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Abstract: In this paper, using the linear operator Dﬁ,’,ln (a,c, 1) defined by a convolution product [2] we introduced and studied a general
class of multivalent functions in the open unit disc introduced by using the concept of the subordination. The main results we obtained
deals with inclusion properties between these classes, and with some general subordination properties connected with the mentioned
operator. All the results are sharp, the best possible, and are followed by special cases connected with the new defined classes, and other
applications in the theory of multivalent and univalent functions.

Keywords: Analytic and univalent functions, Hadamard (convolution) product, differential subordination, Gaussian hypergeometric

function, starlike and convex functions

1 Introduction

Let 7, be the class of analytic multivalent functions in the
open unit disc D := {z € C: |z| < 1} with the power series
expansion of the form

f@=2"+ Y a zeD, peN, (1)
k=1+p

and we set by .7 := 7] the class of all analytic functions in
D normalized with the usual conditions f(0) = f'(0) — 1=
0.
If f,g € <7,, where f is given by (1) and g is defined
by
glz)=2"+ Z bk, zeD,
k=1+p

Hadamard (or convolution) product of the functions f and
g is defined by

(f*g)(z) ="+ Y, arbi, z € D.
k=1+p

Definition 1./1] For two functions f and g analytic in D,
we say that the function f is subordinate to g, written
f(2) < g(z), if there exists a function ®, which is analytic

in D, satisfying the following conditions ®(0) = 0,
|o(z)| < 1 forall z €D, such that f(z) = g(®(z)), z € D.

In particular, if the function g is univalent in D, we have
the following equivalence:

f(z) < g(z) © f(0) = g(0) and f(D) C g(ID).

Let 4 > 0, a,c € C such that Re(c —a) > 0 and
Rea > —up, pe N, me Z, AL >0, and [ > —p.
El-Ashwah and Drbuk [2] introduced the linear operator

okt (a,c,n) : o, — o, defined by

o . p Lletup)
Opim(are: (@) =2 o
= p+1+7u(kfp))mr(“+“k) k
k_lz+p( p+l F(c+ﬂk) arZ,
ZE]D)7
2

where f € @7, is given by (1).

Remark.Note that the operator bﬁ_f,ln(mc,/,t) generalizes several
previously studied familiar operators, and we will mention some
of the interesting particular cases as follows:

(i)Form=0,a=f,c=f+1 and u = 1 we obtain the operator
J8 (B > —p) studied by Saitoh et al. [3];
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(ih)Form=0,a=f,c=0a+ —y+1and g = 1 we obtain the
operator %gg (y>0,00>7v—1, B > —p) studied by Aouf
etal. [4]; '

(iii)Form=0,a= B, c= ot +  and u = 1 we obtain the operator
Qg_p (>0, B > —p) studied by Liu and Owa [5];

(iv)For p = 1 and m = 0 we obtain the operator /(a,c; 1) studied
by Raina and Sharma [6];

(WForm=0,p=1,a=f,c=a+ and u = 1 we obtain the
operator Qg‘ (a >0, > —1) studied by Jung et al. [7];

(vi)Form=0,p=1,a=0o—1,c=f —1and u = 1 we obtain
the operator L(ct, B) (o, B € C\Z;, Zy :={0,—1,-2,...})
studied by Carlson and Shaffer [8];

(vii)Form =0, p=1,a=v —1,c=vand u = 1 we obtain the
operator Iy ,, (v >0, v > —1) studied by Choi et al. [9];
(viii)For m =0, p=1,a= 0o, c =0 and g = 1 we obtain the

operator D* (a > —1) studied by Ruscheweyh [10];
(ix)For m =0, p=1,a=1,c=nand u = 1 we obtain the
operator I, (n € N) studied by Noor [11];
X)Form=0,p=1,a=f,c=+1and u =1 we obtain the
integral operator Jg (8 € N) studied by Bernardi [12];
xi)For m =0, p=1,a=1,c=2 and u = 1 we obtain the
integral operator J studied by Libera [13] and Livingston
[14];
(xii)For @ = ¢ we obtain the operator .#,"(A,1) studied by Citag
[15] (see also [16]);
(xiii)For @ = ¢ and A = 1 we obtain the operator /,,(m,[), studied
by Kumar et al. [17];
(xiv)Fora = ¢, A = 1 and [ = 0 we obtain the operator D?} studied
by Kamali and Orhan [18];
(xv)For a = ¢ and [ = 1 we obtain the operator Dﬁp studied by
Aouf et al. [19];
(xvi)For a = ¢ and m = —n, n € Ny := NU {0}, we obtain the
operator Jy, (4,1) studied by El-Ashwah and Aouf [20] (see
also [21]);
(xvi)Fora=c¢,m=—n (n€Z), A =1 and [ = 1 we obtain the
operator DY studied by Patel and Sahoo [22];
(xviii)For @ = ¢, p =1 and A = 1 we obtain the operator /;" studied
by Cho and Srivastava [23];
(xix)For a = ¢, p =1 and [ = 0 we obtain the operator /' studied
by Al-Oboudi [24];
(xx)Fora=c¢, p=1,A =1 and [ = 0 we obtain the operator D"
studied by Saldgean [25].

It is readily verified from (2) that

<(ofhlacinr @) = Sk @t L@

o 3)
- ﬁal’:m(aa‘:;:u)f(z)’
/ l
z (Dﬁ,’fn(a,c;ﬂ)f(zﬁ - %a/pl:rlnﬂ (@,¢;1)f(2)
(€]
1 —pA
_£i7£—¢QWaMﬂ&

and

(ofhlact 1ws©) = E o @@
(5)

- ﬁa,%;,;(a,w 1) f(2)-

Using of the operator Di,% (a,c; 1) and the above concept of
subordination between two analytic functions, we introduce and
investigate the following subclass of .7, defined as follows:

Definition 2.A function f € o, is said to be in the class
S,};ﬁ#(a,c,u;a;A,B) if it satisfies the following subordination
condition:

1+Az
1+ Bz

)

Al
! (z@p;m(a,c;u)f(z))' a) )
PO\ (e ) f(2)

for fixed parameters A, BE Rwith —1 <B<A<1l,and0<a <
p-

Remark.We emphasize the next special cases of the subclass

Sf;j,%(a,c, u; oA, B) obtained for appropriate choices of the

parameters.
(i)For A=1and B= —1, we get

S;L’l (a,c,us051,—1) =: Sl:,iq(a,c,u;a)

,m )4
Al i
0ymla,c;
= {fe,sz%p :Rez( ;’;"(a’c W) > a, ZED},
pm(a,c; ) f(z)
0<a<p;
(i)For m =0, a =c, A =1 and B = —1, the class

S,%:,i,(a,c,u; ;A B) reduces to the class Sj(a) (0 < o < p)
which was studied by Patel and Thakare [26];

(iii)form=1,a=c,A=1,1=0,A =1 and B = —1, the class
S,’l_f,l,,(a,c,u; o;A, B) reduces to the class 7, («) (0 < o < p)
which studied by Owa [27].

In this paper we obtain some inclusion theorems for the class
S,’}",Z(a,c, ;o A, B) with respect to variations of the parameters
m, a and c. Also, we establish subordination properties for the

class S/plj,ln(a,c,/,t;a;A,B) and find several sufficient conditions
under which subordination results of the form

k

O LD C A R

(¢+n)

hold for suitable univalent function g. Several other special cases
of the main results are obtained.

2 Preliminary Results

In order to establish our main results we shall make use of the
following lemmas. The first lemma is a special case of Corollary
3.2 of [28]:

Lemma 1./29, Lemma 2, p. 323] If -1 <B<A <1, >0, and
the complex number 7 is constrained by

B(1-A)
Rey> -\ —~
r="T"B
then the differential equation
/
74 (2) 1+Az
Dt = ,z€D,
M By 1y~ 1482
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has a univalent solution given by

B+y B(A-B)
.ZZ (1+Bz) Bﬁ(AiB) B %7 i B 40,
B/ P14 B) T dr
= 0
q(2) P oBAz y .
—_— — —, if B=0.
ﬁ/ (BHy—1,BAt gy B
0

If ¢ is regular in D and satisfies the differential subordination

1+Az
1+Bz’

29'(2)
" Bo@+v

0(2)

1+A
then @(z) < gq(z) < : and q is the best dominant of the

1+ Bz
above subordination.

Lemma 2./30, Lemma 2, p. 288] Let v be a positive measure on
the interval [0, 1]. Let h(z,t) be a complex valued function defined
on D x [0,1] such that, for eacht € [0,1], h(-,t) is analytic in D,
and for each z € D, h(z,-) is v-integrable on [0,1]. In addition,
suppose that Reh(z,t) > 0, h(—r,t) is real and

1 1
R > —
“hlzt) = h(—r1)

If H is defined by

7 <r<1,r€(0,1].

HE = [ Henavi),

then
1 1

e >— |7l <r< 1.
A - A S

For any complex numbers « b and ¢
c & Z, = {0,—1,-2,...}), the Gaussian hypergeometric
0
function is defined by

ab z  ala+1)b(b+1) 22
Fi(a,b;c;z) =1+ ——+ —F— - —
hilabiez) =14 T+ ——

Lemma 3./31, Ch. 14] For any complex numbers a, b, ¢ (¢ ¢
Zy ), we have:

(b (c—b)

-1
b—1 c—b—1 —a
1- - = s Fi(a,bic
/Ot (1=0)"P V(1 = 2) g Ahlabies)
if Rec > Reb >0, ()
2F1(a,byc;z) = (1 —2)7“2F (a,cfb;c‘;il),
i
forze C\(1,e0), @)

O+ 1)2F(1,b;b+1;2) = (b+ 1) +bzo Fi (1,04 1;0+2;2).
®)

Lemma 4./32, Theorem 3.4h, p. 132] Let q be univalent in the
unit disc D and let @ and 6 be analytic in a domain /\ containing
q(D) with ®(w) # 0 when w € q(D). Set Q(z) = zq'(2) P (q(z))
and h(z) = 0(q(z)) + Q(z). Suppose that

(i)Q is starlike univalent in D;
/

(iijRe L

0(z)

>0,zeD.

If p is analytic in D with p(0) = ¢(0), p(D) C A and

0(p(2)) +21'(2)2(p(2)) < 0(q(z)) +24' (2) P (4(z)),

then
p(z) < q(2),

and q is the best dominant.

Lemma 5./33, Lemma 2.2, p. 3] Let q be a convex univalent
Sunction inD and let @ € C, ¥ € C* := C\ {0} with

11

zq"(z) o

Re | 1 >max40;—Re— >, z€D.
(+¢@) X{ a}z

If p is analytic in D with p(0) = ¢(0) and

@Op(z)+zp' (z) < Bg(z) + V24 (2),

then
p(z) < q(2),

and q is the best dominant.

3 Inclusion results

Unless otherwise mentioned, we shall assume throughout the
paper that m € Z, A >0,/ > —p, 0 >0,a,c € R, c—a >0,
a>—-up,peN,-1<B<A<land0< a < p.

The first inclusion theorem with respect to the parameter a is
given by the next result:

Theorem 1.(i) If f € S/plj,l,,(a + lye,usa;A,B) such that
b,@_}l,,(a,c;/,t)f(z) #0forall z €D :=D\{0}, and

then
1 (20bh(a,e ) f(2)
— Al Il s
P\ oo o
1 a 14+Az
o (i) oo o
where
., 1+ Bzt (P*a)%
t+p1(7) dt, if B#0,
01(0) = /0” 1+Bz res (10)

[
/ tﬁ+p71€(p7a)A(t71>zdt, lfBZO,
0

and q is the best dominant of (9). Therefore,
fe S’pl:,ln(a—i- 1,c,u;00,A, B) such thatb’pl:,ln(a,c;/,t)f(z) #0,
zeD=fe Sﬁ;,ﬁq(a,c,/,t;a;A,B).
(ii) Also, if the extra constraints
—-1<B<0,
B—A

a
2 1>(p—a)—2,
u+p+ >(p—a) T

@© 2022 NSP
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are satisfied, then

L e (z(b,’%(a,c;u)f(z))/

—a|>m,zeD,  (11)
p-a Opmla.cs ) f(2) )

where

The bound g, is the best possible.

Proof.For the function f € S%q(a—o— 1,¢,u;a;A, B) let define

_ 1 (dopm(aan)f@)
o P“( W@, 1) £ ()

Then, ¢ is analytic in D and ¢(0) = 1. Using the identity (3) in
(12) it follows that

—(X),ZE]D). (12)

_atup. D,};ﬁ%(a-#],c;ﬂ)f(z)

2 13)
H Wom(a, ;) f(z)

@fmwa+§+a

Next, using the logarithmic differentiation of the both sides of
(13) with respect to z and multiplying by z, we get

2¢'(2)
(P—a)p@@)+;+a

1 (z(a,%(aﬂ,c;u)f(Z))’
=0\ dpt(a+1,c:0)f(2)

o(z) +

o | < L +Az
1+Bz

Therefore, using Lemma 1 for f := p—a and y:= % + o, we

obtain that
1+Az
1+Bz’
where ¢ is given by (9) and it is the best dominant, and the proof
of the item (i) is complete.

To prove the inequality (11), from the above subordination
we get

0(2) < q1(z) <

1 . Re (Z(Dﬁflﬁq(a,c;ﬂ)f((z)))/ — a) > inf{Req(z) : z € D}

gty o) )
- %La {inf{Rte;(Z) :ze]D)}— (%jua)} (14)

1z € ]D)}. Since B # 0, from

Now, we need to find inf {Re
(10) we have

1
01(z)

Ql(z):(1+Bz)§/01tﬁ’1(1ft)y’ﬁ’l(lJrBtz)’gdt,

A—B
where § := f(pf(x)T, B:= % +pand y:= B+ 1. Using
(6) and (7) of Lemma 3 and the assumption y > 8 > 0, the above

relation yields
Bz
. 15
Bz+1 ) (15)

01(z) = %2F1 (LC;%

B—-A
Also, the condition %+p+l > (pf(x)T with —1 <B <0

implies that ¥ > ¢ > 0. Using again (6) of Lemma 3, from (15)
we have

019 = [ nenavio

Bz+1
where h(z,t) = 0Bl and
dv(t) = 7}_(4;?’3_ é,)tc’1 (1—1)75ar

is a positive measure on [0,1]. We note that Reh(z,7) > 0, and
h(—r,t) is real and

1 (1-0)Bzt1

Re =Re
h(z,1) Bz+1

for0 <r<1landz € [0, 1]. Therefore, from Lemma 2 we deduce
that

1—(1-0)Br 1
1—Br  h(—nt)

1
Re —— > ——— [7| <r <1,

1
01(z) = Q1(—1)

and by letting r — 1~ we get

inf {Re
» (16)

1 1
g@fZED}:Qm—w
+
A

Taking
B
AsB- D (3+p+1)
p—o\u

for the case - +pt+l=(p—a) , in view of (14) the

inequality (11) follows from (16)
The result is the best possible as the function ¢; is the best
dominant of (9).

Taking A = 1 and B = —1 in Theorem 1 we obtain the next
result:

Corollary 1.(i) If
a
maX{O;fﬁ}§a<p, (17)

then
fe S[};,Zn(aJr 1,c, u; @) such that D[};_"',Zn(a,c;u)f(z) #£0,z€D

= feShl(acpa).

(i) If f € Sﬁ;,ﬁq(a—&— 1,¢,u; @) such that Dﬁ;,ﬁq(a,c;[.t)f(z) #0,
z € D, and in addition to (17) assume that

m 0'l —l—z <a<
ax ,2 4 ” =~ p-

@© 2022 NSP
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Then
!
! Re(z@pm( e/ () _a) v eD.
P\ opn(a,cp)f()
where
£+p
V) = ! #

+p+l;%> "

and the bound v\ is the best possible.

P=% R (12(p— @) £

In the next theorems we give the inclusions regarding to the
parameter m and c, respectively.

Theorem 2.(i) If f € SpmH(a,c,[,L;a;A,B) such  that

Dp7’m(a,c;u) f(z) #0forallz €D, and

(PT“_,,M) (1-B) > —(p—a)(1-A),
then
Al . !
| <z<ap,m<a,c,u>f(z>> _a>
pP=a\ okl (a,cu)f(z)
L[ (p+l (18)
P—Q{Qz(z) (7L p+0€)}
_.qg(z)<m>
where

/-ltp%,7] (1+th)(”“)/438(” iFB#0

02(0) = 91 1+ Bz i -~ (19)
/ tpTJrl7le(p705)A(t71)Zdt7 lfB:O,
0

and q; is the best dominant of (18). Therefore,

feS (a,c,u;0A,B)  such that DM mla,cs ) f(z) #0,

pm+l
zE]D):fES“(a,c,u a;A,B).

(ii) Also, if the extra constraints

—-1<B<0,

l B*A

B
are satisfied, then

L e ( Opm(a,c; ) f(2))
p-a Oph(a,ci ) f(2)

where

a) 2@726D7 (20)

_(pTH—Haﬂ

The bound g is the best possible.

ProofIf f €8S a,c, ;o3 A, B), let define the function

pm+1(

1 (20k (@, fE)
Pl ( Opm(a,cs ) f(2)

Hence, ¢ is analytic in D and ¢(0) = 1. From the relation (4),
the above definition formula (21) yields

a),ze]D). @21

Al
p+! p+l Dp.’m+1 (a,c;p) f(2)
(p—a)p(z) + =— —proa="— 20—~
A Ak aenfe)
(22)

Using the logarithmic differentiation of both sides of (22) with
respect to z and multiplying by z, we have

2¢'(2)
O e+ 5 pra
1 (200 (@) f) 14 Az
Tra\ o s ) B
From Lemma 1 for § := p—a and y:= pTH —p+ o we get
¢(2) < q2(z) < %,

where ¢; is given by (18) and it is the best dominant. Thus, the
proof of the item (i) of Theorem 2 is complete.

To prove the inequality (20), from the previous subordination
we get

1 Re((apm( )f Q)
P\ (@) /()
mf{p {
{mf{ReQ2

1

Now, we will find inf{Re Q—() 1z E ]D}. Since B # 0, from
h(z

(19) we have

(x> > inf{Reg>(z) : z€ D}

(21 pea)] o)
o) (E )]

(23)

0a(z) = (1+B2)° /01 P11 =) P (14 Brz) S,

where § := —(p— a)%, B:= pTH and y:= B + 1. Since
¥y > B > 0, using (6) and (7) of Lemma 3 we obtain
_Ip)

(pTH+1) >(pfa)B

0 implies that y > § > 0. Thus, using again (6) of Lemma 3, the

relation (24) leads to
1
@)= [ Hznavi)

—A
Also, the conditions and —1 <B<

@© 2022 NSP
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Bz+1

22T and
(1—0)Bz+1 "

where h(z,t) =
r
(ﬁ) tg—l(] —l)yiaildl’
rery-24
is a positive measure on [0, 1]. We note that Re(z,t) > 0, h(—r,t)
is real and
1 (1-1)Bz+1

Re =
h(z,1) Bz+1

for 0 <r <1 and t € [0,1]. Consequently, from Lemma 2 we
have

dv(t) =

1—(1-0)Br 1
1—Br  h(—nt)

1 1
Re—~ > ——— 1,
0.0 = oo =TT

and by letting r — 1~ we get

. L
lnf{ReQZ—(Z) ZED}

p+l (25)

Taking
B
AsB- (LH + 1)
p— A
! B—A
for the case (% +1) = (p— @)=, in view of (23) the

inequality (20) follows from (25)
The result is the best possible as the function ¢; is the best
dominant of (18).

For A =1 and B = —1 the above theorem reduces to the next
special case:

Corollary 2.(i) If

maX{O;ppr—H}g(x<p, (26)

then

fe Sf;:rlH] (a,c,us @) such that Dﬁ”,ln (a,e;u)f(z) #0,

zeb=fe 527’£1(a,c,u;a).

(ii) If f € S/plﬁ’lln+1 (a,c, u; a) such that Dﬁ;,ﬁq(a,c;/,t)f(z) #0,
z €D, and in addition to (26) assume that

1 [
max{O;pr (%Jrl)} <a<p.

e (z(a%(a,c;u)f(Z))’
p—a Wpm(a, e ) f(2)

Then

OC) >V, zeD,

where

(7 ea)]

and the bound v, is the best possible.

Remark.(i) Putting m =0, a = ¢, [ =0 and A = 1 in Corollary 2
we obtain the result due to Patel et al. [29, Corollary 1];

(i) For p=1,m=0,a=c,l=0and A = 1, Corollary 2
reduces to the result of MacGregor [34].

Theorem 3.(i) If f € Sﬁﬁ’é(a,c,u;a;A,B) such that D%q(a,c —+
L) f(z) # 0 forall z €D, and

(ﬁﬂx) (1-B) > —(p—a)(1-A),

then
| (pmac+twrE) | { |
P\ h(ac+ 1)) p—a [03(2)
c ) 14+Az
— (ﬁ+a)} =q3(z) < T+ B
(27)
where
1 c 1+ Bzt <p7a>%
rutP 1(—) dt, if B#0,
05(z) = /0 1+ Bz ifB7# (28)

/ tj+pfle(p*a)f\(f*')zdt, ifB=0,
0

and q3 is the best dominant of (27). Therefore,
fe Sﬁﬁ’,z(a,c,u; a;A, B) such that bl’}",ln(a,cﬁ— Lu)f(z) #0,
zeD=fc Sﬁﬁ’,z(a,c—i- 1,u;a;A,B).
(ii) Also, if the extra constraints
—1<B<O,
B—A

Cc
i 1>(p—a)——
”+p+ >(p—a) B

are satisfied, then

L re (z(a,’};fn(a,ﬁ Lu)f(z)
_ Al
p—« Dp:m(avc'i' l;,Lt)f(Z)

—oc) >, z€D, (29)

where

The bound on 3 is the best possible.

ProofLet f € S,’l_f,l,,(a,c,u; o;A,B) and define the function

0(z) = ] (Z(Dﬁiﬁq(awrl;u)f(z})’

—a),zeD. (30)
=0\ opt(ac+1;0)f(2) )

Then, ¢ is analytic in D with ¢(0) = 1, and using the identity (5)
in (30) we get

_ctup Wpmla.c; ) £(2) .
B ohm(act+ Lp)f()

(p—a)fp(Z)JrﬁvLa 31
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By logarithmical differentiation of both sides of (31) with respect
to z and multiplying by z, it follows that

9'(2) L (dpmlaanfR)
o)+ (P—a)px)+5+a p-a ( Opm(a,cs ) f(2) a)
1+Az
= 1+Bz

Therefore, from Lemma 1 with f:= p— o and y:= ﬁ +a we

get
1+Az
0(z) <q3(z) < 1782

where g3 is given by (27) and it is the best dominant.
To prove the inequality (29) of (ii), from the above
subordination we have

1 m(m%mﬁnmmw_ﬁ
p—« Dp:m(avc'i' Lu)f(z)
> inf{Regs(z) : z € D}

:inf{ﬁRe {é@, (£+a)} :zeD}
- ﬁ {inf{Reé@ :zE]D)}f (i+a>} (32)

1
To find the value inf{Re Q—() 1z € ]D}, since B # 0 from (28)
(2

we have

O3(x)=(1 +BZ)C/(;ltﬁ*1(1 — 7B (14 Brg) S,

B—-A
where § := (pf(x)T, B = £+p and y:= B + 1. Since
¥ > B > 0, using (6) and (7) of Lemma 3 we obtain

0@ = (L) o

The conditions£+p+1>(p—a) and -1 <B <0

implies that ¥ > { > 0. Thus, using again (6) of Lemma 3, the
relation (33) gives

03(2) = [ hienavio),

where h(z,t) = (]_Btz)% and
dv(t) = Fi(aj;(fy)— C)tg" (1—1)5"ar

is a positive measure on [0, 1]. Since Reh(z,7) > 0, h(—r,t) is real
and
1 (1-1)Bz+1

R =R
e e Borl

I—(1-nBr 1
en) &

1—Br  h(—nt)

for0 <r<1landr € [0,1], from Lemma 2 we deduce that
1 1

Re >

03(z) — Q3(-—r)

szl <r< 1.

Letting r — 1~ we get

» (34)

Taking
B ~
AsB-— (i+p+1)
p—a\u

for the case +p+1>(p—a) , in view of (32) the

inequality (29) follows from (34).
The result is the best possible as the function g3 is the best
dominant of (27).

For A =1 and B = —1 Theorem 3 reduces to the next special
case:
Corollary 3.(i) If
c
max{O;——} <a<p, (35)
u
then

f € Spmla,c, ;) such that Oy, (a,c + 1;0) f(z) #£0, z€ D

= feShl(ac+1,ua).

(ii) If f € Spym(a,c, s &) such that O (a,c+ 1) f(2) #0,
z €D, and in addition to (35) assume that

1
max{O;E(pflfﬁ)}§a<p.

L re (z(bﬁ,’,i,(a,wr Lu)f(z)
_ Al
p—« Dp:m(ayc'i‘ l;,Ll)f(Z)

Then

—(X) >v3,zeD,

where

e ! ()
3= -\ = )
P or (12— ey g +p+1:d)  \K

and the bound v3 is the best possible.

4 Subordination results

In this section, for a given function ¢ we find sufficient conditions
such that the subordinations

7 <4q(2)

and

(@%&H4@uﬁw+n$#W@uV&vk<ﬂ@

2(¢+n)
hold.
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Theorem 4.Let g be a convex univalent function in D with q(0) =
1, and let p € C* := C\ {0}. Suppose that q and f € <), satisfy
any one of the next pairs of conditions:

1
Re(l+zq/ (Z)) >max{0;—M~Rel}, €D,
q(2) H p

P pmla+le,n)f(2) LPop @ ew)f(2)
p P p g
pu /
< q(z) + mzq (Z), (36)

( ) {07 plp+1) Rel},wirh,1>o,
A p

p a,,m+,(a,c,u)f( ), p=p Umlacu)f()

p p P

<q(x)+-F o 4 (2). 37)
p(p+1) ’

or

Re (H_zq/ (Z)) >max{0;—w~Rel}7 zeD,
q') u p

p Wmlac—LfE)  p=p nlac.u)f()

P zP p 7P

PH /

<q(z)+p(c_l+”p) 2q (2), (38)

c—1—a>0.

Then

Opmla, e, ) f(2)

> <4(2), (39)

where q is the best dominant of (36), (37) and (38), respectively.

Proof Let the analytic function /4 be given by

ohh(a,e, ) f(2)

h(z) = pr

,zeD. (40)

Differentiating (40) with respect to z and using the identities (3)—
(5) we obtain, respectively

Opm(at1e)f(z) _

H ’
=h(z)+ ———zh'(2),
o (Z)+a+upz (z)
Al
O (@, ) f(2) A
Opmi1 ORI =
o h(ZHPHZh (),
and
Dﬁjﬂ(ﬂ,c‘_ l?:u’)f(z) 7/,1( )+L h/( )
7P -z c—]-i—/ipz

From the above three identities we get that the subordination
conditions (36), (37) and (38) are, respectively, equivalent to

pu pu

and

h(Z) + piu

ple— 1+ 1p) 2 (2) < q(z) + PH

PR ). @43
p(c_l+”p)ZQ(z) (43)

Using Lemma 5 to each of the subordinations (41)—(43)
with suitable choices of @ and ¥, we get the conclusion (39) of
Theorem 4.

1+Az
—-1<B<A<L],
+Bz( - <D

Theorem 4 leads to the following three results:

For the special case ¢(z) =

Corollary 4.Suppose that

platup) p. b
1 p

If f € ), satisfies the subordination condition

P UpmlatLe)f@) | p=p @ c)f()
p Z p @ (44)
L PH (A-B)z | 1+Az

platpp) (1+B22 " 148

1+A
then (39) holds, and 1 IBZ is the best dominant of (44).
Z

Corollary 5.Suppose that A > 0 and

plp+1) o |B] -

*
p) e |B|+1’p€‘c‘

If f € ), satisfies the subordination condition
Al 2l
B Dp m+1 (a ) ”)f( ) + pP—pP . a[?-,'m(a>c>:u)f(z)
p @ p @ 45)
- pA  (A—B)z 1+Az
p(p+1) (1+Bz2)* * 14+Bz’

1+A
then (39) holds, and 1 JJ:BZ is the best dominant of (45).
4

Corollary 6.Suppose that c —1—a > 0 and

ple=ttup) gl 81

u |B|+1 cC".

If f € ), satisfies the subordination condition

Al
aP-,'m (a>c

2,
—LIfE)  pop inlacm)fE)
zP p zP
pu (A-B)z 1+Az
plc—1+up) (1+Bz)?  1+Bz’

(46)

O

1+A
then (39) holds, and I +BZ is the best dominant of (46).
4

h(z)+ —————2l' (2) < q(2) + ————24 (2), (41
) pla+up) &) <4t pla+pp) )
pA , P , Taking p =A = 1 and B = —1 in Corollaries 4-6 we get the
h(z) + p(p+l)zh () <aq(2)+ mzq (2), (42) following special cases:
®© 2022 NSP
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Example 1.(1) If

a+u
——— Rep >0,
m p

and f € o/ satisfies the subordination

onl(a+1,e,m)f(2) + ]%p o (a,e, ) f(2)

- 2puz I+z
(a+m)(1-27 " 1-7’

P
¢ (47)

then .
o (a,e, 1) £(2) LIz 48)
z 11—z’

1
and 1+Z

—Z
(ii) If

is the best dominant of (47).

1
%Z~Rep>0,l>0,

and f € o satisfies the subordination

1—
Lol @ens @)+ Lol e @)
2pAz I+z

“Urn0-22 T1-z

(49)

then (48) holds, and
(iii) If

1
1 te is the best dominant of (49).
-z

1+u

c—1—a>0, C_T~Rep>0,

and f € 7 satisfies the subordination

% oM (a,c—1,1)f(2) + 1%,3 o (a,e, 1) f(2)

2puz 1+z
(c—1+m(1-2?  1-2

(50)

then (48) holds, and ‘ is the best dominant of (50).

1+
1—
Remark.(i) Letting a = c =m =0 and u = 1 in Example 1 (i), or
a=c¢,m=0,A=1and =0 in Example 1 (ii) we get the next
result:

If Rep > 0 and f € < satisfies the subordination

(@) 2pz 14z

prQ+(-p) " E < P b, 6D
then @ 14
ERRe
and l " is the best dominant of (51).

-z
(i) Lettinga =y =1, c =2 and m = 0 in Example 1 (iii) we
get the next result:
If Rep > 0 and f € & satisfies the subordination

@ o2 pr 14z
PP [y = P T o

then
Z
2 14z
— t)dt < ——,
5 [rwd <
0
1
and R is the best dominant of (52).

-z
(iii) Letting ¢ = pt = 1 and m = a = 0 in Example 1 (iii) we
get the next result:
If Rep > 0 and f € & satisfies the subordination

Zz
1 t 2 1
p@+(l—p)—/&dt< PR (53
b4 2y t (1-2) -z
then
1 fF() . 14z
L0, 1
z) ot -z
0
and Iz is the best dominant of (53).

Theorem 5.Let q be a univalent function in D with g(0) = 1, such

that Y ,
Re(zq (Z)—M+1)>o,zem (54)
9@  q(2)

Suppose that f € <), satisfy the condition

GOpmlat Le, 1) £(2) +n0pm(a,c, 1) £(2)
?(g+n)

where g, € C withg+mn #0.
If

#0,

¢z (Bﬁ:fn(ﬁ Lew)f (Z))/ +nz (%:&(a,c,u)f (Z))/
SOpmla+1,c,1)f(2) +NOpim (., 1) £(2)

—-pP

(55)

then

Al Al k
gDp:m(a‘I» l,C,,U.)f(Z) + nbp:m (“:C:li)f(z)
( et ) <4q(z), (56)

with k € C*, and q is the best dominant of (55). (The power is
the principal one, that is log1 = 0.)

Proof.To prove our result we will use Lemma 4 for

(o)1= . 0(0):=0, 0(2) =24/ ()P (g() = 12,
h(z)

=0(z), weC, zeD.

Since Q'(0) = ¢'(0) # 0, from the assumption (54) we have that
the function Q is a starlike univalent in D, and

W (z) 2q"(z)  24'(2)
Re 00 ‘Re(” @ 40 ) el

Thus, both of the assumptions of this lemma are satisfied.
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Next, let the function p be given by

Al (a+1 ord ‘
p(z) — Q Psm(a"" ?C>l~l)f(z)+n Psm(a>c>:u)f(z) ,
#(g+n)
zeD. (57)

Then, the function p is analytic in D, p(0) = ¢(0) = 1, and

) k(gz (ohhta+ 1e.0)f@) +nz (hm(ac.w)f @)
§Opin(at L))+ (.. 1) f(2)
-Pp
(58)

From (58), the assumption (55) could be written as

~
I
_Q
<
—~
N
~

' (z

that is equivalent to

68(p(z)) +2p'(2)@(p(2)) < 6(q(2)) +29' () P(g(2)).

Therefore, by Lemma 4 we conclude that p(z) < ¢(z), thatis (56),
and ¢ is the best dominant of (55).

1+A ..
For¢=0,n=1and ¢(z) = 1+B§ (-1<B<A<1),itis
easy to check that
1" /! A B
Re(qu(Z)_zq(Z)+]):1_Re( ¢ | B )
7@ q@) 1+Az ' 1+Bz
Al Bl ) 1-1Al|B|
>1— + = >0,zeD.
(HIAI 1+1B ) (1+|A]D(1+[B])

Since the assumption(54) is satisfied, from Theorem 5 we get the
next result:

Corollary 7.Suppose that f € <), satisfy the condition

Wpmla.c, 1) f(2)

o #0,zeD.
If
(ol f @) (A B):
k| = —p|<——"F (59
Wpm(a, e, 1) f(2) (1+Bz)(1+Az)
then
Al k
pmla,c, 1) f(z) 1+Az
P 1+Bz’
+Az

1
with k € C*, and ]

is the principle one.)

3 " is the best dominant of (59). (The power
Z

For A= p =1 and B = —1 Corollary 7 reduces to the next
special case:

Corollary 8.Suppose that f € o7 satisfy the condition

Mﬂﬂe”

If /
z (031’[(0767ﬂ)f(1)) 2z

-1] =< —2

k
o (e, ) f(2) !

(60)
then

z 11—z’

(oﬁﬂa,c,u)f(z))" JREY:

with k € C*, and 1”
—Z

is the principle one.) '

is the best dominant of (60). (The power

Fora=c,m=0and u =k =1 Corollary 8 leads to the next
example:

Example 2.Suppose that f € <7 satisfy the condition
f(2)

—~ #£0,z€D.
z
! I
2f'(z z
—1=< , 61
@) 2 ©D
then |
Q) L+
b4 11—z
1
and 1 J:Z is the best dominant of (61).

Corollary 9.If f € </ is a starlike univalent function of order o
(0<a<1)inD, and B € (0,1], then

Z

The function (1 —z)~ 2B is the best dominant. (The power is the
principle one.)

Proof.Since f € <7 is a starlike univalent function of order ¢ (0 <
o < 1), it follows that f is univalent in D, hence @ =0 for all
z

z € D. Denoting ¢(z) = (1 —z) 28 (0 < B < 1), the assumption

f'(z) | 1+ (1-20)z
f(2) l—z

is equivalent to

If we let

D—A:={weC:R >] (z):= :

0: = wEC:Rew> 20, 0(2) = 1,
V/:A%.Q:z{W=u+iVEC:v2>i*u},V/(Z)Z:ZZ,

1:Q—-C, xz) =+ 0<p<,
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then
4(@)=(1-2F = (xoyop)() e D.
It’s easy to prove that ¢, y and y are univalent functions on their
definition domains, hence ¢ is univalent in D.
Putting s =m=0,a=c,u=n=p=1and g(z) = (1 —
z)*zﬁ in Theorem 5 we get the conclusion (62).

1+Az
1+ Bz

Taking ¢ =1, 7 =0and ¢(z) = (-1<B<A<1)

in Theorem 5 we obtain:

Corollary 10.Suppose that f € <), satisfy the condition

Wph(a+1,e,1)f(2)
zP

#0,z€D.
If

. <(ohhat1emf@)
At Lowie)

z(A—B)
(1+Bz)(1+Az)

, (63)

then .
Opmlat Le,u)f(2) 1+Az
b 1+ Bz’
and < is the best dominant of (63). (The power is the

+Bz
principle one.)

For A= p=1and B = —1 Corollary 10 leads to the next
special case:

Corollary 11.Suppose that f € <f satisfy the condition

Ophla+1,e,0)f(2)

#0, zeD.
z
If
A !
Z(am (a+]767”)f(z)) 2z
k 7 -1 < 3 (64)
o (a+1,6,1)f(2) -z
then
Al k
O (atlew)f(@x)) _ 1+z
z 1-z’
1+z . . .
and 1 is the best dominant of (64). (The power is the

principle one.)

If weseta=c=m=0and k= 1in Corollary 11, since k = 1
the assumption f’(z) # 0, z € D could be omitted, thus we obtain
the next example:

Example 3.1f f € o/ and

/"
ZJJ: , ((ZZ)) o izzz : (65)
then / 4z
f(2) < T2
and i tz is the best dominant of (65).

Theorem 6.Let g be a univalent function in D with q(0) = 1, and
6 € C such that

74" (z)
q'(2)

Suppose that f € o), satisfy the condition

Re (l+ ) > max {0;—Red}, zeD. (66)

SOpm(at Le.)f (2) + nOpm(a,e. 1) (2)
2(c+n)
where g, € C with g+1n # 0. Set

#0,z€D,

Al Al k
A(Z) o gopjm(a‘l’ l,C,,u)f(Z) +N0pm (a,c,,u)f(z) )
o (g+m)

sz (ohmta+ 1.e.m) @) +ne (of(a e f(2))
Stk Al Al
gap,rm(ﬂlﬁ‘ l,C,,U)f(Z) + nbp:m (a,c,,u)f(z)

If
A(z) < 8q(z) +24' (), (67)
then
SOpimla-+ 1,e, 1)/ (@) +opm(a e )@\ o @)
(g+m) 7

with k € C*, and q is the best dominant of (67). (All the powers
are the principal ones.)

Proof.The proof of this theorem is similar to that of Theorem 5.
If p is defined as in (57), using (58) we have

z2p'(2) = kp(2)-
¢z (af};,ﬁq(a—k 1 ,c,u)f(z)), +nz (aﬁﬁ#(a,c,u)f(Z))/
Ofm(a+ Lo ) f(2) + 10 (e, 1) f(2)

(69)
Set
0(o) :=8w, ®(0):=1, 0(z) :=2'(z), w€C, z€D,
and
h(z) = 0(2) + 6(q(z)) = 8q(z) +z¢' (z), z € D.

Since Q'(0) = ¢/ (0) # 0, from (66) it follows that Q is a starlike
univalent function in D, and

2 (z)
0(z)
From (57) and (69) we have
0(p(2) +20'(2)@(p(2)) = 8p(z) +2p'(2) = A(2),

hence the assumption (67) is equivalent to

0(p(2) +2p'(2)@(p(2)) < 0(q(2)) +2¢ (2) P(4(2))-
Therefore, from Lemma 4 it follows that
p(z) < q(2),

and ¢ is the best dominant of (67), that is the assertion in (68)
holds.

z ”(Z)

q
Re
q'(z)

:Re(5+l+ )>0,ze]D.
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Taking ¢ =0, 1 =1 and ¢(z) =

in Theorem 6 we get:

Corollary 12.Suppose that f € <7, satisfy the condition

(@, e, 1)f(2)
zP

(me Ll,c,ﬂ )

- @paacu>cﬁ .
me(a o, 1) f(2)

(A-B)z

(1+Bz)?’

(ﬁﬁw@uﬁw>k
ZP

B —1 1+Az

, an
1+ |B| 1+Bz
(70). (All the powers are the principal ones.)

#0,zeD.

If

1+Az

1+Bz 70

then
14+Az
1+Bz’

with k € C*, § :=

is the best dominant of

F A=1,m=0 B——lands— B~
orp=U=A=1,m=0,a=c, B=—1 an = =
P=H 1+|B]

0, Corollary 12 leads to the next special case:
Corollary 13.Suppose that f € <f satisfy the condition
@ #0, zeD.
z
If
k /
2
k(@) (Zf (2)71) <=, 1)
z f(2) (1-2)
then
f

k
(ﬁ) - H—z’
b4 1—-z2
with k € C*, and *e is the best dominant of (71). (All the

-z
powers are the principal ones.)

@;éo,ze]]))

could be omitted, and we obtain the following example:

Taking k = 1 in Corollary 13, the assumption

Example 4.If f € o/ and
1y @) 22
z)——— < , 72
PO )
then
fl&) 14z
z 11—z’
1
and I J:Z is the best dominant of (72).
1+A
Putting ¢ = 1, 7 = 0 and ¢(z) = IL; (—1<B<A<1)

in Theorem 6 we obtain:

Corollary 14.Suppose that f € 27, satisfy the condition

opda+1,e,1)f(2)
ZP

<$Lw+namﬂ@>5
ZP

2l !
z(pma+1,6,u)f(2)
5+k <f, ) -p
pm(a+1,c,1)f(z)
(A-B)z
+ (14 Bz)%’

#0,zeD.

If

1+Az

— 73
1+ Bz 73
then

14+Az
1+Bz’

Al k

apﬁm(a'i' l,c,,Lt)f(Z)
zP

|B|—1 1+Az

, an
1+ |B| 1+Bz
(73). (All the powers are the principal ones.)

with k € C*, 6 := is the best dominant of

Ifwetake k=p=A=1,m=a=c=0,B=—1and 6 =
B~ 1
1+ |B|
could be omitted, and we obtain the following example:

=0 in Corollary 14, the assumption f’(z) #0, z€ D

Example 5.1f f € o/ and

2f"(z) < (74)

(1-2)%
then

14z
1—-z7’

f'@) =

1
and 1 te is the best dominant of (74).

5 Conclusion

The above results give an interesting approach for the study of
many multivalent classes previously defined by different
authors, because these classes extend and generalize a lot of
those defined and studied by several renowned specialists in this
field of interest. Moreover, the general subordination theorems
yield us to some interesting special cases that were further used
to determine new results connected with the classes we
introduced. Our main results are followed by some particular
and special cases that could be used for the future studies in the
theory of multivalent, and also univalent functions.

The investigation tools used in the paper allowed us to find
exclusively the best results (i.e. best dominants of the
subordinations, and best bounds for the inequalities), that means
it could not be improved under the given assumptions.

All of these strength points of the results of the paper
consist in the facts that the linear operator b,’}",@(a,c, u) defined
by [2] has a very general form like it could be seen in Remark 1
(1)-(xx), extending many other earlier studied, and moreover, the
methods we are using in the proofs are considered between the
most efficient ones in the subordination theory [28,30].
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