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Abstract: In this paper, the modified simplest equation method is successfully implemented to find travelling wave solutions of the
coupled Higgs equation and the Maccari system. This method is direct, effective and easy to calculate, and it is a powerful mathematical
tool for obtaining exact travelling wave solutions of the coupled Higgs equation and Maccari system and can be used to solve other
nonlinear partial differential equations in mathematical physics.
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1 Introduction 2 Modified simplest equation method

The modified simplest equation method is based on the

Consider the following coupled Higgs equation assumptions that the exact solutions can be expressed by

Ukt — U + U] 2U— 2uv =0, a polynomial in%/, such thatF = F(&) is an unknown
5 linear ordinary equation to be determined later. This
Vet +Viex = ([U[ %) = 0. (1) method consists of the following steps:

Tajiri obtained N-soliton solutions to Eq. (1)in [1]. Zhao
constructed more general traveling wave solutions o
Eq.(1) in [2].

Recently, Attilio Maccari derived a new integrable P(U.u Une U o) = 0. 3
(2+1)-dimensional nonlinear system [3] (U U, Ues s U=+ ®

fStep 1. Consider a general form of nonlinear partial
differential equation (PDE)

Assume that the solution is given byx,t) = U (&) where

U+ U+ U‘;: 0, & = x+ct. Hence, we use the following changes:
Vt+vy+(‘u| )XZO- 2) 0 0
—()=c==(.),
The integrability property was explicitly demonstrated 0t() 0¢& )
and the Lax pairs were also obtained. Zhao also ¢ 0
constructed more general traveling wave solutions of &(J = ﬁ(-), (4)

system Eq. (2) in [2]. 22 22

In this work we apply the modified simplest equation =_(y— = ().

method [4-10] to the coupled Higgs equation and Maccari 9% 0&?

system. The modified simplest equation method is one ofnd so on for other derivatives. Using (4) changes the PDE
the most powerful and direct methods for constructing(3) to an ODE

solutions of nonlinear partial differential equations is the

modified simplest equation method. Q(,U",U”,...)=0. (5)
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where U = U(&) is an unknown function,Q is a
polynomial in the variabl® and its derivatives.

Step 2. We suppose that Eq. (5) has the following formalU (§) =

solution:

(6)

sim(f)

where g; are arbitrary constants to be determined such

that Ay # 0, while F(&) is an unknown function to be
determined later.

Step 3. We determine the positive integdrin (6) by

balancing the highest order derivatives and the nonlinear (@ +1)(p2—r2)Ag+ (P —1)A3=0

terms in Eq.(5).

Step 4. We substitute (6) into (5), we calculate all the + 3(c —1)A3AF' =0

necessary derivativag’,U” ... and then we account the
function F(&). As a result of this substitution, we get a

polynomial of F(8) and its derivatives. In this

F(&)
polynomial, we equate with zero all the coefficients of it.

This operation yields a system of equations which can be

solved to findA; andF (&). Consequently, we can get the
exact solution of Eq.(3).

3 Application the modified simplest equation
method

In this section, we study the coupled Higgs equation and

nonlinear termJ?2 in (10), we obtairN = 1 in (6). So we
assume that Eqg.(10) has solution in the form
!/

Aot Au(e), AL£O. (1)
Using (11), we obtain
F/ 5 F' 3, F 3
us A0+3A0A1( )+3A0A( )? +A( 2 (12)
u":Alé—FF'Z +2<FF>> (13)

Substituting (11) to (13) into Eq. (10) and setting the
coefficients ofF!(j = 0,—1,—2) to zero, we obtain

14)
(c* = D)AF" + (¢ +1)(p? —r?)AF’

(15)
—3A(c*—1)F'F" 4+3(2 - 1)AA2F2 =0 (16)
2(c*-1)F°P 4 (P - 1)AIF® =0 17)

Egs. (14) and (17) directly imply following solutions:

_ @+ D)(pP-r?)
=H e 2(2+1)
Thus, Egs. (15) and (16) become
(*—1)F" —2(C+1)(p F' =0, (18)
_rz
L 1 1z (19)

the Maccari system using the modified simplest equatiorBy substituting Eq. (19) into Eq. (18) we get

method.

3.1 Coupled Higgs equation

Using the wave variables

u=éd% (&), v=V(&), B=px+rt, &=x+ct.(7)
Substituting (7) into (1), we have
(2= 1" +(p>—r)U —2UV +U3 =0,

(8)

(2+1NV"—2(U")?-20U" =0.

Integrating the second equation in the system and

neglecting the constant of integration we find

(CC+1V=U2 (9)

Substituting (9) into the first equation of the system and\/(g) =(

integrating we find
(c*—1U" + (S +1)(p?

where prime denotes differentiation with respec€tBy
balancing the highest order derivative teti with the

r2U 4 (c2-1)u3=0, (10)

2(p?—r2

F —i > Jer o, (20)

The general solution of Eqg. (20) is

2 2
=2

F(&) =

wherea;(i = 0,1,2) are arbitrary constants.
Thus, we have

ao+aié +aze

u T Ll
= ++\/C
pz r2
2(p2— r2
a1+|a2 -2
2(p2 "2)6
ao+a1€+a2e 2
1-c?
p r2
a1+|a2\/ p2 rz eV e
i (Pz rz)g
aot+aié +ael 1
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Now, the exact solution of Eq. (1) has the form

212
1—c?

NG oy
ey tisg 2PV e
+iv2

2(p?-12)
ag+ag(x+ct)+aeV -

u(x,t) = +ePH/e2 4 1(

b

(x+ct)

P2 —r2
V(Xﬂt):( 1_C2
i ]2022) o
a2V e Y
+iv2 )

i/ ‘rz(erZ) (x+ct)
ap+ai(X+ct)+ageV e

If a1 = 0 andag = a» = 1, we have

2 2 2

_ idlperm [ (D)2 -r2)
u(xt) = +€ &
P2 —r2

x tan( 20-@)

(x+ct))

2(1-c?)

vixt) = T

- (x+at))

3.2 Maccari system

So we assume that Eqg.(24) has solution in the form

/

F
(&) =Aot+Ai(E), AL#D. (25)
Using (25), we obtain
Ut = a3 3ma ) et mE . @e)
WL e
U” = Aq( 3 2 +2(F) ). (27)

Substituting (25) to (27) into Eq. (24) and setting the
coefficients of~!(j = 0,—1,—2) to zero, we obtain

—(c+1)(r—p?)Ao—A§=0 (28)
(c+1)AF"” — (c+1)(r— p?)AsF’ — 3MA3AIF' = 0 (29)
—3(c+1)AF'F" —3MAA2F2 =0 (30)
2(c+1)AFP-AF2 =0 (31)

Egs. (28) and (31) directly imply following solutions:

Ao=+\/(c+1)(P?P—1), Ar==%y/2(c+1).

Thus, Egs. (29) and (30) become
F” —2(p?~r1)F' =0, (32)

F' 4 /2(p% 1) =0, (33)

By substituting Eq. (33) into Eq. (32) we get

F" +1/2(p2 —1)F" =0. (34)

We next consider the Maccari system (2). Let us assumt-:,rhe general solution of Eq. (34) is

the travelling wave solution of (2) has the form
u=¢e% (&), v=V(&), 6 = px+aqy+rt,

& =x+y+ct. (21)
Substituting (21) into (2), we have

U” —(r+p?U +UV =0,
(c+1)V'+2uU” =0. (22)

Integrating the second equation in the system andv

neglecting the constant of integration we find

—(c+1)V =U2 (23)

Substituting (23) into the first equation of the system and

integrating we find
(c+1U” — (c+1)(r—p?)U —-U3=0, (24)

where prime denotes differentiation with respec€tdBy
using (6) and balancing” terms withU2 in (24) gives

m+2=3m,

so that
m=1.

F(€) =a0+a& +ape VAP1E

wherea; (i = 0,1,2) are arbitrary constants.
Thus, we have

U(&)==+Ve+1(V/p2—r

ap—ag\/2(p? —r)e V2P
+2 : :
ag+ay & +ape VAPNE

&) =-(Vp-r

a;—ap\/2(p? —r)e VAPE
+ V2 >
ag+ & & +ape VAPNE

Now, the exact solution of Eq. (2) has the form
u(x,y,t) = +é9/c+1(v/p2—r

ar — ar/2(02 —r)e V2P -1 (xt+y+at)
Lo a—By2(pr—r) : ,
o+ ap (X +y+ct) +ape VAP T icy+d)

V(X7y7t) = _(V p2_r

_ 2 e~V 2(p?—T)(x+y+ct)
2 ap—apy\/2(p?—r)e : 2
a0+ ag (X +y+ct) +ape VAP T ixty+d)
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If ay = 0andag = ay, = 1, we have

u(x,t) = &P, J(c41)(p2—r)

x tank ngr(x+y+d)),
2 p2—r
v(x,t) = (r — p?)tantf(4/ 5 (x+y+a)).
Conclusion

In this paper, the modified simplest equation method is
applied successfully for solving the coupled Higgs
equation and the Maccari system. The results show that
this method is efficient in finding the exact solutions of
nonlinear differential equations.
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