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Abstract: In this work, the theoretical study of steady flow for lift and drainage @& law MHD fluid on a vertical cylinder is
presented. The governing nonlinear differential equation has besediéom the momentum equation. The resulting equation is then
solved using Perturbation method. Series solutions have been obtainesddcity, flow rate and average velocity in both cases. The
graphical results for velocity profile is discussed and examined fagrdifit parameters of interest. Without MHD our problem reduces
to well known Newtonian and Power law problem.
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1 Introduction flow for a non-Newtonian fluid with MHD fluid
properties. In a thin film flow, the fluid is partially
In recent years, the flow of non-Newtonian fluids hasbounded by a solid wall while the other surface is free to
gained considerable attention because of its applicationiiteract with another fluid, e.g., air. There are three main
in various branches of science, engineering, andconditions which form basis for the formulation of thin
technology: particularly in material processing, cherica films, namely, surface tension, centrifugal forces and
industries, and bioengineering. It is an established facgravitational forces. The analysis of thin film flow is
that the flow characteristics of non-Newtonian fluids areimportant for designing chemical processing equipment.
quite different when compared with the linearly viscous Probably the most striking daily life examples are rain
fluids. Therefore, the well known Navier-Stokes water running down along a window and the flow of a
equations are not suitable to explain the behavior ofpaint down a wall. Study of thin film flows have
non-Newtonian fluids. Similar to linearly viscous fluids it established significant interest because of its realistic
is difficult to recommend a single model which exhibits applications in physical and biological scienc&1[).
all properties of non-Newtonian fluids. Therefore a There are many engineering applications where thin film
number of models have been proposed to characterize thiéow shows the viscoelastic effects and MHD was
non-Newtonian fluid behaviod[4]. originally applied to astrophysical and geophysical
In the category of non-Newtonian fluids the power law problems, where it is still very important, but more
model have been extensively studied because ofecently to the problem of fusion power, where the
mathematical simplicity and wide spread industrial application is the creation and containment of hot plasmas
applications. During the last four decades significantby electromagnetic forces, since material walls would be
progress has been made in the development of analyticalestroyed.  Astrophysical problems include solar
solution and numerical algorithms of power law fluid flow structure, especially in the outer layers, the solar wind
problems §,8]. bathing the earth and other planets, and interstellar
Our main focus in this work is on the study of thin film magnetic fields. The primary geophysical problem is
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planetary magnetism, produced by currents deep in th@assumptions, the magneto-hydrodynamics force involved
planet, a problem that has not been solved to any degrem equation (2) can be put into the form,

of satisfaction. 2

Here, in this paper, fluid is considered visco-inelastidwvit JIxB=-0BgV. (®)
the viscosity function conforming to power law MHD As discussed ing, 8], the stress tensor defining a Power
fluid. We examine the thin film flow of a Power law MHD  |aw fluid is given by:

fluid for lift and drainage problems on a vertical cylinder.

Two cases are discussed, namely, Newtonian and S= HettAs, (6)
non-Newtonian respectively. To the best of our knowledge

the analytical solution has not been reported elsewhere. ’ n-1

This letter is organized as follows. Section 2 contains the lotf =N tr(As%) 7 @)

governing equation of power law fluid model. In section 3 2

the problem under consideration is formulated and . o ) . .

solution for the lifting case is given section 4 is reserved@nd wheren is the coefficient of viscosity and is the

for the solution of the drainage case and section 5 result§ower law index. The Rivilin-Ericksen tensof; is

and discussion. In Section 6 concluding remarks aredefined by: T

given. Ap=0vV+(Ov)'. (8)
Remark: On behalf of consequent model far< 1 the
fluid is "pseudoplastic” for model or "shear thinning” for

2 Basic Equations n > 1 the fluid is "dilatant” or "shear-thickening” and for
n =1 the Newtonian fluid is recovered.

The basic equations, governing the flow of

incompressible power law MHD fluid neglecting the

thermal effects, are: 3 Formulation of the problem and solution

for lifting case

OV =o. )
DV ) Consider a container filled with Power law MHD fluid. A
pop = Pf—Up+divs+(JxB), (2)  wide cylinder moves vertically upward through container

) ) ) ) with constant velocityUg. Since the cylinder moves
wheref is the body forcep is the dynamic pressur&is  ynward, it picks up a thin fluid film of thickness Due to

v ; > . ,
the extra stress tensor. The tery denotes the " gravity, the fluid film tends to drain down the cylinder. we
substantial acceleration consisting of the local deneati choose amz— coordinate system such that— axis is

%{ and the convective derivativé.V andJ is the electric  normal to the cylinder and — axis along the axis of

current density,B is the total magnetic field and cylinder in upward direction as shown figurel. We
B = By +b (whereBg represents the imposed magnetic assume that the cylinder is non-conducting and the
field andb denotes the induced magnetic field). In the magnetic field is applied along the— axis Assuming
absence of displacement currents, the modified Ohm'shat the flow is steady, laminar and uniform and surface

law and Maxwell’s equationslfi, 15] are, tension effects are negligible, the only nonzero velocity
component is ire— direction. For the reasons mentioned
J=0[E+V xB]. (3)  here we assume that,
V=[00wr), S=Sr). ©)
0B

divB=0, OxB=punJ, culE=—-——. (4) Using equation (9), the continuity equation (1) is
d identically satisfied and by using equation (5) the
whereo is the electrical conductivityk the electric field ~momentum equation (2) reduces to
and L, the magnetic permeability. From Ohm’s law and

Maxwell’s equations an evolution for the magnetic fBix az

can be obtained easily. This is known as the magnetic 111 y alt1
induction equation which shows that the motion of an P
electrically conducting fluid in an applied magnetic field : ke B
induces a magnetic field in the medium. We assume tha stationary air gl —

the total magnetic fiel® is perpendicular to the velocity
field V and the induced magnetic fiell is negligible
compared to the applied magnetic fieBy so that B -
magnetic Reynolds number is small. Since no external == === T T =T 1
electric field is applied, and the effect of polarization of =SBl ESS

the ionized fluid is negligible, the fluid flow region is Fig.1. Geometry of the flow of moving cylinder through a
assumed to be free of electric field. Under these power law MHD fluid.

=
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r-component with boundary conditions,
Ip
or cJ'd—"‘r’o:o at r—M, 22)
- t
6-componen - Wo—1 at r=1 (23)
0=——71, (11)
o0

First order problem

n-1 1d dwp \ "t dwy
ow 1.4+ 0 awp e —
ﬁr) —pg—oBw(r). (12) T <rn< dr ) ar | We=0 (@9

z-component

dp_no [ |ow
dz ror or

Equations (10) and (11) imply thap = p(z) only. ~ With boundary conditions,
Imagine that pressurp is atmospheric pressure i.@,is

zero (gauge pressure) everywhere. As we are discussingﬂ =0 at r=M, (25)
the flow problem, we tak%"TV positive [L6]. Thus equation dr
(12) reduces to, wp =0 at r=1 (26)

n d dw\ " ) Here two cases arise:
0="Tqr (r (dr) ) —pg—0oByw(r), (13)  Case-ln= 1 (Newtonian fluid)
Case-ll:n# 1 (Power law fluid)

which is a nonlinear differential equation. The associated
boundary conditions are:

dw

— =0 at r=R+9, 14 . . .
dr (14) 3.1 Solution for the Newtonian MHD fluid
w=Ug at r=R (15)
Introducing dimensionless parameters, 3.1.1 Velocity Profile
r w
r=—, W= —, 16
R Uo (16) Zeroth order solution:

The solution of equation (21) by using boundary

in equation (13) and boundary conditions (14) and (15),Conolitions (22) and (23) is

we achieve after dropping:”

1d dw\" S 2 2
- iy _ - wWo=1——[(1—r%)+2M-Inr|. (27)
= (r(dr) ) ew(r) =S, (17) 72 (-1 ]
and associative boundary conditions will be First-order solution:
dw Making use of zeroth order solution (27) into (24) and
ar = 0 at r=M, (18)  subject to conditions (25) and (26) is given by,
w=1 at r=1 (29) 2_1_o\M2
- wy = CZLZ2MAND S g gp2y 2 s
where§ = ui?on is the Stoke’s numbeess = R”H 24 , 642 .
(%) — 3+8M? 4 (12v* — 8M? — 16M“InM) Inr
2 1
is power law fluid parameteg, = %;; andM =1+ 8. + 8M?r?nr]. (28)

Perturbation solution . . , .
We assume be a small parameter and velocity profile Thus the perturbation solution correct up to first order:
w(r, €) can be expressed as a power series given by, S

wr) =1-7 [(1-r?) +2M?In(r)]

W(r, &) ~ Wo+ EWy + £2Wa + ... (20)
g(r?—1-2M2nr) &S N
Using equation (20) into (17) and (18) - (19) and equating + 4 " 64 [4(1* 2M ) re—r
like power of & we obtain the following set of problems — 3+8M24 (12M% — 8M% — 16M“InM) Inr
along with their corresponding boundary conditions: -
zeroth order problem + 8M?rlnr] . (29)
0.1d dwo\" The solution for simple case of Newtonian fluid without
I r| = =8 (21) i i i
r dr dr ’ MHD effects cab be obtained by puttirg= 0 in (29).
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3.1.2 Volume Flow Rate conditions (22) and (23), solution of equation (21) will
be,
In dimensionless form, the volume flow rd@eis given by, L/ ok 2
dRisg y - (S)n (Z (ﬁ) (_1)k,\q 2A+2 (er—%+1
2m M M 2 L \k) 2k—L+4+1
k=0 n
= rw(r)drd@ = 27'[/ rw(r)dr. 30
Q= [ [ ) e @0 )
; ; ; ; First-order solution:
By making use of equation (29) in equation (30), we } . .
ot))/tain ng u quation (29) in equation (30), w Making use of zeroth-order solution (35) into (24), after
' using equations (25) and (26), we obtain,
Q=m(M?>-1) - S {4M4| (M) — (M2—1)? y 1(3)1”n lw (1;n> (—1)!M-2+3-2
1= == —_—
—~ 2M2(M271)} + £ (34 — aM2 + 1— 4M4Inm) n\2 ';) ! 2
5 , 68 , A r2-3+3_1 _Miz p2-5+1_q
— = (60M* —34M° —30M2 + 4+ 72M°InM 2-173) 2\ 2a-Ii1
- 48M4InM—48M6(InM)2)} (31) o Loy (L)t 2edfo2
(3 2500
3.1.3 Average velocity { <r2k+2|_ﬁ+4*1) B (r2'—%+3_ 1)
_ k—143)(2k+2-2+4) 22-143
The average film velocity is then given by, ( a3 T4 2A2A-5+3)
M2k—%+3(r2|—%+1_1)
il Q _
V*m7 (32) (k—1+3)(2-1+1)
Usi tion (31) i tion (32 btai + MR —1) (36)
sing equation (31) in equation (32), we obtain, 2021 7%+1) .
_ S [4M4In(M) Inserting equations (35, 36) in to series (20), one get the
V=1- 3 {(le) —3M2+1} solution of equation (17) of the form:
a 1/ w Kpnjg—2k+2
£ 4 2 4 S n % (_1) M n 2k7l+1
———— | (3M" —4M“ + 1 — 4M"InM w=1-|— A — A
+ S(MZ*]-) [(3 + n ) (2) (kZO(k 2k—%+1 (
_ %(GU\A“ 34M673(]\/|2+4 B 1))+g(s>lnn [w (:I_nn> (71)|M72|+%72
n\ 2 I 2
+ 72M8InM — 48M“4InM —48M6(InM)2)] . (33 =

Equation 83) gives the net upward flow of fluid. Faf >

{
L 2[M“'n<> 3Mz+1.] - (
{

Fe w1 —n\ (_ 1)tk -2k-200 22
) 2,50 (1) =55

K=0I= 2k—-+1

R Y
(k—L+3)(k+21-2+4) 2(| % +3)

(M2-1)

£

e 4 2 _ 4
S —T) [(3M* — 4M? +1— 4M*InM)

S 4 6 2
24(60|v| 34M6 — 30M2 + 4

M2k7%+3(r2I7%+1_1) M2(r2 -
6 4 6 2 — 37
+ 72MOInM — 48V“InM — 48M°(InM)2) . (34) A iry@_1:y " 22- (37)
3.2 Solution for power law MHD fluid 3.2.2 Volume Flow Rate
3.2.1 Velocity Profile cI?%/tar:ﬂnaking use of equation (37) in equation (30), we
1 5 _ 2
Zeroth order solution: o n(MZ—l)—zn S\" % (,1)kM 2k+2
By using binomial series and applying boundary 2 k;) k 2k_%+1
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n

211

n

(M2k7%+3_l> (Mz—l)
k-iy3 2

1-n
n
I
1
n

S

)

2

] e

:

(71)| M—ZH—%—Z
2

)

|+kM_2|<—2|+‘ﬁ‘—2
2k—£+1

2
M2k+2l—ﬁ+6_ 1

(%—n+$@H2hﬁ+4)<%+z—§+6
M2_1 M543
2 )_(%—ﬁ+exz—ﬁ+1)<
M2_1 1 M2 -545 _
2 )_a2—§+@<
M2-5+3_1

M2 (
) _
2-143

202 -1 +1)
3.2.3 Average Velocity

1
M2 -L+3 _

2-143
1 M?-1
2-145 2

1) H @)

By using equation (38) in equation (32) we obtain,

1

M2 —
2

B 5 1o % (_1)kM72k+%
ver2(3) 30w n
(M2 ie-1) ] g g\ W
[Qk—ﬁ+3ﬂM2—1y_2 +rf(2>
= 1;n (—1)'M*2'+%*2 1
L2K| ) 2 {z 1+3
(M2|—,%+5_1) 1 M2
Qz—;+awﬂ_n_2)_2pnﬁ+g
M2I—%+3_1 1 S o o
( —1x2—;+3y_2>}_<2) Eoil

— I+kpg—2k—214+2—
>(nn)(_1)+ M12 2A+5-2
| 2k—-1+1

1

(2k— 2 +3)(2k+2 — 2 +4)

-1 1
2

1)(2k+2l — 2+6)

M2k+2—2+6

(MZ_

M2 5+3
(2k—1+3)(2

M2—5+3 _
~lrp\(mM2-1)@2-1+3)
1

1 MZI—%+571 1
“2)_m2_§+a<wﬂ_¢xz—ﬁ+a_z>

M2 MZI—%+3_1 1
QMZ—DQI _2>}]@%

202 -1 +1) —1+3)
Equation (39) gives the net upward flow of fluid. ROr>
1>2 ( z

(23 ()

(MZk—n

1

oo

Sl

S (_1)kM72k+%

2k—141

1)

1 S
0
(_1)|+kM72k72|+‘ﬁ‘72

%—%+1

12 —1+3)
)(7)

(2k—

1i3)( %+m—7+®
M2k+2l — 7+6 -1

1(2k+2—216)

Mzk—%+3 M2—5+3 _
(M2—-1)(2 —

C (k—i43)@a-141 1
M2 —5+5 _
QMZ 1)(2 —

n
1 1
)
MZ'”*:”

| T 5)” “

2

Consider steady, parallel, laminar flow of an
incompressible Power law MHD fluid down an infinite
vertical cylinder. As a result, a thin uniform fluid film of
thicknessd is formed in contact with stationary air. The
geometry of the problem is shown xigure2. We choose
an rz—coordinate system such that- axis is normal to
cylinder andz— axisalong the cylinder axis in downward
direction. We assume that the fluid is non-conducting and
the magnetic field is applied along the- axis there is no

+3)
1
>_az—g+a

MZ
(o

202 -1 +1)
4 Solution for drainage case

1

n

+
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applied (force) pressure driving the flow and fluid falls 4.1 Solution for Newtonian MHD fluid
under the action of gravity, so the governing equation

equation (17) becomes, 4.1.1 Velocity Profile
. Zeroth order solution:
lll | Q lll The solution of equation (44) after application of boundary
| conditions (45) and (46) is,
— =7 S
[ . wo = = [(1-r?) +2M?Inr]. (50)
» B 4
Stationary air l g ['—'“ — First-order solution:
| Introducing zeroth order solution (50), into (47) and
| \'UQL subject to the boundary conditions (48) and (49) the first
I wi(r) order solution is given by:
|
S 2,2 4 2 4
*z W1:@[4(1—2M)r —r*—3+8M°+ (12M
Fig.2. Geometry of the thin film flow down a vertical — 8M?—16M*InM) Inr +8M?r?Inr] . (51)
cylinder. Thus the perturbation solution correct up to first ordeg in
is given by,

n . S 2 2 £§
%g (r (dW> >£W(r)_s @) W=7 [(1-r%) +2™ |nr}+a
[4(1-2M?)r2—r* -3+ 8M%+ (12v*
— 8M2—16M4nM) Inr +8M?r?inr] . (52)
— =0 at r=M. (42)
w=0 at r=1, (43)  4.1.2 Volume Flow Rate

Using Perturbation series method to this problem, we get

different problems each corresponding to different orderBy making use of equation (52) in equation (30), we

of £ obtain,
zeroth order problem Q- S?” [4M4In(M) (M2—1)% - am? (M2 1)]
go. 1 (AT _ o 4y 42 [60M* —34M° — 30M2 + 4 72M°InM
“rdr dr 192
— 48M“InM — 48M6(InM)2} . (53)
with boundary condition,
d
TV:O =0 at r=M. (45)  4.1.3 Average Velocity
Wo=0 at r=1, (46) Using equation (53) in equation (32), we obtain
First order problem — S [4M4In(M) 2
1d dwp\ ~dwy
o= =2} =) -w=0 47 SE 4 6 2
£ rdr<rn<dr> dr) Wo (47) +m[6ow| —34M° —30M% + 4
with boundary conditions, + 72M°InM — 48M“InM —48M6(InM)2] ‘ (54)
dWl
o 0 atr=Mm (48) 4 2 Solution for power law MHD fluid
w; =0 at r=1, (49)
4.2.1 Velocity Profile
Here two cases arise:
Case-l:n = 1 (Newtonian fluid) Zeroth order solution:
Case-ll:n# 1 (Power law fluid) By using binomial series and applying boundary
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2%k+21-2+46 _ 2_ 2%k-1+3
conditions (45) and (46), solution of equation (44) will M > 1 M -1) lM I
be, k+2 -5+6 2 (k=5 +3)(2A-++1)
M2 -7 -1 M2-1 1
5/ o /1N (_1\Kpm-2k+2 _
WO:<S) Z)<n> CUM™n (i) ). ( 2-113 2 ) 2021 —1+3)
2 Eo\K/) 2k—2+1 L,
(55) MA=atS 1 M2-1 N M?
First-order solution: 2l — F11 2 2(2 - % +1)
Introducing the zeroth-order solution (55) into (47) and L,
solving for first order solution, we obtain, ( o1 MR- 1) H (59)
20 -1 2 '
2 1MTw w s1 1-n I+kp\g—2k—214+2-2 nt
1 n =\ =\ (-1 M n
wea(3) 20T e
n Kk=0l= Zk* n + 1
2k+21—244
(r AT 1) B (r2—a+3_1) 4.2.3 Average Velocity
(2k—L4+3)(2k+2—-2+4) 22 -1+3)
MZk—%+3(r2I—%+l ~1) Mz(rzlf%u —1) (56)Using equation (58) in equation (32), we obtain,
(k—i+3)2-1+1) 22-1+1) '
. ) . L s 1 kg 2kt 2 (M2k7%+3)
Thus perturbation solution correct up to first order is giveny, _ » <S) Z <n> (-1)"M n
by, 2) &\k) 2k—141 |(2k-143)(M2-1)
1 ) Kng— 2 2_
W= (S)n S (%>(_1) M (er*%H—l) Y AN I aYes
2 S \k) k-1 2] " n\2 kZOI;) k) \ I
S(S)n -1 < )(1 )(1)|+kM—2k—2|+ﬁ—2 (_1)|+kM72k72|+‘ﬁ172 1
_|_ —
n\2 Z)Z) 2k—+1 2k—1+1 (2k—1+3)(2k+2 —2+4)
(r2k+2|7ﬁ+4_1) (r2|7%+3_1) ( M2k+2—-2+6 _ 1 1)
— 2 A
(k—143)(2k+2—2+4) 2(2-143) (M2 — >(2'<+2' —57t6) 2
_1 1
M2 3+3(p2 -3+l _q) B M2 4 M2-3+3_1
T k—Ii3@-It) (2k— ﬁ+3)(2| —Iin\(M2-1)2-1+3)
n n
MZ(rZF%Jrl_l) 1) _ 1 M2-7+5_ 1
2@ i (| (57) 2) 2(2-1+3)\ (M2-1)(2 -1 +5)
" 1 MZ M2l—%+3 -1
here setting the perturbation parameter equal to zero in — ) + N -
(57), we retrieve the solution of the same problem with 2) 22A-5+1) \(M*-1)(2-7+3)
Power law fluid without MHD. 1
- 2) H | (59)
4.2.2 Volume Flow Rate
By making use of equation (57) in equation (30), we \n,__
obtain, B B
k-143 T
S\E e 1y Cofmeaed [(MERRo) N
QZZT[ - ; n 1 1 saa;- \.:“::-,: """"" =0
2) &\kJ 2k-1+1 2k—5+3 e N
oFPs ~ = -~ R P
2 20w 1N 1o - o <
SRR M) - T
2 n 2 k;l; k | 100 102 104 1 108 11

(_1)|+kM—2k—2|+%—2
2k—1+1

{ (2k—143)(2k+2—2+4)

Fig.3. Effect ofe on velocity profile for Newtonian MHD
fluid for lift in thin film flow, when S =0.7,M = 1.1.
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Fig.4. Effect ofM on velocity profile for Newtonian MHD
fluid for lift in thin film flow, whene =0.3,S = 0.7.
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Fig.5. Effect ofS on velocity profile for Newtonian MHD
fluid for lift in thin film flow, when& =0.3,M = 1.1.
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fluid for lift in thin film flow, when

£— 00055 = 25M — 1.1, Fig.10. The effect of on velocity profile for Newtonian

MHD fluid for drainage in thin film flow, when
S =29 M=11A
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Fig.7. Effect ofe on velocity profile for Power law MHD  Fig.11. The effect oM on velocity profile for Newtonian
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Fig.12. The effect 0§ on velocity profile for Newtonian
MHD fluid for drainage in thin film flow. when
e=03M=11.
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Fig.13. The effect oh on velocity profile for Power law
MHD fluid for drainage in thin film flow, when
€=0.0055 =25M=11.
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Fig.14. The effect of on velocity profile for Power law
MHD fluid for drainage in thin film flow, when
n=125=25M=11.
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Fig.15. The effect oM on velocity profile for Power law
MHD fluid for drainage in thin film flow, when
€=00055 =25n=12.

Fig.16. The effect 0§ on velocity profile for Power law
MHD fluid for drainage in thin film flow, when
€=0005n=12M=11.
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Fig.17. The effect of on flow rate for Newtonian MHD
fluid for drainage in thin film flow, wheig = 1.2
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Fig.18. The effect 0§ on flow rate for Newtonian MHD
fluid for drainage in thin film flow, wheg = 0.001.
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Fig.19. The effect of on flow rate for Power law MHD
fluid for drainage in thin film flow, when
§=12M=11.
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Fig.20. The effect ot on flow rate for Power law MHD
fluid for drainage in thin film flow, whelg = 1.2,n=1.1.
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Fig.21. The effect o on flow rate for Power law MHD
fluid for drainage in thin film flow, when
£=0.00L,n=15.
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Fig.22. The effect ot on flow rate for Power law MHD
fluid for lift in thin film flow, when§ =1.2,M = 1.1.

5 Results AND Discussion

The dependence of flow quantities under the value of

Power law indexn, magnetic parametes, parametetM

and Stokes’ numbe§ are observed physically through
figures (3) - (21). The variation of axial velocity for
n,e,M and § for both Newtonian and Power law MHD
fluid in case of lift is displayed in figures (3) - (9). In

figures (3) - (9), we observed that, with an increase in
n,e,M and §, velocity profile decreases. The difference

of n,e,M and$§ for drainage of fluid film in figure (10) -

parameter. Dissimilarity is also observed forE,M and

S for flow rate of Newtonian and Power law fluid in
figures (17) - (22), in which we observed that flow rate
increases for all significant parameters withoutd¢he

6 Concludung Remarks

We have presented results for the thin film flow field of a
fluid called the Power law MHD fluid, on a vertical

cylinder for lift and drainage problem. The resulting
nonlinear differential equation has been solved by
Perturbation method, which is affective and reliable
method for the proposed problem. The velocity profile,
flow rate and average velocity have been derived
analytically.
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