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Abstract: The dual generalized order statistics or sometimes called lower generalized order statistics is a combined structure of
examining random variables in decreasing order. In this paper, some simple recurrence relations for single and product moments of
dual generalized order statistics from Fréchet-Weibull distribution have been derived and its special cases are discussed. The
characterization results are also presented based on the recurrence relations.
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1 Introduction

The Fréchet-Weibull distribution was introduced by [1] as a generalization of some of the commonly used distributions
for modeling lifetime data, such as the generalized new extended Weibull distribution, Lindley Weibull distribution, the
half-logistic generalized Weibull distribution and Weibull distribution. The tremendous application of Fréchet-Weibull
distribution has not been found in extreme values (earthquakes, floods,) but also in several areas such as quality control,
engineering, physics, and medicine.

The probability density function (pdf) of Fréchet-Weibull distribution is given in (1)

AN\

flx) = ayﬁlk"”xl‘”exp{—ﬁ"‘ (;) } , x>0, a,BAy>0 ey
where o,y and A,  are shape, scale parameters.
The cumulative density function (cdf) is given by

AN\
F(x)GXP{B“ <;) } x>0, af,A,7>0. 2)
We note that from (1) and (2)
xltay

F(x) = Wf(x)- 3)

[2] introduced and extensively studied the model of reversed ordered variables, popularly known as dual (lower)
generalized order statistics (dgos). This model unifies to study the properties of decreasing order variables, (from highest
to lowest life length arranged of an electric bulb). Lower record values and reversed order statistics are of main interest to
this technique.

The joint pdf of n dgos is given by

n—1 n—1
k (H w) <H[F(xi)]’”ff(xl-)> [F (xa) 1 f (xa), )
=

i=1
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In literature, the moments properties of some specific distribution based on dgos are investigated by several authors.
Notable references include, [3,4,5,6,7,8].

Characterization technique plays an essential role in statistics and probability distribution. Many characterization
techniques are available in the literature. One of them is recurrence relations. Several authors have characterized the
different distribution through different approaches based on dgos. For the detailed discussion see, [9,10,11,12,13,14].
In this article, the rest of the findings are outlined as follows. Relationship for moments of dgos for Fréchet-Weibull
distribution have been discussed in Section 2 and Section 3. Characterization results based on recurrence relations are
presented in Section 4. The conclusion is given in Section 5.

2 Single Moments

Here assume two cases:
Casely #v,,i# j,i,j=12,---,n—1.
In view of (4), pdf of the ' dgos is

p
fXd rrzmk( Cro lf Z ;TR <X <o, ©)
where .
r IZHyh
i=1
and .
a;(r) = . YiEY,1<i<r<n
l j(gzl(%‘—%) :
Casellmi=mj=m, i,j=1.2,---,n—1.

The pdf of the " dgos is

Fratnmiy (@) = 7 FEN T @g  F ()], —eo <x <o ©6)
where, ]
_ ; - —g X" m A —
Yi=k+(n—i)(m+1), hfn(x){l(;rgl( ) mf—l
and

g (x) = hy(x) = (1), x€[0,1).

Theorem 2.1. The single moments of 7" dgos (1 < r < n) for Fréchet-Weibull distribution is related as

LN )

E[Xé( i k)] = E[Xj d(rynank

i, d(rfl,n,rh,k)] - a},ﬁlxay%

Proof. [15] have shown that
BIE (Xa(rm k)]~ B Blr— Lnk} = ~Cooz [ €100 PP @)a

Let &(x) = x/. Then

EIX i)~ EXG 1 ppy) = —JCr2 / X/~ Z ai(r)[F (x)]dx.
In context of (3), we have
J J xl+ay
E[Xd(r,n,rh,k)] B E[X d(r—1,n mk —JjCr- 2/ X/~ Za {W] f(x)dx.
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After simplification posses (7).
This completes the proof of Theorem 2.1.

Corollary 2.1. Let m; = m; = m, then the single moments of Fréchet-Weibull distribution will be

j [ jroy ]

] _——
E[X d(r— l,n,m,k)] a/yﬁllay% d(r,n,mk)d"

d(r,n,m, k)] E[X]

Remark 2.1. The relation given in (7) reduces to relationship for order statistics as follows,

j i+oy
E[Xj E[ r{7r+l:n]

n7r+l:n] :E[X] ]

J
nor+2in ayBMLO‘V(nfrJrl)
atm=0and, k=1.

Remark 2.2. The relation given in (7) reduced to single moment of k”* lower record value as

—EX) - —L EX/™), atm=—1,andk> 1.

J
E[X L(r—1) ayﬁllayk L(r)

L(r)]

3 Product Moments

Casely #7,.
The joint pdf of the " and s""—~dgos is,

Do (FON | v | f&) )
Gy = (D) 555
fXd (rnik), X (sn,0.k) xy ll;rla <F(x)) l:Zla(r)[ ()C)] F(x) F(y) ®)
where ;
agr)(s): H . YiF Y, r+1<i<s<n.
i=re (6= %)
Case Il m; = m; = m.
The joint pdf of the " and s"* —dgos is,
CY 1 m r—1
fXd(r,n,m,k),Xd(s,rz,m,k) (x,y) = (}"7 1) (S* e 1) [F(x)] f(x)gm F(x) X
[ (F () = hn(F )P HF )P F (), —eo <y <x <o ©
Theorem 3.1. The product moment of 7" and s”"—dgos (1 < r < s < n,i, j > 0) for Fréchet-Weibull distribution are given
as
i J i J J
E[X d(r.n,mk) ’Xd(s n, i k)] E[X d(r.n,m.k) ’Xd(i'*lvnvrhak)] N W *
i i+2a
EXiemanty Xismim ) (10)

Proof. [15] have proved that
E[E{X (r,n,m,k), Xy (s,n,m,k)}] — E[E{ X (r,n,m,k), X (s — 1,n,7,k)}] =
— — Y a-r s y a; @d dx.
Cyz// 5,y”+l, ( )[Zl ]F(x)y (11)

Consider & (x,y) = &1 (x)&(y) = x'y/ in (11). In context of (3), we get

E[Xail(r,n,rh,k) ’Xé‘(s‘nm k)] - E[Xi(rn k) 7X(§(sf 1 .n.rh.k)] -
JCsl e ! Do (EOY Iy | L&) F0)
= e Lo () LZI“’“”FW ) POy
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which refers to (10).
Theorem 3.1 is proved.
Theorem 3.1 corresponds to Theorem 2.1 at i = 0.

Corollary 3.1. For m; = m; = m, product moments of Fréchet-Weibull distribution is given as

i J _ i J J i jray
E[Xall(r,n,m,k) ’Xd(s,n,m,k)] - E[Xall(r,n,m,k) ’Xd(sfl,n,m,k)] - ayﬁlxay%E[Xcli(r,n,m,k)v d(s,n,m,k)]

Remark 3.1. At m = 0,k = 1 in (10) result reduced for order statistic from Fréchet-Weibull distribution is given as

ij _ i,j J i,j+oy
E[Xn7r+l,n—s+l :n] - E[Xn—r+l ,nfs+2:n] B (X}/ﬁlkay(n — s+ 1))E[X"*r+l,n7sfl:n]
Remark 3.2. Letting m = —1,k > 1 in (10) result reduced for k" lower record values from Fréchet-Weibull distribution
is given as
ij o7 ij J i,j+oy
E[XL(r,s)] - E[XL(r,sfl)] o a,},ﬁlkaykE[XL(r,s) ]

4 Characterization

The following theorems contain, the characterization of Fréchet-Weibull distribution based on dgos.
Theorem 4.1. Let X be a continuous r.v. having cdf F(x) and pdf f(x). Suppose 0 < F(x) < 1, for all x > 0, then

j Byl R | jray
E[Xd(r,n,m,k)] E[Xd(rfl,n,m,k)] - a},ﬁl/’tay%E[Xd(r,n,m,k)] 12)
if and only if
AN
F(x):exp{—ﬁ“ (—) }, x>0, a,B,A,7y>0. (13)
X

Proof. From Theorem 2.1 necessary part follows with 7z = m. On the contrary, if the relation (12) is satisfied, then (12)
can be rearranging as
Cri(r—1)

Cr-1 /waj [F ()] gl F ()] f (x)dx — =Dy .

(r—1)!
sy W g Pl W

[ P12 F ) f)dx =

Gt [ @F() =DFEPM i G
e xf[F(x)]ngZ[F<x>]f<x>[F(x) % }dx— T
e g P s (14)
Let,
o) = L &) as)
Differentiating (15) both sides, we get
a2t i [ElF@] = DIFEI
) = [Pl 2Pl | 22 '
Thus
Crfl < ] Crfl “ i+o =1 r—
o ) = e e [ R ) g P W) e (6)
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Integrating LHS in (16) by parts and substituting the value of A(x),

- )
Ty O Pl ot P [T R P s

which reduces to,

o 1+o
e [ e Pl | T - 2 - (1)
Making use of the Miintz-Szdsz theorem (see [16]) to (17), we get.
xltay
F(x,o,B,A,7) = Wf(x)

which is (3) and this relationship holds between pdf and cdf of Fréchet-Weibull distribution.

Theorem 4.2. As stated in Theorem 4.1. Fix positive integers i and j. A necessary and sufficient condition for Fréchet-
Weibull distributed as follows

J EX} xitor . (18)

i J
E[X ( rrz,m,k)’Xd(sfl,n,m,k)] - W d(rn,mk)>d(s,n,m.k)

d r,n,m,k)’X](s n,m k)] E[Xl(

Proof. From Theorem 3.1, necessary part follows from with 77 = m. On the contrary if the relation (18) is satisfied, that is

/ J i jay
. =~ o gy it miy Xicmin )

E[Xcli( X ] - E[Xcli( d(s—1,n,m.k) -

rynm k) d(s,n,m.k) rn,mk)’

Now by [15], for & (x,y) = xiy/,

e [ g 0 PO — (PG (FO) e
JCs—1

7 (r—D!(s—r— 1)'05)/[37%0‘7
./o ./ox YITEYE ()] £ () gy [F ()] [ (F () = b (F ()] [F (0)]% £ (v)dydx

Y(F—ljcssl—r—l // Y EQ) £ (g TF ()] [ (F () = an (F ()] %
I+oa
[F ()] [f;g)) B aimyw] dydx =0, o

Concerning the extension of Miintz-Szdsz theorem to (19), we obtain

Fly)  y'"tor
fO)  ayprrer

y>0,a,B,A,y>0

and hence the result.
Theorem 4.2 reduces to Theorem 4.1 at i = 0.

5 Conclusion

In this study, moments properties of Fréchet-Weibull distribution have been derived based on dgos. Several deductions are
also discussed. The characterization results are presented. The outcomes of this article might be of use for researchers in
reversed ordered random variables and applied sciences (industrial).
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