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Abstract: In this paper we present a recursive formula to find the degree ofetegndinant of a bivariate polynomial matrix. The
proposed algorithm returns the optimal estimation of the degree but hexy déavge computational cost. The recursive formula can
be represented as an assignment problem which is solved with the kamgesthod that has a very small computational cost. The
contribution of the proposed formula is to reduce the required interpolptions for theevaluation—interpolatiortechnique. That is,
we reduce the evaluations which are computations of determinants ogsénvtrices.
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1 Introduction We define the total degree matiixe N™™ where
The computation of a) the determinaii,[[2], [3], b) the dig ... dim

inverse f], [5], [6], [7], c) the generalized invers&][and D= | : .

d) the Drazin matrix 9] of a bivariate polynomial matrix

are some problems in control theory. We can solve dmi - dmm

numerically the above problems with the aim of the

bivariate polynomial interpolation. In particular, we use With dij = degla; j(x,y)] where deg] denotes the total
the techniqueevaluation—interpolation[10], [11], [12].  degree of polynomial. o

According to the evaluation—interpolationtechnique, S|Xm|larrlny,mwe define the degree matrix in terms xf
first, we must evaluate the values of the determinant o2 € N™*" where

the inverse matrix and in sequence interpolate at the dx ox

evaluate values. In the above procedure we have the L1 e Fim

critical problem to define the number of initial values D=
which is the number of interpolation points. The number

of initial values must be the minimum because the initial

values are determinants of inverse matrices. The numbejith &, = degaij(xy)] where deg|] denotes the
of interpolation points depends on the degree of thegreatest degree in terms of varialteand the degree
interpolating polynomial (determinant or element of matrix in terms ofy, DY € N™™ where

inverse matrix) 13], [14], [15. The optimal degree

X X
ml "’ dm,m

estimation of the determinant is the aim of this work. d{l di/m
Let a two variable polynomial matri&(x,y) € R[x,y]™™ o | - ’
where = y . y
.- d
a11(xy) ... am(xy) mio e
Axy) = S : with df; = deg [a j(xy)] where degl] denotes the
am1(%,y) -+ amm(X,y) greatest degree in terms of variabje For the above
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elements hold that The polynomial matrixA(x,y) has total degree matrix,
degree matrix in terms of and degree matrix in terms of
dij <d+d; <2-d y respectively,
_ 411
According to B], [8], [6], [ 7] the upper bound of degree of D—|743
the determinant of polynomial matrix(x,y) is 410
n =m-d whered = max {d;;} and
1<i,j<m - _
311
In this case we need D*= 1623
200
ng+2 ) .
Ny = ( n ) and
1 - -
210
interpolation points. Additionally, the upper bound of DV¥=1421
degree of the determinant of polynomial mat#igx,y) is 1210
no, where
Then,d =7,d*=6,d¥ =4 andm= 3 thus
m
— mi . nn=md=3.7=21
no mm{iz1 (lrpjzi)r%{degiau(x, )}}) ,

m ng =m-d*=18
> (lrpig)é{deqai,j (X,Y)}}) } and

=1
n=m-d =12
In this case we need -
Additionally, we have

. ny+2
2T nz m
ny = min < max {deda j(x)] ) ,
interpolation points. {,Zi lSJSm{ ol

With the same way we define m

max{deqai,uxn})} -
ng = (m-d?) whered”=_max {diz_j} J'Zl (1<'<m

1<l ]<m =min{4+7+4,7+4+3} =14
with ze {x,y} and

ng = min {é (lrg%{degz[a@,j (x,y)]}) ; = min{ii <lr£jag>§1{degx[aq,j(x,y)]}> :
i (fg@;n{degz[aa,j (x,y)]}) } E (lggﬁq{degx[eu,;(x,y)]ﬂ } =

=1
=min{3+6+2,6+2+3} =11
In these cases we need

and
N3 = (n§+1)- (M+1)

and y_ m -
Ny = T+ 1) () + 1) " m'”{i; (Jl‘&ﬁn{degf[mmx,y)]}) 7

interpolation points respectively. il
polation points respectively Z(max{deg,[a,j<x,y>1})}=

Example 1Let the polynomial matrix ! s
=min{2+4+2,44+24+1} =7
X3 — x2y? 2X+3y Bx+2
AXY) = |XC4+y—xy X2+ y? +2x3 -2y

x3 y 4

The numbers of interpolation points are presented in Table
1
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Table 1: The number of interpolation points for all cases
Nt No Nz Ny
253 120 247 96

where

DegDet(Dl_rl) = max{dz,z + d373, d372 + d273} =4
DegDet(D1 o) = max{dz1+d33,do3+d31} =7
DegDet(D1 3) = max{dy1+d32,dr2+d31} =8

Thus

2 Main propose DegDet(D) = max{4+4,1+7,1+8} =9

In the previous approaches, we compute the upper boundgstead tan = 21 andn, = 14.

of the total degree or the degrees in terms of variablas

y of the determinant respectively, as well as the number of

points which are required for each case. Then, we will2.1 Optimal computation of the degree
define a recursive formula for the computation of the

degree of the determinant. The construction of theThe disadvantage of the recursive formuld (s its

recursive formula is based on the corresponding recursivéomputational complexity which is oO(n!). For the
formula for the calculation of the determinant. computation ofDegDet we needn! combinations ofn

Let the polynomials (x,y) andg(x,y). We know that elements from each column and each row. These elements
must be from different rows and different columns. We
dedf(x,y)-g(x,y)] =dedf(x,y)]+dedg(x,y)] get the sums§ wherek = 1,...,n! of these combinations
and

and we compute the degree
ded f(x,y) +9(xy)] = max{deg f(xy)],dedg(x,y)|}
Therefore, this computation can be written as an

Moreover, the calculation of the determinant of the gssignment problem in linear programming. In particular,
polynomial matrix A(x,y) is based on operations of inq objective function is

multiplication and addition between the polynomials.
m
max z= (dij-%ij)
22

DegDet= max {&}
k=1,...,n!

3

Consequently, the respective operations in degrees of
polynomials is the sum of the degrees of polynomials

when the polynomials multiplied and the maximum

degree of polynomials when the polynomials added. subject to
Therefore, we apply the recursive formula for the m
calculation of the determinant on matrix by replacing

the multiplication with the operation of addition and the =1
adding with the maximum selection. This returns us theand
degree of polynomial matrid(x,y).

The above computational procedure is given by the

m
Zﬁjzl i=12....m
recursive formula i=

with x;j = {0,1} for all i, j.

The above assignment problem can be solved with the
Hungarian method or algorithm 1¢] which has
computational complexity oD(n®). [17] show that the
computational complexity is reduced @n?logn). The

max {d; j + DetDeg(D; j)} m> 2
DegDe(D) = ¢ 1<jsm >~ ’ Q)
max{dy 1+ d22,di2+0dz1} M=2

whereD; j € N(M-Dx(M-1) s a sub-matrix of matrixD
without thei row and thej column.
Example 2.et the total degree matrix of the Examgle
411
D=|743
410

Then

DegDet(D) = max{dy 1 + DegDet(D1 1),
di 2+ DegDet(D1 ) ,d1 3+ DegDet(D13) }

matrix D of the Example2 with the Hungarian method

will be
4 1 1| Hungarian [0 0 O

743 method 19019
410 001

In the last matrix 2 combinations of 3 independent zeros
exists which means the solutions of the problem is the
elements(3,1),(2,2),(1,3) or (2,1),(3,2),(1,3) and the
objective function is equal to

d31+0o+di3=9

or
dp1+d3p+di3=9
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Table 2: The degree of the determinant and the number of Refer ences

interpolation points for all cases
Ng N2 N
253 120

Ny
96

N5
55

Ne
48

247
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