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Abstract: In our article, we establish the definition of the Equiform Normal curves in Galilean space G*. To obtain the position vector
of an Equiform Normal curve in G*, we have to solve an integro-differential equation in i, where i, is the position function of a
space curve (o) in the direction of third vector V3 of the Galilean space. Special cases of Equiform Normal curvatures are discussed.

Finally, we prove that there is no equiform normal curve that is congruent to an Equiform Normal curve in G*.

Keywords: Normal Curves, Curvature, Galilean Space, Equiform Geometry, integro-differential equation.

1 Introduction

We consider a Galilean space as the limiting case of a
Pseudo-Euclidean space in which the isotropic cone
degenerates into a plane [1]. There are many concepts and
principles such as velocity, momentum, kinetic energy,
laws of motion, and conversation laws in classical physics
defined in Galilean space [1]. Besides, Galilean space has
an influential role in non-relativistic physics. More details
about Galilean space can be found in [2,3,4,5,6].

From the differential geometric point of view, the
study of normal curves in Galilean space has its interest.
Many researchers have derived many valuable and
interesting results on normal curves in Galilean space, see
[7,8].

Cayley-Klein space has an equiform geometry derived
when the angles between planes and lines are preserved by
the space’s similarity group [9].

In [10], equiform Darboux helices in Galilean space
G3, were defined and their explicit parameter equations
were obtained. In [11] 4-dimensional Galilean space G*,
an equiform differential geometry of curves was created.
They calculate the angle between the equiform Frenet
vectors and their derivatives. Also, in [12], the authors

introduced the Pseudo-Galilean space G; and study the
equiform differential geometry of curves in this space.

In section 3, we present a summary of Frenet
equations in equiform geometry in G*. In section 4,
firstly, in Galilean 4-space G*, the equiform normal
curve, and differentiate the equation of the position vector
of this curve are defined. Next, the nonhomogeneous
linear system of differential equations with variable
coefficients is obtained, and then we solve this system.
Secondly, with constant curvatures Ki, K> and K3. We got
the position vector of an equiform normal curve in G*.
Finally, the characterizations of equiform normal curves
in Galilean space G* is introduced.

2 Basic Concepts

In this section, we introduce some basic definitions that are
considered in this paper. For more basic concepts, see [4,5,
11,13]. Givena = (aj,a;,a3,a4) andb = (b1, by, b3,bs) be
two vectors in G*. Then the dot(scalar) product g between
the two vectors a and b in G* is defined by the following
relation

( b)_ albl,ifa17é00rb17é0,
8\,D) =13 arby +azb; +asbs, if a; = 0 and by = 0.
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Also, the norm of the vector a with coordinates
(a1,a2,a3,a4) is given by |a[ = /g(a,a).
For a given vectors X, y, z with the coordinates

(x1,x2,%3,%4), (¥1,¥2,¥3,¥4), (21,22,23,24), the cross
product is defined by the relation

0 € €3 €4
X1 X2 X3 X4
Y1Y2 Y3 Y4
71 2233 24

,ifx; Z0ory; £0orz; #0,

XXYXZ=
€1 €2 €3 ¢4
X1 X2 X3 X4
Y1 Y2 Y3 Y4
1 22 23 24

aifXIZYI :Z1:O7

where e; are the standard basis vectors. Suppose that
B:ICR— G*isacurve of C* defined in the Galilean
space G* such that

when the curve B is parametrized by the Galilean
arc-length s, it will be written in the form

B(s) = (s,v(s),w(s),r(s))-

Now, Frenet Serret vector fields of 3(s) is obtained by the
next formulas

T(s)=p'(s) = (1,V'(s )7W'(S) r'(s)),

N(s) = k.l(s T'(s) = 5'0 0,V g/ ),w”(s),”r”(s)),
Bi(s) = 5w (0 & (25 is(k:v())’%(k]r(s)))’
By(s) = 6T (s) x N(s) x By(s),

where the coefficient ¢ = =1, is chosen by the criterion
det(T (s),N(s),Bi(s),B2(s)) = 1. Here T(s), N(s), Bi(s)
and By (s) are the Tangent, the Normal, the First binormal,
and the Second binormal vectors of 3 (s).

Moreover, ki(s) and ky(s) are the first, and the second
curvatures, that defined by the following formulas

)= B"()|ge = /(0 )2+ (W () + (" ()2,

=|N'(s) 8(N'(s),N'(s))-

Also, the third curvature function of the curve 3 (s) is given

|G4 =

3 Frenet Equations in Equiform Geometry in
G4

Let y:1 C R — G* be a parametritized curve and s is the
arc length of 7, the equiform parameter (o) of the
parametrized curve y(s) will be defined by

ds
o= [ —,
P

p= %1 is called the radius of curvature for the curve ¥(s).
Suppose & is a homothety with center at the origin and
the coefficient A. If we take ¥ = h(y), then 5= As and
P = Ap, where 5 and p are the arc length parameter and
the radius of curvature of 7y respectively. Hence o is an
equiform invariant parameter of 7.

Let {V,V5,V3,V4} be an equiform invariant tetrahedron
of the curve 7. The first derivatives of such vectors with
respect to the euiform parameter ¢ are given by:

Vi =KiVi+Va,
Vo =KiVa+ K3 Vs, )
Vi = —-KVo +K1V3+ K3V,

Va = —K3V3+ K1 Vy,
where K| = p, K» = %, K3 = % are the Equiform
curvatures of the curve 7.
These formulas can be written in matrix form as follows:

. KK 1 00
;1 0 K1 K 0 “f
V2 =|0-Ky Ki K3 Vi 2
3
. —K3 K
Vi 0 o0 3 Kj Vi
The Equiform curvatures are defined as:
1 . .
Kl =2 < ‘/la‘/l >, 1= 172a3a47
p
1 ; 1 ;
K, = — < Vo, V3 >= —— < Vo, V3 >,
p p

1 . 1 .
Ki=— <W,Vi>=—— < V3, V4 >.
p? p?
or

o 58(Vi, Vi), i=1,2,3,4, for j =1,
! ﬁg(vj,VjH)=—p%g(Vij+1),f0rj=2,3-

by k3(s) = g(B)(s),B2(s)) and the Frenet equations in G*
are given by 4 Equiform Normal Curves in G*
T'(s) = ki (s)N(s),

Iry Definition 1. Suppose that y: 1 C R — G* is a
N'(s) = ka(s)B1(s), ) A

, parameterized curve in G*. If the orthogonal components
B (s) = —ka(s)N(s) +k3(s)Ba(s), of Vi (o) contains a fixed point for all ¢ € I, the curve ¥ is
B (s) = —k3(s)Bj(s). called an Equiform Normal curve.
© 2022 NSP
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For an equiform normal curve (o) in G*, the position
vector is defined by

v(0) = i (0)V2(0) + ma(0)Vs(0) + 3(0)Va(0), (3)

where u;(0), ux(o), and us(o) are differentiable
functions of ¢. Differentiating equation (3), we obtain

dy(o) dii
= KV, + K>V —V- — K>V + K V-
1o wi (KiVa+ K> 3)+d6 h+ 1 (—KoVo + K V3
duy dus
K —_ —-K K —_
+ 3V4)+dGV3+M3( 3V3+ 1V4)+dGV47
dy(o) din
= (Kip — Koo + 21y
Io (K1 2u2+dc) >(0)
diu
+(Kapr + Ko — K3z + o V3(0)
d
+(K3H2+K1H3+£)V4(G)

= a;(0)V2(0) + a2 (0)V3(0) + 03(0)V4(0),

where «;(0), (o) and o3(c) are differentiable
functions of ©.

Theorem 1. Let y(0) be an Equiform Normal curve in
G* with Equiform curvatures Ki,K and Ks. The position
vector of Y(0) is defined if K\,K, and K3 satisfy the the
following integro-differential equation in [,

% {/,lzexp </K](G)d6)}

+§.2 (KJ(G) /6: {KJ(Q)#z(Q)GXP (/K1 (G)de)] d@)

= COK3(G) —C1K2(G).

Proof. The system of differential equations that constitutes
the normal curvatures is given by

du

E_FKI(G)HI =K (o) +ai (o), “)
dp o
EJrKl(G)Nz—*Kz(G)N1+K3(0')N3+a2(G), )
dus
%Jrlﬁ(c’)ﬂf«s =—K;3(0) 2+ o3(0). (6)
The system (4)-(6) is a nonhomogeneous linear system
with variable coefficients. First, we solve the
corresponding homogeneous system, then obtain a

particular solution for the nonhomogeneous term. The
associated homogeneous system is given by

duy _

E—I—K](O')Iil = Kx(0) 2, O
d
L Ki(o = —Ka(o) T Ks(O)s,  (8)

dus

% +Ki(o)u3 = —K3(0) 2. ©9)
Our objective is to convert this system into one
differential equation in one unknown function. First, we
multiply the equations (7), (8) and (9) by the integrating
factor exp ([ K (0)do), then we have

% :Ml exp (/Kl(G)dG): = Ky(0) 1 exp (/K1(0)40>’

% _#zexp (/Kl(G)dO')_ = (K (o)1 +K3(0o)u3)

exp </K1(0)dc),

% :Hsexp ('/K1(c)dcr): —K3(0) Uz exp (./Kl((y)dg)_
(10

By adding the first and third equations of equation (10),
one gets

4w+ e ( [x <a>da)} = (Ka(0) ~ K(0) ) mexp ( [x (c)dc) -

13(0) = exp (— / Kl<a>da) (Co-‘r/a ’ [(kzw)—r@(e))uzw)

exp </K| (e)deﬂde) — (o), an

where, Cy is an integration constant. Form equation (11)
and the first equation of (10) into the second equation of
(10), then we have the following integro-differential
equation in Uy

% {Hzexp (/Kl(c)dﬁ)}

+]i2 (KJ(G)/U: {Kj(G)uz(G)eXp (/Kl (G)deﬂ de)

= Cok3(0) —C1K>(0). (12)
Next, we discuss some cases of equation (12).
First case

If the curvatures K, and K3 are considered to be
functions in o, while K| is constant and oy = 0. We study
the case when K>(0) = ¢° and K3(o) = €”°, where a,
bR and K| = k; € R. Let y(6) = up(0)ef1, then
equation (12) becomes

d o
£ +/ (ea(G—'rG) + eb<o+6)) ¥(0)d0 = Cye’® — C1e°.
0

(13)
By applying the operator ®(Dg) = (Dg — a)(Ds — b)
(where Dg = %), on equation (13), one gets

(Dg —(a+b)D2 + (ab +€**° 4 ¢**°)Dy

f((2bfa)e2b6+(Zafb)ezao))y:O, (14)

when a = b, the solution of equation (14) is given by

A 20\ 2e10
y(c):Cwos(fe >+Cgsin<\fe )
a a

2ac 0
ao
0.,0,—1/2)e )

A 3,1 (&
+C3 Gl73 (72512

© 2022 NSP
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1 2a0
where Gf’3 (e

8‘0 1 /2) is the Meijer G-function and

242
defined by [14]
m,n A1,A2 55 Qp s App ] 50050 p
GP-‘I (Z b1,ba,e...by bty ,a[,>

L
:%ﬁ q P <
( I1 <F<1—b,-—s>>> 11 r(aj—s>>

Jj=m+1

Jj=1

(ﬁr(101+3)> (ﬁ”%’ﬂ)

Second case

If K, and K3 are constants, while K; (o) is an arbitrary
function in o. By substituting into equation (12) and
differentiating both sides, we have

2

% [/,Lzexp (/KI (6)(!6)] + (K3 +K3) ([Jgexp </K1(G)dc>> =0. (15

Hence, the solution of equation (15) is given by

(o) =exp (7/1(1(6)0[6) (C‘l cos\/K22+K§6+C~‘zsin\/K22+K326) . (16)

Consequently, we can obtain the corresponding solutions

of u; (o) by integrating the first equation of system (10)
and p3(o) from equation (11). Hence we caculate the
solution of the homogeneous system (7)-(9). Based on the
variation of parameters, a particular solution of the
non-homogeneous system (4)-(6) is obtained.

Third case

When all the curvatures K, K>, and K3 are constants,
it is treated as in the second case considering K is a
constant. Then the solutions (o), t2(0), and pz(o) of
the homogeneous system (4)-(6) are given by

~-Kjo /. ~ =
%(Clsin,/K22+K326—Cgcos,/K22+K326+C3)
Ky +K3
(o) = e Kio (C‘l cos,/K22+K32<7+C‘zsin,/l<22+l<326) a7
w (o) = —Kye K > (Clsm,/KerK,c C20051/K2+K267—2C3>
K +K

(o) =

Corollary 1. Let y(0) be an Equiform Normal curve in

G* with non vanishing constant Equiform curvatures
K1, K>, and K3 for the homogeneous system (4)-(6). Then
the following statements are satisfied.

1-<v(0),Va(0) >=

) KzE—K]o'
p Cisiny/K? + K20 —Cycos /K2 + Ko+ G5 |,
/K3 +K3
2— < y(0),V5(0) >=

2e7K10 (cl cos\/K3 +Kio +Cosiny /K3 +Kjo )

3—<y(0),V3(0) >=

7[(33’K1f’ >
p? Cisiny/K3 +K}o — Cocmwl(z-o—l(zo——Cg
\VK3+K2

where Cy,C,, and C3 are constants.

Proof. Let y(o) be an Equiform Normal curve in G* with
non vanishing constant Equiform curvatures Ki, K5, and
K3. Then the Equiform curve y(o) can be written in the
following form

Kye K10 . -
y(o) = Cisiny/K? + K30 —Cycos /K3 + K30 +Cs | Va(
K3+ K3

+e’K"’<C‘1cosMKzerK_%O'JrC‘zsin K22+K20'>V3(G)

—Kze K19 o ~

+ 2 (Crsin K} + K30 — Crcos /K3 +K26——C;)V4
VK3 +K;

Taking the dot product of the both sides with
V»2(0),V3(0), and V4(0), we will obtain the result.

Theorem 2. Let y(0) be an Equiform Normal curve in G*
with non vanishing constant Equiform curvatures K1,K>,
and K3 for the homogeneous system (4)-(6). Then there
aren’t any curves that are congruent to Y(0).

Proof. Let us define (o) as

(o) =v(0) —m(o)V2(0) —p2(0)Vs(0) —us(G)V4((c15§).
By differentiate equation (18) with respect to ¢, we
will obtain the following result
{(0) = Vi(o) = i(0)Va(0) — m(o)Va(0)
ti2(0)V3(0) — u2(0)V3(0) — tiz(0)Va(o) — u3(o)Va(o).
By using quatlon (1), we have

~ |

{(o) = Vi(o) + [~Hi(o) — Kim(o) +
Ko12(0)|Va(0) + [—ti2(0) — Ko (o) — Kipx(o) +
K3pi3(0)|V3(0) + [~ H3(0) — K3pa(0) — K1 i3 (0)|Va(0).

Using equation (17) gives

2 2
VEKE+K;—1 )
| KiK3
K3\/ K3+ K3

i.e., {(0) not equal zero, whence {(o) is not a constant
vector. Thus, ¥(o) does not congruent to a Normal curve.

(o) =Vi(o)+ e K19¢3v5(0)
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