< — )), (73)
Us(2) = + 2(11+_CC) coth( 2(022_1)>. (74)

va(x,t) = 1—50tan2 (;ﬂ%) .
ug(x,t) =F Zél-ctcl) cot( ;(1(102)) , (78)
c x—ct
Va(xt) = cot?( 2(17(:2)).

The exact soliton solutions of Eq&4) forc>—1>0:

[ xew
Us(X,t) = & 2(:L_C)tanh< 2(021)>, (79)

Vs(X,t) = Cfcltant? (;(;2C11)> .

Us(x,t) =+ 2(11+_Cc)00th<zx(gzcil)>’ (80)
wter) = ¢ St (X ).

Example 4.5. (2 + 1)- dimensional long- wave-
short- wave resonance interaction equation

Combining (69)- (74) with Eq. (67), we obtain the exact long-wave-short-wave resonance interaction equaton [

solutions to Egs.§4) can be written as
The new exact solution of Eq®4):

1+c

ur(x,t) = + 31-0 (14+4/2(c2—1)
YRy 2 (=)
X ) (75)

C
fl(1+\/2(02—1)

Vl(x7t) = c
a.l:ta.z / Zlei 2_ 1<X7Ct> 2

Z
ao+alz+a2e EAY

The rational solution of Eqs64):

(X t) = + 2(11+_CC) (141/2@—1)

a
e o

Va(x,t) = f1(1+,/2(c2 1)#&7@)2.

The periodic solutions of Eqs64) for 1—c? > 0:

l1+c
=+
uz(x,t) 2(—1) tan(

X

X—ct
2(1—c2)>’ (77

Next, we consider the (2 + 1)-dimensional
50]
i(U +Uy) — U +uv=0, (a) (81)
—2(Juf)x=0. (b)

whereu andv denote the the short surface wave packets
and long interfacial wave respectively. Eq81) describe

the long and short waves propagating at an angle of each
other in a two-layer fluid. This system has been
demonstrated to have both bright and dark two-soliton
solutions.

Using the wave transformations

u(xy;t) = PV (2) vixyt) =V(2),
z=X+(a—2p)y+at, (82)
wherep, g,k anda are real constant.
Substituting 82) into (81), we have
U"(2)+(a+k—p)U(2)

aV'(z) —2(U%(2)) =0, (b)

Integrating Eqg. (83b) with respect to and taking the
integration constant as zero yields

—U@V@ =0, (a) (83)

V= guz. (84)

Substituting Eq.&4) into Eq. (83a) yields

u”+(q+k—p2)U—§u3:o. (85)
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By using theorem 3.1, and similar to the previous The exact soliton solutions of Eq81) forq+k > p?:
examples, we can find the following exact solutions for a

Egs. 81): Us = + E(q+ k—p?)

The new exact solution of Eq8Y):

_n2
a 2 x tanh quk7|O(x+(a—2p)y+a1)
U = 4 [S(a+k=p) (14| —— 2
2 g+k—p? _
x @ (Prray+kt) (90)

L dta/2(q+k— pz)ei\/2<q+k—p2>z) e

a9+ ayz+ apet V2Aatk-p?)z Vs = (q+k— p?) tant? (\/?OW (a—2p)y+ aI)) :
x d(PayHk) (86)

Us = + g(Q‘i‘k— p?)

2
(qukpZ)(lJr\/i _n2
q+k—p? « coth W#p(xﬂa—Zp)eraI)
« , « @(ptay+kt) (92)
80+ ayz-+ aget Va2 7

wherez = x+ (a—2p)y+at. V6 = (q+k—p?) cott? (\/ ﬁ(“— (a—2py+ aI)) :

The rational solution of Eqs8():
Example 4.6. Modified KdV-KP equation

k— p2)( Using the idea of Kadomtsev and Petviashvili, who
Up =+ Q+ P?) q+k p2 relaxed the restriction that the waves be strictly
one-dimensional in the KdV equation, leads to the

(2+1)-dimensional modified KdV-KP equation [51]:

ao+a1(><+ (a 2p)y+ at)

+ay-+kt 3
x gPerara), (87) (U — éux+6u2ux+uxxx)x+uyy =0. (92)
> This equation was investigated in the literature because it
V2 = (q+k—p?)(1+ — is used tomodel a variety of nonlinear phenomena.
q+k—p Functional variable methods was used to construct
a1 P traveling wave solutions of this equation &]].
x ag+ay(x+ (a—2p)y—+ at)) : We use the wave transformation
The periodic solutions of Eqs81) for p? > q+k: ux.yt)=U(z), z=kx+ly—At),  (93)
a wherek, | andA are constants.
Uz ==+ E(p2 —q—K) Substituting 93) into (92), we obtain the following ODE:
3
2_g—k —(A+2)U'(2)+6U?%(2)U’ (2) + KU (2))' +1?U" (2) = 0.
Xtan( G (Xﬂazp)ym)) (- 43U/ +68U%2U' (@) +KU" (2) ()(94)
: Integrating Eq. (??) twice with respect t@nd neglecting
x gParte), (88)  constants of integration, we find
2 _q— 22 +3
Vo= (pz—q—k)tanz< Poak k(x+(a—2p)y+a1)> B (v CRETCRC RN
Using theorem 3.1 and proceeding as before we find the
a following exact solutions for the modified KdV-KP
Us=F Q(DZ—Q— k) equation:
. The new exact solution of EqQR):
/p?—q—k
X cot( pzq(x+(a—2p)y+at)> Uy = j[\/2)\ +3_2I2(1+ 2k
2 V2I12—-2) -3
x d(PayHk) (89)

212-2)
5 k257 e iF 96
02 _g—k ),
V4:(p2—q—k)0012< pzq(x+(a—2p)y+at)>_ 8 1 2|2k%/\3 (96)

ao +a1Z+ape
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wherez = k(x+ly — At). wherec is constant.
The rational solution of Eq9@): Substituting 103) into (102), we obtain ordinary
differential equation:
V2 +3-2I2 2k
Up =+ 2 (1+ 212_2)\ 3 (1-c)U'(2) +U?(2U(2) —cU"(2) = 0. (104)
a

)- (97)  Integrating Eq.104) with respect ta and considering the

X
3 +ark(x+1ly—At) zero constants for integration, we obtain

The periodic solutions of Eq9@) for 2A +3 > 212 :

1
1-oU(2)+ U3z —cU"(2) =0. 105
s (1-cU(2)+ 33U - ") (105)
3=
2 Using theorem 3.1, and proceeding as before we find the
V22 +3-212 following exact solutions for the modified KdV-KP
o [2k(k(x+|y—)\t)) ; (98)  equation:
The new exact solution of EqLQ2):
212—21 -3 ui(x,t) = £4/3(c—1)(1+ _2c
2(c—1) 1/ 2 (x—ct
V2A +3-212 aliaz\/;e c )
x cot T(k(x+|y—)\t)) ) (99) X — ). (106)
ap+ay(x—ct)+aeV e X
The exact soliton solutions of E®Z) for 2P > 2\ + 3 The rational solution of Eq102):
— 212 2c
“5:iw U = /30— (141 =
V2IZ-21 —3 A 107
X tanh[ZK(k(erIy—At))} , (100) * a0+a1(x—ct)) (107)
The periodic solutions of Eq102) forc(1—c) > 0:
20 +3-212 1—c
Us = if uz = ++/3(1-c)tan Tc(x_d) , (108)
V2IZ_2) —
x coth [ZIZI(Z)‘?’(k(erIy/\t))] . (101)

u4(x,t):F\/3(1c)cot<w/12_c(xct)>. (109)
Example 4.7. Modified Benjamin-Bona-Mahony ¢

equation B o _ The exact soliton solutions of EqL@2) forc(1—c) < 0:
Consider the modified Benjamin-Bona-Mahony equation

(mBBM) [52] c-1
Us = ++/3(c— 1)tanh< 2C(x—c’[)), (110)

Ut 4 Uy 4 UPUx + Ug = O. (102)

This equation models long waves in a nonlinear c—1
dispersive system. The existence of the solutions of initial U6 = £V/3(c—1)coth < \ "2¢ (x— Ct)) - (111

value problems for the mBBM equation has been

considered in%2,53]. Yusufoglu and Bekir [54] used the

tanh and the sine-cosine methods to obtain exact solution
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