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Abstract: In this paper, we discuss a half inverse problem for the Sturm-Liouvilegaipr with Coulomb potential and show that if
q(x) is prescribed off, 1] then only one spectrum is sufficient to determine potential function q(fh@mwhole interval (07].
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1 Introduction were studied in[14 — 23, etc. However, for the

) ) ) Sturm-Liouville operator with Coulomb potential, half
The theory of inverse problems for differential operatorsjyerse problems have not been studied yet. The aim of
occupies an important position in the current developmentyis work is to solve half inverse problem for this

of the spectral theory of linear operators. INversegperator. This will give the extension of the well-known
problems of spectral analysis consist in the recovery ofegyit in [7].

operators from their spectral dafa— 6]. Half inverse Before giving the main results, we mention some
problem for a Sturm-Liouville operator consists in ppysical properties of the Sturm-Liouville operator with
reconstruction of this operator from its spectrum and halfcqyiomb potential. Learning about the motion of
of the potential. _ _ electrons moving under Coulomb potential is of
The first result on the half inverse problem is du_e to significance in quantum theory. Solving these types of
Hochstadt and L|ebermag7][ who proved that if  hoplems provides us to find energy levels not only
{An} = {/\n}, g=q,H=H,on (%,1)thenq =qgon hydrogen atom but also single valance electron atoms
(0,1). Later Hald B] showed that if the potential is known such as sodium. For hydrogen atom, Coulomb potential is
over half the interval and if one boundary condition is given byU = ==, wherer is the radius of the nucleus,
given then the potential and the other boundary conditionis electronic charge. According to this, we use time
are uniquely determined by the eigenvalues. The positiorflependent Scidinger equation;
of the discontinuity and the jump in the eigenfunction is
also uniquely determined. This is a generalized theorem aC R2 92C
by Hochstadt and Liebermar?][ In [9,10], Gesztesy, ih——=————
Simon and Malamud gave some new uniqueness results ot 2m Jx
in inverse spectral analysis with partial information oa th whereC is the wave functionh is Planck’s constant and
potential for scalar and matrix Sturm-Liouville equations mis the mass of electron. In this equation, if it is applied
respectively. Gesztesy and Simad® fhowed that more Fourier transform

+U(x,y,2)C, /R3 IC|?dxdydz = 1,

information on the potential can compensate for less _ 1~
information on the spectrum. In 2001, Sakhnovidi][ C= —/ e ACdt,
studied the existence of solution to the half inverse V2T )
problem. Recently half inverse problems for Sturm it will convert to energy equation dependent to situation as
Liouville operators have been studied extensiyéR; 13]. following;

Some versions of eigenvalue problems for the R2 PP ~
Sturm-Liouville equation with specified singularities omV C+UC=EC.
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Therefore, energy equation in the field with Coulomb
potential become as following;

P, (o @\~

If this hydrogen atom is substituted to other potential area
then energy equation become as following;

2

f
——?C+

&2 _
2 (E+r+q(x,y,z)>C=0

If we make the necessary transformation, then we can get

a Sturm-Liouville equation with Coulomb potential

' [ Ao y=hy

whereA is a parameter which corresponds to the energy

andA s real constani24, 25].
We consider the singular Sturm-Liouville problem

Ly=—y'+ { )}y Ay, (0<x<m), A =¥,
1)
with the boundary conditions
y(0) =0, (2)
y () —Hy(m) = ®3)

in which the functiong(x) € LY[0, 71, H is real constant

and &;) € C[0,m] . The operatorL is self adjoint on
L>(0,71) and with @), (3) boundary conditions has a
discrete spectrurfiA,}.

2 Main Results

Let us denote by

#(x,9) _S|nsx+/ M [A

T +q(t)} ¢ (t,s)dt
(4)

the solution of the equationl) satisfying the initial
conditions

¢(0,s) = 0 and@y(0,s) =,

where&f‘) €Clo, .

Eigenvalues of the problenil)-(3) are roots of the
(3). In [20] it is shown that these spectral characteristics
and and eigenfunctions satisfy the following asymptotic

expression, respectively:
o)

(6)

®)

1 A In(n+2)

2" 2n (n+ )

Co
(n+3)

Inn
n2

$1=VAn=n+

. 1 A In(n+ )x 1
X,An) = sin(n X —7con x (7
06 = sin(n= 3t o7 = i cosn ) (7)
Amsin(n+ 3)x  cogn+ %)XB(X)
4 (n+d) (n+13)
Acogn+ 3)x 1
—————==—In(n+ Z)X
2 (n+%) 2
Inn
¢{‘(x):(n+1)cos(n+1)x ;S|n(n+1)xln(n+;) (8)
+A—cos(n+—)x+sm(n+—)x[3(x)
A 1
+25|n(n+ )xln(n+2)
Inn
co(0),
where ¢ = 1(AMi—H+ADT L1 Tqt)dt),
B(X) = AM1 + 1 ¥qt)dt, My = M + S2 and
M = f SI Edf

Theorem 2.1. We consider the equatiori)(with the
boundary conditions?), (3). Let {A,} be the spectrum of
theL with conditions @), (3).

Considering a second operator

, A

=-y'+ | Ha|y=2Ay 9)
where isq(x) € LY[0,7 and q(x) = G(x) on [5,m].
Suppose that the spectrum bofwith the conditions 2),
(3) is also{An}. Thenq(x) = (x) almost everywhere on
(0, .
Proof. Before proving the theorem, we will mention some
results, which will be needed later. Weconsider the initial
value problems:

—y'+ Kw(@} y= Ay, (10)
y(0) =0, (11)

and

5 | ]y =y (12)
¥(0) = 0. (13)

It can be shown 70| that there exists a kernel
K(x,t) (K(x,t)) continuous on(0, i) x (0, 71) such that
by using the transformation operator every solution of
equations 10), (11) and (L2), (13) can be expressed in the

form:

y(X, /\)_sm\fx+/ (x,t) smftdtJrO(
(14)

eT X

VA
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YA) =sinvAx+ /0X K(xt)sinv/Atdt + O <\e/;) 7
(15)

respectively, where the kernel&(x,t) (K(x,t is

obtained from the solution of a certain Goursat problem

associated with the equation

92K (x,t)
ox?

2
PRXY Ay

a2t

- [ +a09| Kou =

subject to the boundary conditions

dK (x,X)
2= = A,
K (x,0) = 0,

wheret = ‘Imﬁ‘ . This problem can be solved by using

Riemann method26, 27|.
Using equationsl) and (L5), we find that

YO, )Y(X,A) = si? vVAx
oAl

+/ K (x,t) smftdt/ K (x,m) sinv/Amdm
. Jo

(16)
K (x,t) +K(x.t) smfxsm\ftdt

eTX
+o(%):
Extending the range d{(x,t), K (x,t) with respect to the
second argument, ie. K(x—-t) = K(xt),

K(x,—t) = K(x,t) and applying some straight forward
computation, we find that,

YOMT(XA) = % (LcosM x) 17)
+% OXK( &)cosA/AEdE
of%)

where

K(x,&) = 2 [K(xx—28) + K (xx—2) (18)

+2/_XX+26 K(x, 1)K (%, — 28)dr
+2 Z_ZEK(x7r)IZ(x7r+25)dr
Next, we define the function
W(A) =Y(LA) —Hy(r A). (19)

The zeros ofW (A) are the eigenvalues df or L
subject to conditions?), (3). The asymptotic results of
(7) and @) imply that y(x,A) and y(x,A) are entire
functions of order% and hencaN (A) is also an entire
function of order} of A.

If we multiply equation 10) by y(x,A ), equation 12)
by y(x,A) and then subtract them, we obtain, after
integration|0, 11}, we get

[y(X )\))/(X A) =YX A)Y (x.A

<[, @

Together with the initial conditions at zero and the
assumptior(x) = q(x) on on |7, 7], then it yields

)] | %o (20)

)Y, A)Y(x,A)dx =0

0= [ ) () ~Y(m ) ()] (21)
+/ X))y (% A) (%, A )dlx.
Denote
Q(X) =q(x) —a(x), (22)
and i
= [T ey A (@3)

From the properties of(x,A) andy(x,A) are considered,
the functionH (A) is an entire function. Fok = Ap, since
the first term of equatior2(l) is zero, hence

H(Ah) =0, neN. (24)
In addition, using 16) and @3) for 0 < x < T,

H(A)| <Be', (25)
where B is constant andr = Imﬁ‘ . By using the
asymptotic forms of{) and @), we obtain

1 1 Inn

W(A) = (n+ 2) cos(n+ 2) rH—O( . ) .
Now we define HO
bd ()\) = W’ (26)

which is entire function from the above argument and it
follows from asymptotic form ofV/(A ) and with equation
(25) that we have

v =o( 7).

for all |A|] enough large. Thus, from the Liouville’s
theorem, we obtain far al
WY(A)=0, (27)
or
H(A)=0. (28)

Further substituting equatiord?) into equation 23), we
have

= / 1 cos2/A. x) dx (29)
+/ {/(;Xr?(x,z)cosaﬁfds} dx
e (%)
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