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Abstract: In this paper we introduce bipolar fuzzy subsemigroup, bipolar fuzzy left (right) ideals and bipolar fuzzy bi-ideal in ordered
semigroups. We characterize different classes of ordered semigroups by the properties of their bipolar fuzzy ideals and bipolar fuzzy
bi-ideals.
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1 Introduction set to finite state machines, and they introduced the notion
of bipolar fuzzy finite state machines. Jun and P&k [

; introduced the notion of bipolar fuzzy filter and bipolar
The theory of fuzzy sets, proposed by Zadehifi 1965, fuzzy closed quasi filter in BCH-algebras, and

has provided a useful mathematical tool for describing the. . ; .
behavior of systems that are too complex or ill defined tomves_uga_tgd _seyeral properties. Blp_olgr-valued fuzzy sets
admit precise mathematical analysis by classical method nd intuitionistic fuzzy sets look similar to each other.

and tools. Extensive applications of fuzzy set theory have ovl\éevher, theyl are gif;efe”t {_r om e;ac_h .O.théd@'h dv of
been found in various fields such as artificial intelligence ehayopulu and Tsingelis in [7] initiated the study o

computer science, control engineering, expert systemdUZzzy ordered semigroups. They introduced the concept
management science, operations research, ~patte fuzzy bi-ideal in ordered semigroups and characterized
recognition, robotics, and others. There are several kindd!fférent classes (left and right simple, completely regular

of fuzzy set extensions, for example intuitionistic fuzzy 2nd strongly regular) of ordered semigroups in terms of

sets, interval-valued fuzzy sets, vague sets etC}‘uzzy bi-ideals in 8]. In [9], they introduced the concept

Bipolar-valued fuzzy sets are an extension of fuzzy setd fuzzy quasi-ideal in ordered semigroups and studied
whose membership degree range is enlarged from théegular ordered semigroups in terms of fuzzy quasi-ideals.

interval [0,1] to [1,1]. Bipolar-valued fuzzy sets have [N this paper we characterize different classes of
membership degrees that represent the degree rdered semigroups by the properties of their bipolar

satisfaction to the property corresponding to a fuzzy seftZZy ideals and bipolar fuzzy bi-ideals.

and its counter-property. In a bipolar-valued fuzzy set, the _An ordered groupoid is a syste(§ -, <) satisfying the
membership degree 0 means that elements are irrelevaf@llowing: _

to the corresponding property, the membership degrees on (!) (S,-) ISa groupoid.

(0,1] indicate that elements somewhat satisfy the (i) (S,<)Iis aposet.

property, and the membership degreeg-en,0) indicate (i) (Va,b,x€ §)(a< b = ax< bxandxa < xb).
that elements somewhat satisfy the implicit If (S-) is a semigroup and it satisfig@) and (iii),
counter-property (see2[3]). Lee [2] introduced the then(S -, <) is called an ordered semigroup.

notion of bipolar-valued fuzzy sets. She introduced the LetSbe an ordered semigroup. FAIC S, we denote
concept of bipolar fuzzy subalgebrasf/ideals of a (A]={tec S|t <hforsomehe A}.
BCK/BCl-algebra, and investigated several properties. ForABC S we denoteAB= {ab|a e Aandb € B}.
Jun et al. [4] applied the notion of bipolar-valued fuzzy For subset®, B of S we haveA C (A], ((A]] = (A]. If
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A C B, then(A] C (B], (A](B] C (AB][9]. A non-empty  We denote byBF(S) the set of all bipolar fuzzy subsets of
subset A of an ordered semigroufS is called a S One can easily see that the multiplication “o” B& (S)
subsemigroup o8if abe Afor all a,b € A. Let(S,-,<) is well-defined and associative. We define order relation
be an ordered semigroup,s8 A C Sis called a right onBF(S) as follows:

(resp. left) ideal oSif (1) ASC A (resp.SAC A) and(2) u < A means that uP(x) < AP(x) and
Ifac AandS>b<a, thenbc A. If Aisbothaleftanda N (x) > AN(x) for all x € S. Clearly (BF(S),0, <) is an
right ideal of S then A is called a two-sided ideal or ordered semigroup.

simply an ideal ofS. A subsemigrouB of an ordered Now we define some set theoretical operations on
semigroupS is called a bi-ideal o5if (1) BSBC Band  bipolar fuzzy sets. Lett = (u”, pN) andA = (AP, AN)
(2)If ac BandS> b < a, thenb e B[8]. be two bipolar fuzzy subsets &f

We denote byR(a) (resp.L(a) and B(a)) the right The infimum of two bipolar fuzzy sets = (u”, uV)
(resp. left and bi-) ideal 08 generated by (ac€ S). We andA = (AP, AN) will mean the following
have R(a) = (au as, L(a) = (auU Sa] and (UPAAP) (%) = uP (x) A AP(x),

B(a) = (aUa?uUasSa]. The ideal of Sgenerated by is (uNVANY () = N (x) v AN (x). The supremum of two
denoted byl (a) andl (a) = (auaSUSaJSa$ [10]. An  pinolar fuzzy setgs andA will mean the following
ordered semigrougS, - <) is called regular if for every (IJP\/)\P) (X) _ 1P (%) v AP (x)

a € Sthere existx € Ssuch thata < axa, andSis called ( N /\)\N) (x) = N (X) A AN (x). More generall ’If
an intra-regular if for everya € Sthere exisk,y € Ssuch “_ AN H Nis a f 'I. f bipolar f Y i
thata < xay [11,12]. {w = (uP, uN) riel} is a family of bipolar fuzzy sets

A bipolar fuzzy sefu in an ordered semigroupis an of X, then, ié“i and iéﬂ“i are define Dby

object having the form
(0P 0 =, () () 00 = ()
u={(x u"(x), pN(x):x € S} . ’ .
where u® : S— [0,1] and uN : S — [-1,0] are an |\e/|“' x N ié/l (M7 09).
mappings. The positive membership degree (x) )
denotes the satisfaction degree of an elemetd the (,é\,ul >( )= A (1 (9), respectively.

property corresponding to a bipolar fuzzy ~set A pipolar fuzzy sety — N\ of an ordered
H = {(x pP(), p"(x)) :xe S} and the negative sem|groFL)|pS is cal?/ed aublpoI(aL; fugzy)/ rlght (resp left)
membership degregN(x) denotes the satisfaction degree ideal of S if (1) u P(xy) > uP(x) (resp.u”(xy) > u"(y))
of x to some implicit counter—property of and uN(xy) < uNx) (resp. uN(xy) < uN(y)) for every
p o= {(x uPx), pNx):xes}. If pP(x) # 0 and xyeS '52 If x <y, then uP(x) > uP(y) and
uN(x) = 0, it is the situation thax is regarded as having ). A bipolar fuzzy sep = (uP, uM) of an
only positive satisfaction for ordered semlgrous is called a bipolar fuzzy ideal @ if
po= {(x, pP(x), uN(x)):xe S}h. If pP(x) = 0 and it is both a bipolar fuzzy right and a bipolar fuzzy left
uN(x) # 0, it is the situation thak does not satisfy the ideal of S One can easily see that a bipolar fuzzy set
property of p = {(x, uP(x), uN(x)):x€ S}, but  p= (uP, uN) is a bipolar fuzzy ideal oS if and only if
somewhat  satisfies the  counter-property  of the following assertions hold:
u = {(x uP(x), uN(x)) :x € S}. It is possible for an (1) kPxy) > max{uP(x), uP(y)}  and
elementx to be uP(x) # 0 and uN(x) # 0 when the  puN(xy) <min{uN(x), uN(y)}for everyx,y € S
membership function of the property overlaps that of its  (2) If x <, thenuP(x) > uP(y) anduN(x) < uN(y).
counter-property over some portion of the domain. For  Let (S, -, <) be an ordered semigroup. A bipolar fuzzy
the sake of simplicity, we shall writg = (up, uN) for set u = (up, pN) of S is called a bipolar fuzzy
the bipolar fuzzy sett = { (x, u (x), uN (x)) :x € X}. subsemigroup obif:

Forx € S, define U (xy) > mln{u 711 y)} and

Ac={2)€SxS|x<yz. N (xy) < max{ u™ (), 1N ()}

For two bipolar fuzzy subsetsy = (uP, uN)  foreveryxye S

andA = (A", AN) of S, the product of two bipolar fuzzy A pipolar fuzzy subsemigroup of Sis called a bipolar

subsets is denoted hyo A and is defined as: fuzzy bi-ideal ofSif it satisfies the following
. {u S)INAP(D)}  if A0 (LpP(xyz) > min{pP(x),uP(2)} and
(UFoA") (x) = _ pN (xyz)< max{uN (x),uN (z)} for everyx,y,ze S
if Ac=0 (2) For x,y,€ S if x <y, thenpuP(x) > pP(y) and

and HN%)bS'uN(Iy). ided bipolar f ideal of

N N . viously every one sided bipolar fuzzy ideal of an
(uNOAN) (X) = (S_Ig\eA {“ (s)vA (t)} it Ac#0 ordered semigroup is a bipolar fuzzy bi-ideal but the
0 if A,=0 converse is not true.
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For an ordered semigrou) the bipolar fuzzy subsets If x ¢ Athen we have
0= (0P, ON) and 1= (1P, 1N) of S having the form

‘0 = {(x0°Px,0NX)|xeS}” and X5 (xy)> 0= x7 (x) andx,' (xy) < 0= X\ (x).
“1={(x, 1°(x), IN(x)) | x € S}”, where G (x), OV (x), o .
1P (x) and 1¥ (x) are defined as follows: Combining the above two cases we ha(\fe(xy) > X, (%)

0P(x)=0=0N(x),1P(x)=1and I (x) = —1vxeS  andx) (xy)<x (x). Letx<y,if y € A, thenxe Aand so
Clearly, the bipolar fuzzy subset O (resp. 1)Sibthe  x7 (x) = xF (y) =1 andx! (y) = x\ (x) = 1. If y ¢ A,
least (resp. the greatest) element of the ordered séSBF thenx/f’ (X) >0= XE (y) andX,L\' (X) <0= XL\I (y). By the

=) (that is, 0= pu andu < 1 for everyu € BF(S)). The b tw h S P d N <
bipolar fuzzy set 0 is the zero element of (B8, o, <) aNove 0 cases Wep a\’\)i({’_(x) . Xa (y) an X.A (X.) -
(that is, ” 0P =0PouP =0=pNoON = ONo uN and X, (). Hencexa = <XA s Xa > is a bipolar fuzzy right ideal

P < N < > P > N
gF(S)i; N < puNand £ > uP, ON > N for everypu € Conversely, assume tha — (X7} is a bipolar

fuzzy nght ideal ofS Then for anyx € A andy € S, we
If Ais a non-empty subset of an ordered groupoid N N
(S -, <), then the bipolar fuzzy characteristic function of haveXA (xy) = XA (x) = 1 and " (xy) < x,’ () = —1.

A denoted and defined by This implies thatx? (xy) =1 and x! (xy) = —1. Thus
Xa=1{(x X§(9. XN (x)) :xe S}, A=, ASgQ- Now iy € A andSs x <, then
wherexk andx) are defined by Xp (%) = xg (Y) and X' (y) = -1 > Xa (x). This

implies thatyP (x) = 1 andx (x) =—1, thatisx € A. So
b 1 if x e A Ais aright ideal ofs.
Xa (X) = { 0  otherwise Similarly we can prove the other cases.
and
if x € A 2.3 Proposition

N 1
Xn () = { 0 otherwise
Let Sbe an ordered semigroufs,B C Sand{A; |i €|} be
a family of subsets o&. Then
(1) AC Bif and only ifx,ﬁ’ < XB and)(’A\l > XB
A=Bifand only |fo —XB and)(A —XB

XA. XmAiand\/xA' XﬂAq'
XA. XuA{and/\xA' XUA|'

2 Intra-regular Ordered Semigroups

(2)
In this section we characterize intra-regular ordered 3)A il
semigroups in terms of bipolar fuzzy ideals. (4) v

iel

2.1 Lemma [9] Proof Straightforward.

Let (S,-,<) be an ordered semigroup. The following are .
equi(vSaIent): group g 2.4 Proposition

(1) Sis intra-regular. _

(2) RNL C (LR]for every right ideaR and every left  Let(S,-,<) be an ordered groupoid a#dB C S. Then
idealL of S. XA O XE = X(ag aNAXR o XB' = X{Ag-

(3)R(a)nL(a) C (L(a)R(a)] for everyac S
ProofLet x € S If x € (AB], then )((PAB] (x) =1 and
X{)LB](X) = —1. Sincex < ab for somea € A andb € B,

2.2 Lemma we have(a,b) € Ay, andAy # 0. Thus we have

Let A be a non-empty subset of an ordered semigroup (X/':oxg) xX)= V min{xf\’ (y),XE (z)}

(S-,<). ThenAis a right (resp. left, two-sided, bi-) ideal (v.2)eAx

of S if ar?\ld only if the characteristic function > min {XE P(b)} 1

XA = is a bipolar fuzzy right (resp. left,

two- S|d<e3 bi )>|deal of. and (xa o xa) (x) = (y’Z/)\EAXmaX{XA V) X6 (2)}

ProofLet A be a right ideal ofs. For anyx,y € S, if x€ A < max{x (@), xg (b)} =

then we havey € A so Therefore  (xkoxg)(x) = 1 = X(AB] (x) and
Xq (X) = Xy (xy) =Landx,' (x) = X2 (xy) = 1. (XA o XB) (0 = —1= x{ag (%).
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If x ¢ (AB], thenx&B] (x)=0 andx('\/‘\B} (x) = 0. Let

(y,z) € Axbe such thak <yz.Theny ¢ Aorz¢ B. Thus

(XhoXg) (x) = " Axmin{x/'.i’ (). X5 (2)}
~0
and (XAoxg) (%) = A max{xa (y),xg (z)}

(V2)eAx

=0.

Therefore in both the cases, we haygo xE = X g and
XA ©XB = X{ag

2.5 Proposition

Let Sbe an ordered semigroup,= (u”, uN) a bipolar
fuzzy right ideal andA = (AP, AN) a bipolar fuzzy left
ideal ofS. ThenuP o AP < uP AAP andpNo AN > uN v
AN,

ProofLet X € S If Ax 0, then

(HPoAP)(x) = 0 = (uNox\N)(x Thus

(UPAARY(x) > 0 = (uPoAP)(x) and
0

(N VAN) (x) <
have
(AP = v

dpNoAM(x) = A
and(u™~ o A™)(x) ben,

= (UNoAN) (x). If A # 0, then we

£

Let (b, c)eAX Thenx< bc. Thusu (x) ’gbc )>
uP(b) and uN(x) < uN(bc) < uN(b). S|m|IarIy/\ X) >
AP(bc) > AP(c)andAN(x) < AN(bc) < AN(c). Thus

(U0 AP)(x) = oes, M {H AP ()}
< ol min {09 A7 ()
= (W7 AAP) (%)

b,c)eAx
pda™ {HN 00, AN (%)}
(1" vaN) (%)

This implies thatu® o AP < pP AAP and uN o AN >
uNv AN,

2.6 Theorem

An ordered semigrouf is intra-regular if and only if for
every bipolar fuzzy right idealt = (u®, uN) and every
bipolar fuzzy left ideal = (AP, AN) of S we haveuP A
AP <APopPanduNvaAN > ANo N,

ProofLet S be an intra-regular ordered semigroup=
(uP, uN) a bipolar fuzzy right ideal, and = (AP, AN)
a bipolar fuzzy left ideal ofs. SinceSis intra-regular, so
for eachx € Sthere exista,b € S such thatx < ax’b =
(ax) (xb). Thus(ax,xb) € Ax. SinceAy # 0, we have

(APopP) () = (bc)eA b),u”(c)}
> min{AP (ax), u" (xb)}
> min{AP (x),u" (%)}
= (H"AAP) (x)

mln{/\

and

(ANopM)(x) = A max{AN(

o ln, b),u™ (c)}
< max{AN (ax), u™ (xb)}
< max{A"N (x), 1N (x) }
= (uNvaAN) (x).

Thus we havgiP AAP < APopP anduNvaAN > ANo N,

Conversely, assume thal AAP < APopuP anduN v
AN > ANo uN for every bipolar fuzzy right ideal: and
every bipolar fuzzy left idead of S. LetR be a right ideal
andL be a left ideal ofS. Then by Lemma2.2, xr is a
bipolar fuzzy right ideal ang{,_ is a bipolar fuzzy left ideal
of S. Thus by hypothesis and Propositich8 and2.4, we
have

Xkl = Xe AXE < XCoXR —XLR]
andxg. = XR VXU > XU o XR :X('\II_R]'

This implies thatRNL C LR. Hence by Lemma.1,Sis
intra-regular.

3 Regular and Intra-regular Ordered
Semigroups

In this section we characterize regular and intra-regular

ordered semigroups in terms of bipolar fuzzy ideals.

3.1 Lemma9]

Let S be an ordered semigroup. Th&dis regular if and
only if for every right idealR and every left ideal of S
we haveRNL = (RL.
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3.2 Lemma [13]

3.4 Theorem

Let S be an ordered semigroup. Then the following areAn ordered semigrouf is both regular and intra-regular

equivalent:
(1) Sis both regular and intra-regular.
(2) RNL € (RYN(LR] for every right idealR and
every left ideal of S.
(3)R(a)NL(a)C

acsS

(R(a)L(a)]n(L(a)R(a)] for every

3.3 Theorem

An ordered semigroufis regular if and only if for every
bipolar fuzzy right ideat = (u®, uN) and every bipolar
fuzzy left idealA = (AP, AN) of S we haveu® A AP =
uPo AP anduN v AN = pNo AN,

ProofLet S be a
u —
A = (AP, AN) be a bipolar fuzzy left ideal o& Forx € S
there existsa € Ssuch thatx < (xa)x Then(xa,x) € Ay.
Thus we have

(HToAP)(x) =

regular

min{u" (b), AP (c)}

(bc)eAx
> min{u® (xa), /\P(X>}
>min{p”(x), AP(x)}

= (H"AAT) (%)
AN N(b), AN

and(uN o A™)(x) = <bc/>\€AXmaX{IJ (b), A (c)}

< max{uN (xa), AN (x)}

< max{uN(x), AN(x)}

= (LN vaN) (x).
Thus uP A AP < P o)\P and uN v AN > uNo AN, By
Proposition 25 u? o AP < wP A AP and
uN o AN > N v AN are always true. Hence
pPoAP = uP AAP andpN o)\N—qu/\N

Conversely, assume thaf AAP = uPo AP anduNo
AN = uN v AN for every bipolar fuzzy right ideair and
every bipolar fuzzy left idead of S. LetRbe a right ideal
andL be a left ideal ofS. Then by Lemma2.2, xr is a
bipolar fuzzy right ideal angt, is a bipolar fuzzy left ideal
of S. Thus by hypothesis and Propositich8 and2.4, we
have

Xkl = Xe AXE = XRo X! *X(RL]
andxRL = XR VX = XR o XU = X(ky-

This implies thaRNL = RL. Hence by Lemm&.1, Sis
regular.

ordred semigroup and
(uP, uN) be a bipolar fuzzy right ideal,

if and only if for every bipolar fuzzy right ideal
p = (uP,puN) and every bipolar fuzzy left ideal

A= (APAN) of S we have
pP A AP < (uPoAP) A (APopP) and
pN VAN > (uNoAN) v (ANo ).

ProofFollows from Theorem&.6 and3.3.

3.5 Lemmal3]

Let (S -, <) be an ordered semigroup. Then the following
are equivalent:

(1) Sis regular.

(2) BNnINL C (BIL] for every bi-ideaB, every ideal
and every left ideal of S,

(3) B(a)nl(a)nL(a) C

aecsS

(B(a)l (a)L(a)] for every

3.6 Theorem

An ordered semigroufis regular if and only if for every
bipolar fuzzy bi-idealu = (u®, uN), every bipolar fuzzy
idealA = (AP,AN) and every bipolar fuzzy left ideal =
(¢P.¢N) of S we have

UPAAPACP < uPoAPoc? anduNvaANvV N > uNoANo N,

ProofLet S be a regular ordered semigroup and
p = (uP, uN) a bipolar fuzzy bi-ideald = (AP,AN) a
bipolar fuzzy ideal and; = (¢P,¢V) a bipolar fuzzy left
ideal of S. Fora € S, there existx € Ssuch that

a<a(xa)< (axa) (xa)< (axa) (xaxa)
Then(axaxxaxa)c A,. SinceA; # 0, we have

(HPoAPoc?) (a) = yala n{HE ). (A7 %) @)}

min{u”(axa), (A" ¢”) (xaxa)}

. { u (a>|<)a) ) }
= min
(Sl)evAXaxamm{A (), ( )(t)}
mm{” axa), mm{)\ xa), (¢ )(xa)}}

min{u"(a), min{A"(a), (¢7)(@)}}
(uP,uN) is a bipolar fuzzy bi-ideal,

[\

vV v

(‘becausey =
A=

¢= (¢, ¢") is abipolar fuzzy left ideal 08)

= (LPAAPAGR) (a)

(AP,AN) is a bipolar fuzzy ideal and

Published by Arab Journals Platform, 2013
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and 3.8 Theorem
N NN
(N oANocN) (a) = (yZ)AeAamaX{“ , (AMec™) (@)} Anordered semigroufis regular if and only if for every

< max{u"(axa), ()\Noc ) (xaxa)}

uN axa
= max
a A max N
(st)eAxaxa
N(
axa
< max H
max{AN(xa), (¢V) (xa)}

< maX{IlN(a)7 max{ (c") ()a)}}

(becausey = (u”, uN) is a bipolar fuzzy bi-ideal,
= (AP,AN) is a bipolar fuzzy ideal and
¢ = (¢7,¢N) is a bipolar fuzzy left

ideal ofS)
(uNvaNv eV ().

Thus we have

uPAAPACP < uPoAPocPand
uNvAN Y N > pNoANo N,

Conversely, assume thal AAP A ¢P < uPoAPocP and
N VANV N > uNo AN o N for every bipolar fuzzy
bi-ideal u = (u®,uN), every bipolar fuzzy ideal
A = (AP,AN) ‘and every bipolar fuzzy left ideal
¢=(¢P,¢N)of s

Let B be a bi-ideal] be an ideal andl be a left ideal
of S Then by Lemma2.2, xg = (&, xY) is a bipolar
fuzzy bi-ideal,x; = (x7,x/') a bipolar fuzzy ideal and
xt = (xC.x!) a bipolar fuzzy left ideal ofS Thus by
hypothesis and Propositiéh3and2.4, we have

P
XBrinL =

N
and XgrinL

X6 AXCAXE < Xgoxl oxt _XBIL]
=XB VXN VX = xR ox! o xt :X(,\IIBIL]'

This impliesBNI NL C (BIL]. Hence by Lemm&.5,Sis
regular.

3.7 Lemmal3]

bipolar fuzzy bi-idealy = (uP, uN) and every bipolar
fuzzy left ideal A = (AP,AN) of S we have
P AAP < uPo AP anduNvaN > uNo AN,

ProofLet Sbe a regular ordered semigroyp= (uP, uN)
a bipolar fuzzy bi-ideal and = (AP,AN) a bipolar fuzzy
left ideal of S. Fora € S there exists € Ssuch thata <
a(xa) < (axa) (xa) Then(axaxa) € Aa. SinceA, # 0, we
have

(UPoAP) (a) = (yz)eAamln{u , AP(z)}
> min{ uP(axa), A7 (xa)}
> min{pP"(a), AP(a)}

is bipolar fuzzy bi-ideal and
= (AP,AN) a bipolar fuzzy left ideal o)

(

(

(becauseu = (1P, uM)
AY)

(uP AP) (@)

and

(uNoa™) (a)

). )

< max{uN(axa), AN(xa)}
), AN(@)}
(becausey = (u”, uN) is bipolar fuzzy bi-ideal and
A = (AP,AN) abipolar fuzzy left ideal of)
= (uNvaN) (a).

Conversely, assume that AAP < uPoAP anduNvAN >
uN o AN, for every bipolar fuzzy bi-ideak = (uP, uN)
and bipolar fuzzy left ideak = (AP,AN) of S As every
bipolar fuzzy right ideal oSis a bipolar fuzzy bi-ideal of
S, so for every bipolar fuzzy right ideal = (uP, uN) and
for every bipolar fuzzy left ideah = (AP,AN) of S we
haveu® AAP < uPoAP anduN v AN = uNo AN, Hence
by TheorenB.3,Sis regular.

< max{p"(a

4 Weakly Regular Ordered Semigroups

In this section we characterize right weakly regular

Let S be an ordered semigroup. Then the following areordered semigroups in terms of bipolar fuzzy ideals and

equivalent:

(1)Sis regular.

(2)BNL C (BL], for every bi-idealB and every left
idealL of S

(3)B(a)nL(a)C (B(a)L(a)] for everyac S.

(4)BNR C (RBJfor every bi-idealB and every right
idealRof S

(5)B(a)NR(a) C (R(a)B(a)] for everyac S.

bipolar fuuzy bi-ideals.

4.1 Definition

An ordered semigrous is called right weakly regular
ordered semigroup if for everg € S there existx,y € S
such that < axay.
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4.2 Lemma [13] 4.4 Lemmal3]

The following are equivalent for an ordered semigr&uip . )
(1) Sis right weakly regular. Let S be an ordered semigroup. Then the following are
(2) RN1 C (RI] for every right ideaR and two-sided ~ €quivalent:

ideall of S (1) Sis right weakly regular.
(3)R(a)Nnl(a) € (R(a)l (a)] for everyae S. (2) BNINRC (BIR] for every bi-idealB, every right

idealR and every ideal of S.
(3) B(a)nl(a)nR(a) C (B(a)l (a)R(a)] for every
4.3 Theorem acs

An ordered semigrou§is right weakly regular if and only

if for every bipolar fuzzy right ideau = (uP,uN) and

every bipolar fuzzy ideal = (AP,AN) of S we haveu” A 4.5 Theorem

AP < uPoAPanduN VAN > uNo AN,

ProofLet S be a right weakly regular ordered semigroup, '?‘? ordered i@mllgrofuﬁls ”g.ht.‘évea"'{feg‘g,'af,ﬁ and only
p = (uP, uN) abipolar fuzzy right ideal andl = (AP, AN) ! Tor €very bipoiar uzzyp ",\: eap = (u 'H ). every
a bipolar fuzzy ideal o8 SinceSis right weakly regular, ~Pipolar fuzzy ideah = (A7,AM) and every bipolar fuzzy
for a € Sthere exis,y € Ssuch tha < (ax) (ay). Thus  rightideal¢ = (¢7,¢N) of S we have

(ax,ay) € Aa. SinceA, # 0, we have

PoAPY@)= v min{uP(y),AP(z
(u )@ (y2)eha A" @)} uPAAPACP < uPoAPocP and

> min{u® (ax),A" (ay)} uNvANY N > pNoANo N,
(becausgu = (u”, uN) is a bipolar fuzzy right ideal

and ProofLet Sbe a right weakly regular ordered semigroup
A = (AP,AN) a bipolar fuzzy ideal of) andp = (u®, uN) a bipolar fuzzy bi-ideald = (AP,AN)
> min{ P (a), A" (@)} = (1" A AP) (a) a bipolar fuzzy ideal and = (gP,cN) a bipolar fuzzy right
ideal ofS. Fora € S, there exisk,y € Ssuch that
and
NoAM (@) = A maxdgM(y) AN (2 a< a(xay)< (axa) (xayy)
(u ) (a) wka (1™ (). A" (2)}
< max{ ™ (ax), AN (ay)} Then(axaxay’) € Aa. SinceAq # 0, we have

(becauset = (u”, uN) is a bipolar fuzzy right ideal

P 3P __P _ LfP PocP
. (WoAPoc®) (@ = v min{i(y). (Ao ") ()

A = (AP,AN) abipolar fuzzy ideal of) > min{ uP(axa), (AP0 cP) (xay?)}
< max{p"(a),A" (@)} = (1" va") (a). P (axa),
PP P Ny, 3N = min i AF(s),
Conversely, assume that AAP < uPoAP anduNvaN > . V. min (Cp) (t)
uN o AN for every bipolar fuzzy right ideglt = (uP, uV) (S1)€AGp
and every bipolar fuzzy idea = (AP,AN) of S LetR . P [ AP(xax),
be a right ideal and be an ideal ofS. Then by Lemma > minq 4 (axa), min (c
— (yP yNY i : iaht _
2'2|5XRN_-(XR7)-(R) is a blpqlar fuzzy right ideal ang = (becausexay? < x(axay)y? = xaxay)
()(| X ) is a bipolar fuzzy ideal o§. Then by hypothesis , b ) b P
and Propositiong.3and2.4, we have > min{u"(a), min{A"(a), (¢")(a)}}
(becausey = (uP, uN) is a bipolar fuzzy bi-ideal,
Xrot = XRAXD < XRoXm = Xfry ( )

A = (AP,AN) is a bipolar fuzzy ideal and
andxRy = XRV X > XRox!' = X('\Il?l]

¢ = (¢°,¢") is abipolar fuzzy right ideal

This implies thaRN 1 C (RI]. Hence by Lemmd.2,S of §
is right weakly regular. = (LPAAPAGR) (a)
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and
N AN N _ N N
(WheAToct) @)= A ), (ANoc") (2)}

< max{uN(axa), (ANo¢V) (xay’)}

(axa) } }

= max (3)
{ st e/\A\(ayg { )

ma{ 1Ny

(t)
N(axa),
< max{ max )\N xax }
( becausexay’ < x(axay)y? = xaxa)?)
uM(a),
< max{ max{AN(a), (¢V) (a)} }

(becausey = (uP, uN) is a bipolar fuzzy bi-ideal,
A = (AP,AN) is a bipolar fuzzy ideal
and
¢ = (¢, ¢V) is a bipolar fuzzy right
ideal ofS)
= (UNvaANvV ) (a).

Therefore

uPAAPACP < uPoAPocPand
pNVANY N > pNo AN o N,

Conversely, assume thal AAP A ¢P < uPoAPocP and
uN VANV N > uNo AN o ¢N for every bipolar fuzzy bi-
ideal pu = (p®,uN), every bipolar fuzzy ideal
A = (AP,AN) ‘and every bipolar fuzzy right ideal
¢ =(c",¢N) of S LetB be a bi-ideal] be an ideal anfk
be a right ideal o8 Then by Lemma.2, xg = (X§, X&)

is a bipolar fuzzy bi-idealy; = (x", xV) a bipolar fuzzy

ideal andxr = (X, XR) a bipolar fuzzy right ideal ofs
Thus by hypothesis and Propositidh8 and2.4, we have

XEnirr = XEAXTAXR < XEoxloXk = xPBm]
andxginr = XB VXN VAR = XBox! o xR —X (BIR

ThusBNINRC (BIR]. Hence by Lemméd.4,Sis right
weakly regular ordered semigroup.

4.6 Lemmal3]

Let S be an ordered semigroup. Then the following are

equivalent:

(1) Sis right weakly regular.

(2) BNl C (BI], for every bi-ideaB and every ideal
of S

(3)B(a)nl(a) C (B(a)l (a)] for everyac S.

4.7 Theorem

An ordered semigrou§is right weakly regular if and only
if for every bipolar fuzzy bi-ideals = (P, uN) and every
bipolar fuzzy ideah = (AP, AN) of S, we haveuP AAP <
uPoAPanduNvaAN > pNo AN,

ProoflLet S be a right weakly regular ordered semigroup,
p = (4P, uN) a bipolar fuzzy bi-ideal and = (AP,AN)
a bipolar fuzzy ideal ofS. Fora € S there exisix,y € S
such thata < axay < axaxayy= (axa)(xay?). Thus

(axaxay?) € Aa. SinceA, # 0, we have

(HFoAP) (a) = ol Y%m'”{HP(Y) AP(2)}
> min{ P (axa), A" (xay?) }
> min{pP(a), )\P(a)}
(becausey = (u”, uN) is a bipolar fuzzy bi-ideal
and
A = (AP,AN) abipolar fuzzy ideal of)
= (H"AAP) (@)
and
(N oAN) (a) = (yzé\eAamaX{HN(Y)a AN(z2)}
< max{uN(axa), AN(xay’) }
< max{uN(a), AN(a)}
(becausey = (uP, uN) is a bipolar fuzzy bi-ideal and
A = (AP,AN) abipolar fuzzy ideal o§)
= (uNvaN) (a).
Conversely, assume thaf AAP < uPoAP anduNV/\ N 2
uNo AN, for every bipolar fuzzy bi-idealt = (uP,uN)

and every bipolar fuzzy idedl = (AP,AN) of S As every
bipolar fuzzy right ideal ois a bipolar fuzzy bi-ideal of
S, so by hypothesigi® AAP < uPo AP anduN v AN >
uN o AN for every bipolar fuzzy right ideglt = (uP, uN)
and for every bipolar fuzzy idedl = (A”,AN) of S Hence
by Theoremd.5, Sis right weakly regular.
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