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Abstract: In this paper, we present a new definition for the generalization of first and second kinds of higher-order Changhee numbers
and polynomials. Furthermore, some new results are derived for these generalizations. Moreover, some interesting special cases are
deduced of these Changhee numbers and polynomials.
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1 Introduction

The first kind usual and singles Stirling numbers, s(m, r) and s (m, r), respectively, are defined by

m
(xX)m = Z s(m,r)x",  s(m,0) = 8,0, and s(m,r) =0, for r > m, (D
r=0
m
(X)m = Z si(m,r)x",  s1(m,0) = 8,0, and s1(m,r) =0, for r > m, )
r=0

where, (x),, = [T (x — i), () =17 (x+i) and m € Z > 0.
The numbers s(m, r) satisfy
s(m+1,r)=s(m,r—1) —ms(m,r). 3)

The generalized first and second kinds of Comtet numbers, sg (m, ¢;7) and Sg(m, ¢;F), respectively, are defined by (see

(1D,

m
(x;0,F) = Z sa(m, 0;F)x’, (@)
/=0
and .
X" =Y Sa(m,t:F)(x;0,F)y, (5)
=0
where (x;@,F), = [T/, (x — 0)"0, @ = (g, 01, -+, Oy—1) and F = (0,71, -+ 1)

By the generating function, the Changhee polynomials can be defined as follows, [2,3,4,5,6,7,8,9],
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Setting x = 0, into (6), the Changhee numbers, Ch,,, are obtained. Also,

/ (x)mdp—1 (x) = Chy,. 7

Zp
For k € Nand m € Z > 0, the first kind Changhee numbers of higher order, Chg,lf), are defined by Kim [2], as follows
e = [ e [t xddia ()duos () doa (). ®)
P

The generating function of Chﬁ,]f) are given by

7\ K
Zc;,m - (ZH) | ©)
The first kind of Changhee polynomials of order &, Chﬁ,]f) (x), are defined as
Chm / / /Z Xt x4+ X+ X)mdp_ g (x1)dp_y(x2) - - dp—y (xg). (10
The Euler polynomials, E,(,{() (x), of or order k are defined as, [2,9,10,11],

2 Y o ¥ (1)
e +1 ¢ _m:() m

Setting x = 0 into (11), the Euler numbers, E,(nk)

, of order k can be obtained.

The following relations are proved by Kim [4],

) @) = Y stm DL (1), "
i=0
and -
E)(x) = Y S(m,)Ch{" (x). "
i=0

The numbers Ch,(,/f ) satisfy the following explicit formula

chi¥) = <—%> is(m,i)(k—i—m— 1)’ (14)
=0

2 Multiparameter Changhee Numbers of the First Kind

(k)

In this section, the new definitions for the first kind of multiparameter Changhee numbers with order k, Chm ap are
introduced. Some new results are derived; also some special cases are established as follows.
Definition 2.1. Form € Z and k € N, éhi:)ar are defined by
v () . . . m—1
Chygr= / / / [T Geixa e — o) dp (x1)d 1 (x2) - - dp—y (xi), (15)
: JLpJLp  JLp g
where & = ((X{),al,"' 7am71)7 r= (r07r17"' 7rm71)'
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Theorem 2.1. For m € Z and k € N, the numbers ¢t satisfy

ma

r

n nk
Z (m,n;7) Y - Y T]S(n,4i)Chy,. (16)
14

=0 £=0i=0

Q

Proof. From Eq. (15), we have

o / / / am,F) (x12 ) gy (0 ) g (32) -+ ()

Zp =0

:r;)sa(m,n;i*)/z( )" dllLl(xl)'~-/ (%) d i1 (x¢)

P P

7| [ n . n .
= ZSa(m,n;i‘) Z S(I’l,fl)/ (x1)g]du,1(x1)... Z S(n,fk)/ (xk)gkd[i1(xk)‘|
n=0 | /1=0 JZp 6=0 JZp
|| [ n n
= Z s (m,n;F) Z S(I’l,fl)Ch[] Z S(n,fk)Chgk
n=0 = (=0
|| [(n n n
=Y sa(mmr) | ), Y ) S(n0)S(n,l2) - S(n, Ge)Chy, -~ Chy, | (17)
n=0 _[]:OZZ:O Zk:()

then Eq. (16) is obtained.

The relationship of Cv‘hif;)aj in terms of the second kind multiparameter of non-central Stirling numbers and Stirling
numbers is given in following' theorem, see [5,6,7,12].

Theorem 2.2. The numbers Chfn)d - satisfy the relation

y I " S AN N2
CHar= Y salmmr) ¥ ¥ [T s
= ! i+ 1
Proof. Substituting from Eq. (15) into (16), we obtain (18).

Remark 2.1.
k(= 14618 (n, 4;)

m—1 n n
/ / / [T G2 — )" dpay (1) dpr (x2) - dpt1 () Zsa mniF) ) - ZH 1
i=0 V4 1

1 =0 fk:() i=0
19)
Definition 2.2. The first kind of multiparameter Changhee polynomials, Chfn)a (x) of order k are defined by
( m—1
m(x é / /Z H X1X2 * ka7(Xi)rid[.l,](X])d[.L,I(xZ)“'d[.L,I(xk). (20)
P P i=

2.1 Some special cases

In this subsection, some special cases of the first kind of multiparameter Changhee polynomials and numbers are
obtained from new generalized families.

Case 1: (i) Setting r; = r and o; = i in Eq. (20), we have

T / / / ﬁxnxz xpx — ) d iy (xp )d iy (x2) -+ d iy (xp)
= /Zp éﬁ"'/Z:p(xlxz'"xkx)mrdﬂ—](xl)dﬂ—](xz)"'d”—l(xk)-
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The higher-order Changhee polynomials can be obtained by replacing mr by m, which defined by Kim, see [4].
(ii) Setting r; = r and o; = i in Eq. (15), we obtain
> (k
Chf,,;),;; = / / / X1X2 X )mr dp—1 (x1)d 1 (x2) - - dp—1 (xz).
’ Zp Zp
Replacing mr by m, the higher-order Changhee numbers are obtained.

Case 2: (i) Setting r; = r and o; = o in Eq. (20), we obtain

C‘hﬁ,ﬁ)a,r(x):/z ./% /Z (x1x2 - — )™ dp_1 (x1)dp_1(x2) - -du_1(xz)
:/Z /Z /Z fS(mr,E)(xlxz...xkxf(x)gd/,t,l(x])du,l(xz)...dﬂil(xk)
PP P (=0
:iS(m;;g)/l / .--./%Ij(xlx2"'xkx_O‘)Zd”fl(xl)dﬂfl(xz)"'d[,Ll(xk)

= i" S(mr, O)Ch) (x). @1

(ii) Setting r; = r and o; =  in Eq. (15), we obtain

Cifflar = [ [ [ o= o0 oy () dps (x0) it ()
z,Jz, Jz,

mr

= Z S(mr, E)Cv’hé%. (22)
=0

At o; = 01n Eq. (21), we obtain

mr

Chlh () = Y. Stmr, 0)Ch (x).
(=0

At o; = 01in Eq. (22), we obtain

mr

cnt ZsmreCh”

mOr

Case 3: (i) Setting r; = 1 and o; = o in Eq. (20), we obtain
m
. (k
Chity 1 (0) = Y S(m, ) (v).
/=0

(ii) Setting r; = 1 and o; = ¢ in Eq. (15), we obtain

%, (k) - %, (k)

Chypigy 1 = Y S(m, )Chy .
/=0

(iii) Setting r; =1 and o = 1 in Eq. (20), we obtain

mll // / XX xx — 1) d iy (xn)d e (x2) -+ d - (i)

—ZSmeh&B()

@iv) Setting r; = 1 and o; = 1 in Eq. (15), we obtain
éhﬁr];;)l,l = / /Z . / (xle e X — 1)mdu,1(x1)du,1(x2) e -d[ifl(xk)

=Y S(m,0)Ch).
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Case 4: (i) Setting r; = 1 and ¢; = 0 in Eq. (20), we obtain
mO 1 (x / / / xp xx) " d ey (e )d ey (x2) - dpog (xk)
= Z S(m,0)Ch (x).
(=0

(i1) Setting r; = 1 and o; = 0 in Eq. (15), we obtain

v

Chih, = f S(m,0)Ch®.
=0
Case 5: (i) Setting r; = 1 and o; = i, in Eq. (20), we get
m, 1 ( / / / nﬁ (1 -+ o0px — ) dpy (xn)d 1 (x2) -+ d 1 ()
= /ZP/ZP'"/ZP(XIXZ'"xkx)mdﬂfl(xl)dﬂfl(xﬁ"'dﬂfl(xk)

= (), @3)
chP (x), which defined by Kim see [4], is obtained.
(i1) Setting r; = 1 and o4 = i, in Eq. (15),

m—1
éhf:;)i,l :/ /me/zp g(xlxz'--Xk*i)dﬂfl(xl)dufl(xz)~~d[.t,](xk)
—/ / /Z (x1x2 - X)) mdp—y (x1)dp_y (x2) - --dp—y (x)

Chm>, (24)
the numbers ChS,,) , 1s obtained, see [4].

Case 6: Setting x| x; - - -x; = x in Eq. (15), we have

Chiar = ; (x—00)(x— o)™ -+ (x— Q1) ™ du 1 (x). (25)
v E=p

Corollary 2.1. Form € 7Z, Cv‘hm;a’; satisfy the following relation
Chmar =Y S(m,i;a,7)Ch;. (26)

Proof. Eq. (26) can be obtained, when setting xx; - - - x; = x in Eq. (16).
Corollary 2.2. Form € 7Z,

Chmar=Y sa(m,(;7)E;. (27)

Proof. From Eq. (12) and Eq. (26), we obtain Eq. (27).

Case 7: Setting r; = 1 in Eq. (25), we obtain

Cha = /Z (= 00) (x— 1) -~ (x— G ) d i1 (x), (28)

P
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which define Cv‘hm;a by generalized Changhee numbers of the first kind.

Corollary 2.3. The numbers Cv‘hm;a satisfy the following relation

m
Chua =Y S(m,i:@)Ch;. (29)

Proof. Let r; = 1 in Eq. (26), we obtain Eq. (29).

Case 8: Setting -pr . fzp = f(fl . .f(f" in (15), the first kind of the multiparameter Poly-Cauchy numbers is obtained.

4y fkm 1
di / / xle xkfoc,) “dxy - dxy, (30)

3 Multiparameter Chaghee Numbers of the Second Kind

, , . , , =0 .
In this section, new definition of the second kind of multiparameter Chaghee numbers, Ch,,.q;, are introduced.
Furthermore, some special cases are established.

=)
Definition 3.1. Form € Z and k € N, Ch,,,. 3, are defined as

Q<

m—1
af // /ZH_x1x2 X —06) T du_y (x1)dp_y(x2) - dp—q (xg). (31)

P 1=

Theorem 3.1. Form € Z and k € N,

n k
=Y [I8(.e)Chy, (32)
k=01

where L(n,m) is the Lah numbers, see [13].

Proof. From Eq. (31) we have
(K o I
Cvar=[ [ ], Z s, F) (=5 o () (32) - (1)

= / /Z / (m,n;F ZL nym)(x1xz -+ xg)edp—y (x1)dp—y (x2) -~ dp—y (xg). (33)

Zp p= 0

Substituting from Eq. (16) into (33), we obtain (32).

(k)
Definition 3.2. The multiparameter higher order Changhee polynomials, Ch

mar’

are defined by

m—1
Pz 7 (X // /H X1y ek — 0G)" d g (xy)d -y (x2) - d - (xe). (34)

3.1 Some special cases

Some special cases of the second kind of multiparameter Changhee polynomials and numbers can be obtained from new
generalized families.
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Case 1: (i) Setting r; = r and o; = i in Eq. (34), we have
P / / / H —x1xp X — ) d oy (xn )d o1 (x2) - - d e (%)
:/ / / (=122 g X) e d iy (1 )d P (2) -+ d iy ().
7, )7, Zp

The Changhee polynomials of order k which defined by Kim [4] can be obtained by replacing mr by m in above relation.

(i) Setting r; = r and o; = i in Eq. (31), we obtain

[y // / —x1 X2 X )mr A1 (x1)dp_y (x2) - - d g (xg).

Replacing mr by m, the higher-order Changhee numbers are obtained.

Case 2: (i) Setting r; = r and o; = o in Eq. (34), we obtain
—~(k)

v

Chm;a,r(x):/ / / (—xpg - xex — o)™ dpy (x)d -y (x2) - d -y ()
—/ / / mrﬂ xlxz---xkx—(X)[du,l(xl)du,l(xz)---du,l(xk)
Zp =0

= %‘S mrﬁ / / é (7)C]X2~~~ka7(X)gd[.l,](X])d[.L,I()Cz)“-d[.L,I(xk)

mr ( )

=Y S(mr,0) )Chy (). (35)
=0

(ii) Setting ri =rand o; = o in Eq. (31), we obtain

G, = / / [ (e — ) e ()i () dia ()
Z,, Z,

(k)
= Zs (mr,0)Chy . (36)

At o = 0,r; = r in Eq. (35), we obtain
( )
Chmor ZS (mr,0)Ch; (x).
At o = 0,r; = r in Eq. (36), we obtain
=~ (k)

—~(k)
Chyyo, = Zs (mr,0)Ch, .
=0

Case 3: (i) Setting r; = 1 and o; = o in Eq. (35), we obtain
—~(k) —~(k)
Chmocl ZSmehga()
=0
(i1) Setting r; = 1 and o; = « in Eq. (36), we obtain
—~(k) —~(k)
Chypgyy = Zs m, 0)Chy .

(iii) Setting ri=1and o; = 1 in Eq. (35), we obtain

mll / / / —xixp - — 1) d g (x)dp- (x2) - - d -y ()
z,, z, Jz,

(k)
fZSmKCh“()
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(@iv) Setting r; = 1 and o; = 1 in Eq. (36), we obtain

—~(k)
Chm;l‘l :/ / / (*XIXZ"'X/(*1)md,u,|(xl)dﬂfl(xz)"'dﬂfl(xk)
’ Z, )7, Zp

n <~(k)
=Y S(m,)Chy,.
(=0 '

Case 4: (i) Setting r; = 1 and ¢; = 0 in Eq. (35), we obtain
—~(k)

ChmOl / / / X1X2 * xkx) d[,L 1(x1)du 1(X2) du 1(xk)
< ( )
= ZS(m,E)ChZ (x).
=0
(ii) Setting r; = 1 and o; = 0 in Eq. (36), we get
—~(k) n (k)
Chyor = Y. S(m.0)Chy .
(=0

Case 5: (i) Setting r; = 1 and o; =7 in Eq. (35), we have

mzl / / / (=x1og - oxex — ) dp—y (x1 )dp—y (x2) - - d p—y (xk )

= / /Z / (—x1x2 XX )md oy () dp-y (x2) - d i (xg)
(k)
the Changhee polynomials which defined by Kim [4] are obtained.

(i) Setting r; = 1 and o; =i in Eq. (31), we have
—(k) . - m—1
Chyiy = / / / [T (—xix2xme—i)dp— (xr)dp— (x2) -+~ die—y (x)
2, )z, 0
= / / / —X1X0 - X )md iy (x1)d 1 (x2) - - -dprq (xg)

m

the second kind of Changhee numbers with order k are obtained, see [4].

Case 6: Setting —xx2 - --x;, = —x, in Eq. (31),

o~

P

Corollary 3.1. For m € Z, C’hm;a,; satisfy that

—

i = Z G;F)Chy.
Case 7: Setting r; = 1 in Eq. (38), we obtain

Cla = [ (== 00) (== @)+ (=x = ap1) dp1 ).

P

Corollary 3.2. For m € Z, Ch,.4, then
m
Chua =Y (—1)'Sa(m,i)Ch;.

Chuar = [ (—x= 00)O (e )t (= )™ i1 ().

(37)

(38)

(39)

(40)
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Case 8: Setting _pr _pr e fZ,, = (f r (fz e (fk in (31), the second kind of the multiparameter Poly-Cauchy numbers are
obtained as

{1 by £ m—1
6,(:;12,;:/0 /0 /0 H(_XIXZ"'xk_ai)ridxldXZ"'dxb (41)
=0

4 Conclusion

In this article, new definition for the first and second kinds of generalization multiparameters Changhee numbers and
polynomials are investigated. Some new results are derived for these families of polynomials and numbers. A connection
between these families and other numbers and polynomials are given. Furthermore, Some important cases were addressed
in this study.

Acknowledgement

The authors are grateful for the anonymous referee for the careful checking of the details and for the helpful comments
that improved this paper.

Conflicts of Interest

The authors declare that there is no conflict of interest regarding the publication of this article.

References

[1] A. Comtet, Advanced Combinatorics, Reidel, Dordrecht, (1974).

[2] B.S. El-Desouky and N.P. Caki¢, Generalized higher order Stirling numbers, Math. and Comput. Model., 54, 2848-2857 (2011).

[3] B.S. El-Desouky, N.P. Caki¢ and T. Mansour, Modified approach to generalized Stirling numbers via differential operators, Appl.
Math. Lett., 23, 115-120 (2010).

[4] B.S. El-Desouky and A. Mustafa, New results and matrix representation for Dachee and Bernoulli numbers and polynomials, Appl.
Math. Sci., 9(73), 3593-3610 (2015).

[5] B.S. El-Desouky and A. Mustafa, New results on higher-order Daehee and Bernoulli numbers and polynomials, Adv. in Differ. Eq.,
2016, 2016:32 (2016).

[6] H.W. Gould, Explicit formulas for Bernoulli numbers, Amer. Math. Monthly, 79, 44-51 (1972).

[7]1 D.S. Kim, T. Kim, S.-H. Lee and J.-J. Seo, Higher-order Daehee numbers and polynomials, Int. J. Math. Anal. (HIKARI Ltd), 8(6),
273-283 (2014).

[8]1 D.S. Kim, T. Kim, S.-H. Lee and J.-J. Seo, A Note on the lambda Daehee polynomials, Int. J. Math. Anal. (HIKARI Ltd), 7(62),
3069-3080 (2013).

[9] D.S. Kim, T. Kim, S.-H. Lee and J.-J. Seo, A Note on twisted-Daehee polynomials, Appl. Math. Sci. (HIKARI Ltd), 7(141), 7005—
7014 (2013).

[10] L. Carlitz, A note on Bernoulli and Euler polynomials of the second kind, Scripta Math., 25, 323-330 (1961).

[11] D.V. Dolgy, T. Kim, B. Lee, and S. -H. Lee, Some new identities on the twisted Bernoulli and Euler polynomials, J. Comput. Anal.
Appl., 14(3), 441-451 (2013).

[12] B.S. El-Desouky, The multiparameter non-central Stirling numbers, Fibonacci Quart., 32(3), 218-225 (1994).

[13] C. Wagner, Generalized Stirling and Lah numbers, Discrete Math., 160, 199-218 (1996).

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Multiparameter Changhee Numbers of the First Kind
	Multiparameter Chaghee Numbers of the Second Kind
	Conclusion

