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Abstract: In order to optimize programs of three dimensional t-model nonlinear algebraic Hybrid Systems and eliminate system
states, approximate completed trace equivalence of three dimensional t-model nonlinear algebraic Hybrid Systems is proposed. Firstly,
the three dimensional t-model nonlinear algebraic program is used to describe the system continuous transition behavior. Then, the
approximate of three dimensional t-model nonlinear algebraic Hybrid System is established. Whether trace is approximate or not could
be decided through three dimensional t-model nonlinear algebraic Hybrid System trace approximate algorithm. Next, it put forward
the approximate completed trace equivalence of three dimensional t-model nonlinear algebraic Hybrid Systems. It can optimize three
dimensional t-model nonlinear algebraic program as well as reduce thenumber of system states. The experiment result shows that this
method is effective.
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1 Introduction

Hybrid systems [1,2,3,4] have both the characteristics of
continuous systems and discrete systems. They have the
continuous variables dynamic processes and discrete
event processes. For the experimental techniques and
methods are not perfect, the three dimensional t-model
nonlinear algebraic Hybrid Systems always have errors.
For the given permission precision, approximate analyse
between real three dimensional t-model nonlinear
algebraic Hybrid Systems and approximate three
dimensional t-model nonlinear algebraic Hybrid Systems
is very significant. In the traditional functional analysis
domain, equivalence relation establishes a standard
among different systems. Completed trace equivalence [5,
6] is a common equivalence relation. Completed trace
equivalence can reduce the number of system states. For
the three dimensional t-model nonlinear algebraic Hybrid
Systems, it does not have the corresponding approximate
completed trace equivalence theory. The approximate

completed trace equivalence of three dimensional t-model
nonlinear algebraic Hybrid Systems which is proposed in
this paper can optimize three dimensional t-model
nonlinear algebraic program as well as reduce the number
of system states.

The rest of this paper is organized as follows: In
section 2, three dimensional t-model nonlinear algebraic
Hybrid Systems are proposed. We also analyze the
transition of three dimensional t-model nonlinear
algebraic Hybrid Systems. In section 3, the approximate
of three dimensional t-model nonlinear algebraic Hybrid
Systems is established. Through three dimensional
t-model nonlinear algebraic Hybrid System trace
approximate algorithm, we decide whether two three
dimensional t-model nonlinear algebraic Hybrid Systems
is approximate or not. In section 4, approximate
completed trace equivalence of three dimensional t-model
nonlinear algebraic Hybrid System is put forward. It can
optimize three dimensional t-model nonlinear algebraic
program as well as reduce the number of system states. In
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section 5, above view is verified by the table tennis
motion system example. In section 6, we conclude the
paper.

2 Three Dimensional t-Model Nonlinear
Algebraic Hybrid Systems

Definition 1. (Three Dimensional t-Model Nonlinear
Algebraic Program) Let R be the set of real numbers,
xi ∈ R(i = 1,2,3) andx′i ∈ R(i = 1,2,3) be the variables,
t ∈ R be a time variable. A three dimensional t-model
nonlinear algebraic program is a algebraic program likes
X ′ = X + F(t) , where X = (x1,x2,x3) and
X ′ = (x′1,x

′
2,x

′
3) are the pre- and post- state values of the

three dimensional t-model nonlinear algebraic program
transition. Let F(t) = ( f1(t), f2(t), f3(t))T be a three
dimensional column vector, wherefi(t)(i = 1,2,3) is a
monadic polynomial and its constant term is zero. is
monotonous and at least includes a monadic polynomial
whose number of times is bigger than two.
Definition 2. (Three Dimensional t-Model Nonlinear
Algebraic Hybrid System) A three dimensional t-model
nonlinear algebraic Hybrid Systems is a tuple
H =< Q,V,HX , Init,Lab,E, Inv,F,R >, where

(1)Q is a set of system discrete locations.
(2)V = x1,x2,x3is a set of system continuous variables.
(3)HX is a set of system continuous variables values.
(4)Init ⊆ Q×HX is initial state set of system.Y0 is a

system initial state value set and a three dimensional
convex polyhedron.

(5)Lab is a set of discrete transition programs. A
discrete transition program is a homogeneous linear
algebraic programX ′ = AX or an inhomogeneous linear
algebraic programX ′ = AX +b .

(6) E ⊆ Q×Lab×Qis a set of discrete transitions.
(7)Inv is a set of continuous variables invariant set.
(8)F is a set of three dimensional t-model nonlinear

algebraic programs which describes system continuous
variables dynamic processes.

(9)R is a set of discrete location transition conditions.
The set of discrete location transition conditions is
composed by surfaces of invariant sets.
Definition 3.(Three Dimensional t-Model Nonlinear
Algebraic Hybrid System ?Transition) A states of three
dimensional t-model nonlinear algebraic Hybrid System
is a pair< q,HX >, whereq ∈ Q is a discrete location. A
state< q,HX > is said to be admissible ifX ∈ Inv(q)

Let→ C be the continuous transition, in the time
period [ti−1, ti], if there exists a three t-model nonlinear
algebraic program X ′ = X + F(t) ,
X1 = X(ti−1) = X0 + F(ti−1),
X2 = X(ti) = X0 +F(ti),∀t ∈ [ti−1, ti],X(t) ∈ Inv(q) ,then
(q,X1) → C(q,X2),where X0 is a initial state value of
current discrete location.

Let → D be the discrete transition, if
e =< q1, lab,q2 >∈ E and (X1,X2) ∈ R(e)) then

(q1,X1) → D(q2,X2), where R(e) is a set of discrete
location transition conditions and X2 = AX1or
X2 = AX1+b.

At the timet, the reachability value state set which is
from the initial state value setY0 is defined as

Rt(Y0) = {Xt |Xt = X(t,X0),∃X0Y0}.

In the time period[t0, t f ], the reachability state value
set which is from the initial state value setY0 is defined as

R[t0,t f ](Y0) =
⋃

t∈[t0,t f ]

Rt(Y0)

3 Approximate of Three Dimensional
t-Model Nonlinear Algebraic Hybrid Systems

At present, there does not exist flow pipeline accurate
calculation method. It has only flow pipeline approximate
calculation method [7,8]. If the convex initial state value
setY0 and time period[t0, t f ] are given, then it computes
the polyhedral over approximationR̂[t0,t f ](Y0) of

reachability stateR[t0,t f ](Y0). R̂[t0,t f ](Y0) can be expressed

as a polyhedron
⋂

i{X |cT
i X ≤ di} which is enclosed ofm

planoids.We can getR[t0,t f ](Y0) ⊆ R̂[t0,t f ](Y0) , where

(C,d) ∈ Rm×n × Rm , a row vectorcT
i (i = 1,2, ,m)of C

presents an outward unit normal vector of i-th planoid,d
presents the distance between this planoid and origin.

In the time period[tk−1, tk], the step of single stage flow
pipeline over approximate algorithm is as follows:

(1)The initial state value setY0 is a convex
polyhedron. It can get theh vertexes of convex
polyhedron. According to the three dimensional t-model
nonlinear algebraic program, it obtains the corresponding
vertexes at the timetk−1 and timetk of h initial vertexes.
These corresponding vertexes connect into a convex
polyhedron.

(2)An outward unit normal vector in the surfaces of
convex polyhedron is a row vector of matrixC. This is
the necessary condition for computing flow pipeline over
approximation.

(3)Under the premise of matrixC has been found,
using optimization method with constraint conditions can
calculate the convex polyhedron which has the smallest
volume.dmax

k = maxX cX satisfies the constranit condition
X ∈ R[tk−1,tk](Y0) can be written as
dmax

k = maxX0,tcX(t0,Y0) satisfies the constranit condition
X0 ∈ Y0 andt ∈ [tk−1, tk] .

The dmax
k and matrixC can be calculated by software

MATLAB [ 9,10].
In the time period [tk−1, tk], the step of three

dimensional over approximate flow pipelinêR[tk−1,tk](Y0)
volume algorithm is as follows:

(1)Let t0 = tk−1, t f = tk.
(2)In the time period[t0, t f ], if the h vertexes

v1(0),v2(0), ...,vh(0) of initial state value setY0 and the
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three dimensional t-model nonlinear algebraic program
which are in the current invariant set is given, then it
obtainsm corresponding vertexesv1(t0),v2(t0), ...,vh(t0)
at the time t0 and m corresponding vertexes
v1(t f ),v2(t f ), ...,vh(t f ) at the timet f .

(3)According to m corresponding vertexes
v1(t0),v2(t0), ...,vh(t0) at the timet0 andm corresponding
vertexesv1(t f ),v2(t f ), ...,vh(t f ) at the timet f ., the initial
three dimensional flow pipeline volumeVα in the time
period [t0, t f ] is computed by convex polyhedron volume
algorithm.

(4)The three dimensional over approximate flow
pipeline is obtained with the flow pipeline over
approximate algorithm, the three dimensional over
approximate flow pipeline volumeVβ in the time period
[t0, t f ] is computed by convex polyhedron volume
algorithm.

(5)For a given permission precisionσ , if Vβ/Vα < 1+
σ , then the over approximate flow pipeline volumeV β
is treated as three dimensional flow pipeline volume in the
time period[t0, t f ]. Otherwise it takes the center point

t0+t f
2

of [t0, t f ]. [t0,
t0+t f

2 ] and[
t0+t f

2 , t f ] are new time period.
(6)Each section over approximate flow pipeline

volume in the time period[tk−1, tk] adding together is
recorded asV L . V L is treated as over approximate flow
pipelineR̂[tk−1,tk](Y0) volume.

In the real life, the three dimensional t-model
nonlinear algebraic programX ′ = X + F(t) is obtained
after the measurement or calculation.F(t) often has
measurement errors or calculation errors. The real three
dimensional t-model nonlinear algebraic program which
we have to deal with isX ′ = X + [F(t) + δF(t)] . Next,
we will study the relation between real three dimensional
t-model nonlinear algebraic program and approximate
three dimensional t-model nonlinear algebraic
program.We do not study the approximate of discrete
transition programs. We start with initial state areaS0 of
three dimensional t-model nonlinear algebraic Hybrid
System to research approximate of three dimensional
t-model nonlinear algebraic Hybrid System.

Let Y0 be the initial state value set, in a transition
route, the system passes through in turn discrete locations
q0,q1, ...,qk. At the discrete locationq j(0 ≤ j ≤ k), the
real three dimensional t-model nonlinear algebraic
program isX ′ = X + [F(t) + δF(t)] , the approximate
three dimensional t-model nonlinear algebraic program is
X ′ = X + Fj(t)] , the real invariant set and approximate
invariant set isInv j. It is setting every passing timeT to
calculate flow pipeline. At theqi, flow pipeline
computation total time ish jT . Let discrete transition
program belabi(i = 1,2, ,k), real initial state value set in
qi beY ′

i , approximate initial state value set atqi beYi. Let
g = 1, ...,h j, in the time period[(g− 1)T,gT ] at theq j,
the real continuous transition programl′jgis

X ′ = X +[Fj(t)+δFj(t)−Fj(gT )−δFj(gT )]

the approximate continuous transition programl jg is
X ′ = X + [Fj(t)− Fj(gT )] . We use three dimensional
over approximate flow pipeline volume algorithm to
judge real trace and approximate trace whether
approximate or not. Before the system leaves theq j, all
discrete locations approxiamte flow pipeline volume sum
of real system is written asV ′

m, all discrete locations
approxiamte flow pipeline volume sum of approximate
system is written asVm. At the q j, the over approximate
flow pipeline volume of real system is written asV L′

j, the
over approximate flow pipeline volume of approximate
system is written asV L j.

The step of three dimensional t-model nonlinear
algebraic Hybrid System trace approximate algorithm is
as follows:

(1)LetV ′
0 = 0,V0 = 0,n = 0.

(2)It computes the initial state value setY ′
n of real

system and the initial state value setYn of approximate
system at the discrete locationqn. For the given
permission precisionσ , In the time period[(g−1)T,gT ],
over approximate flow pipeline volumeV L′

ng of real
system and over approximate flow pipeline volumeV Lng
of approximate system are calculated by three
dimensional over approximate flow pipeline volume
algorithm.

(3) V L′
n = V L′

n1 + V L′
n2 + ...V L′

nhn
,V Ln = V Ln1 + V Ln2 + ...V Lnhn . According to the
formula V ′

n+1 = V ′
n +V L′

nandVn+1 = Vn +V Ln , we can
get the new volume sumV ′

n+1 andVn+1.
(4) For the given permission precisionε, if

|
V ′

n+1
Vn+1

− 1| ≥ ε ,then the real trace and approximate trace
are not approximate, trace approximate computation is

stop. If|
V ′

n+1
Vn+1

−1|< ε , then the real trace and approximate
trace are approximate. At this moment, ifn = k, then
trace approximate computation is stop. Otherwise it
returns step (2) to calculate.

Theorem 1 .If all traces of two three dimensional t-model
nonlinear algebraic Hybrid Systems are approximate, then
two three dimensional t-model nonlinear algebraic Hybrid
Systems are approximate.

The approximate of three dimensional t-model
nonlinear algebraic Hybrid Systems not only can
optimize three dimensional t-model nonlinear algebraic
programs and be able to optimize three dimensional
t-model nonlinear algebraic programs and improve
computation speed of three dimensional t-model
nonlinear algebraic Hybrid System.

4 Approximate Completed Trace equivalence
of Three Dimensional t-Model Nonlinear
Algebraic Hybrid Systems

A completed trace of a three dimensional t-model
nonlinear algebraic Hybrid System is a sequence of
actions such thatS1 →

l1 S2 →
l2 ...→ln−1 Sn(n > 1) andsn
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cannot execute any action. Two three dimensional
t-model nonlinear algebraic Hybrid Systems are
completed trace equivalence if they are trace equivalence
and have the same completed traces.

Let H1 be a real three dimensional t-model nonlinear
algebraic Hybrid System, it obtains the approximate
systemH2 of H1 through above mentioned method. Next,
it obtains the completed trace equivalence systemH3 of
H2 through the completed trace equivalence theory.H1
andH3 are approximate completed trace equivalence.

Through above discussion, the approximate
completed trace equivalence of three dimensional t-model
nonlinear algebraic Hybrid Systems not only can
optimize three dimensional t-model nonlinear algebraic
programs and be able to optimize three dimensional
t-model nonlinear algebraic Hybrid Systems by reducing
the states of three dimensional t-model nonlinear
algebraic Hybrid Systems.

5 Experiments

Let x1,x2,x3 respective be horizontal position, relative
vertical position, vertical speed of table tennis.
X = (x1,x2,x3)

T expresses variables value of table tennis
motion system.
rs =< q,X , f , Inv >, ex =< e,r, lab >.The real table
tennis motion system is shown in Figure 5.1.

Figure 5.1. real table tennis motion system
The initial state value set of system isY0 = {(0≤ x1 ≤

0.1)∧ (23≤ x2 ≤ 24)∧ (0≤ x3 ≤ 0.1)}, labi(i = 1,2,4,6)

is X ′ = X , lab j( j = 3,5) is X ′ =





1
1
−0.8



X

real three dimensional t-model nonlinear algebraic

programsf ′1and f ′2 areX ′ = X +





3.01t
−3.01t
6.02t



 ,

f ′3 is X ′ = X +





3.01t
14.448t −3.01t2

6.02t



 ,

f ′4 and f ′6 areX ′ = X +





2.99t
−2.99t2

5.98t



 ,

f ′5 is X ′ = X +





2.99t
14.352−2.99t2

5.98t



 , invariant set

Invi(i = 1,2,4,6) is
{(0 ≤ x1 ≤ 13) ∧ (0 ≤ x2 ≤ 24) ∧ (0 ≤ x3 ≤ 19)},
invariant set Inv j( j = 3,5) is Invi(i = 1,2,4,6) is
{(0≤ x1 ≤ 13)∧ (0≤ x2 ≤ 24)∧ (−14.4≤ x3 ≤ 0)}, It is
setting every passing timeT = 1 to calculate flow
pipeline in all invariant sets. Compared to the real three
dimensional t-model nonlinear algebraic Hybrid System,
approximate system has the same conditions except for
the different three dimensional t-model nonlinear
algebraic programs. The approximate three dimensional
t-model nonlinear algebraic program

fi(i = 1,2,4,6) is X ′ = X +





3t
−3t2

6t



 ,

f j( j = 3,5) is X ′ = X +





3t
14.4−3t2

6t



 , Let the given

permission precisionσ = 0.05 and ε = 0.03, volume
value is accurate to six significant digits. Through three
dimensional t-model nonlinear algebraic Hybrid System
trace approximate algorithm, we get
V L′

1 = V L′
2 = 0.248251, V L′

4 = V L′
6 = 0.249963,

V L′
3 = 0.370508, V L′

5 = 0.373482,
V L1 = V L2 = V L4 = V L6 = 0.249072,

V L3 = V L5 = 0.372416, |
V L′i−V Li

V Li
| < ε , where

i = 1,2,3,4,5,6. The real three dimensional t-model
nonlinear algebraic Hybrid System and approximate three
dimensional t-model nonlinear algebraic Hybrid System
are approximate. The approximate system can replace the
real system to conduct the scientific research.

According to the approximate completed trace
equivalence theory, we can get the approximate
completed trace equivalence system of real table tennis
motion system which is shown in Figure 5.2.

Figure 5.2. approximate completed trace equivalence
system of real table tennis motion system

From above computation and analysis, we know that
the approximate completed trace equivalence of three
dimensional t-model nonlinear algebraic Hybrid Systems
can optimize three dimensional t-model nonlinear
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algebraic program as well as reduce the number of system
states.

6 Conclusion

In this paper, the approximate completed trace
equivalence of three dimensional t-model nonlinear
algebraic Hybrid Systems is proposed. Under certain
conditions, it can reduce coefficient bit of three
dimensional t-model nonlinear algebraic programs and
eliminate states of three dimensional t-model nonlinear
algebraic Hybrid Systems. In the future work, we will
study the approximate completed trace equivalence of
high dimensional t-model nonlinear algebraic Hybrid
Systems.
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