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Abstract: The purpose of this paper is to introduce study and analyze a new stochastic order that lies in the framework of
the discrete mean residual life and the convexity orders. Several preservation properties of the new order under reliability
operations of monotone transformation, mixture, weighted distributions and shock models are discussed. In addition, two
characterization properties of the new order based on the concept of discrete residual life at random time and the concept of
excess lifetime in discrete renewal processes are given. Finally, we introduce some new applications of this order in the
context of reliability theory.
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1 Preliminaries

In this section we introduce the topic considered in this paper, motivations, definitions and relevant facts.
Stochastic ordering is a fundamental guide for decision making under uncertainty. Two well-known stochastic orders that
have been introduced and studied in reliability theory are the discrete hazard rate (D-HR) order and the discrete mean
residual life (D-MRL) order, whose definitions are recalled here.

Let X and Y be two random variables having distribution functions F and G, respectively, and denote by F (f) and
G (g) their respective survival (density) functions.

The lifetime random variable X is said to be smaller than Y

a) inthe d-HR order (denoted as X <p_yr Y ) if G(k)/F(K) is non-decreasing in k € {1, 2,3,..}.

b) in d-MRL order (denoted as X <p_yprry Y) if

Yok G

T @) is non-decreasing in k € {1,2,3, ... }.

Recently, another stochastic ordering has evolved in reliability and life testing problems [1]. To the best of our
knowledge this article introduces a discrete analog to this interesting concept. We begin with some terminology.
The lifetime random variable X is said to be smaller than Y in the discrete combination convexity order (denoted
as X SD—CCX Y) if
e UG (u
Zzo_k—() is non — decreasingink forallk = 0,1,2, ...
e UF ()
For the non-negative random variable X with 4 = E(X) < oo, the random variable X is called the equilibrium version
associated with X with survival function (cf. [2],[3] and [4]). A discrete analog is defined by

_ =
Fa(t) = ;Z F(u) forallk = 0,1,2, ...
u=k

It is not hard to prove that the MRL order can be characterized in terms of the D-HR order as given below
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X<purn YOS X<p_mr ¥, (1.1)
By mimicking the result in [5].
Let X have the density function f and let w be a non-negative function such that

E(w(X)) < oo.
Then, in accordance with [6], define a random variable X,, with density

w(x)f (%)

_— for all x € R*.
E(w(X))

fw(x) =

The random variable X, is the weighted version of X with weight function w. A special case of interest arises when
the weight function is of the form w(x) = x¢, for some a > 0. Such distributions are known as size-biased distributions
of order @. The most common cases of size-biased distributions occur when ¢ = 1or 2. These special cases are termed as
length and area-biased, respectively. Suppose that (X),, be the weighted versions of X, with weight function w, Then, the
density functions of (X),, is given by ([7],[8],[9],[10]).

w(t)F(t)
Yoo WWF (u)

Similarly define (Y),, and @), (). To compare X,, and Y, with respect to the D-HR order, we have (X)W <p_HRr (?)W if,
and only if

fn @) =

Yok WX)F (x) < Yk w(x)G (%)
F(k) - G (k)

,forallk 0,1,2, ... (1.2)

For weighted random variables X, and Y,, associated with X and Y, with an increasing weight function w, an
analogous result to Theorem 9(a) in [11] states that X <p_yg Y implies X,, <p_yr Y,y Here, if we assume that w is an
increasing weight function, then

X<p-mr V= (X)W <p_HR (Y)W (1.3)

In order to compare two lifetime variables based on the D-HR of the length-biased versions of their equilibrium
distributions we consider the increasing weight function w(x) = x. In view of (1.1) and (1.3) if X <p_pg. Y then
()? )W <p_HR (Y)W when w(x) = x. So, the D-HR order of length-biased versions of Xand Y is a weaker order than the
original D-MRL order. Motivated by this, we propose the following stochastic order.

Definition 1.1

The lifetime random variable X is said to be smaller than the lifetime variable Y in the combination discrete mean residual
life order (denoted by X <p_cyr. Y ) if.

Y=k xF (x) < Y=k xG(x)

L < Zxzk Sforallk = 0,1,2, ...
F(k) Gy e

As demonstrated in Theorem 2.1. (iii) of Section 2 below, the combination discrete mean residual life (D-CMRL) order lies
in the framework of the D-MRL and the combination discrete convexity (D-CCX) orders. As a result, the study of the D-
CMRL order is meaningful because it throws an important light on the understanding of the properties of the D-MRL and
the D-CCX orders, and of the relationships among these two orders and other related stochastic orders. Furthermore, the D-
CMRL order enjoys several reliability properties which provide some applications in reliability and survival analysis.

Definition 1.2
A non-negative function B(X,y) is said to be totally positive of order 2 (TP,) in (x,y) € y x v if

B(x1,y1) B(x1,¥2)
BGoy)) Byl =0

© 2022 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 11, No. 2, 683-694 (2022)/ http://www.naturalspublishing.com/Journals.asp %&5‘3 685

forallx; < x, € yandy; <y, € yin which y andy are two real subsets of R.
Definition 1.3
Probability vector a = (0, &y, ..., o) with o; > 0 for i = 1,2,...,n is said to be smaller than another probability vector
B = (B4, By, -, Bn) in the sense of discrete likelihood ratio order (denoted as o <p;r B) if

&<E Joralll1 <i<j<n
[0 6] (X]'

The remainder of this paper is organized as follows. In Section 2, some characterizations and implications
regarding the D-CMRL order are provided. Preservation properties under some reliability operations such as monotonic
transformation and mixture are discussed in Section 3. In that section, we discuss preservation of the D-CMRL order under
general weighted distributions. In Section 4, to illustrate the concepts, some applications in the context of reliability theory
are included. Finally, in Section 5, we give a brief conclusion, and some remarks of the current and future of this research.

2 Characterizations and Implications

The objective of this section is to build relations between the D-CMRL order with other well-known stochastic orders.
Some relevant characterization results are also discussed.
In the following theorem, some equivalent conditions to the D-CMRL order are given.

Theorem 2.1

Let X and Y be two lifetime random variables. The following assertions are equivalent:
) X <p-cmrL Y-
i) % is non — decreasing int € R*.

i) E((x?%1X > 0)) < E((Y?lY > 1)), forallt € R*.

Proof
We first prove that (i) and (ii) are equivalent. We have

Yot xG (%) _ tG(t) + X741 XG(X)
Yt XF(X)  tF(t) + X%, , xF(x)
The above Equation can be rewritten as

ZxG(x) Z xF(x)+tF(t)ZxG(x) ZxF(x) Z xG(x)—tG(t)ZxF(x)—O

x=t+1 x=t+1
Then
ZxG(x) Z xF(x) — Z xF(x) Z xG(x) + tF(t)z xG(x) — tG(t)Z xF(x)|=0
x=t+1 x=t+1
By definition, the last term is nonnegative if and only if X <p_cygrr, Y where
TizeXF(x) _ X xG(x)
o - @
Or equivalently _ _
tF(t) Xy=e xG (x) 2 tG () Xy, xF(x).
Then
®  xG(x
Z’;_t—_() isnon — decreasingint € {1,2,3, ... }.
Zx:t XF(x)
Next we prove that (i) and (iii) are equivalent. Note that
my(t) = tE(X,) + —E(Xt)z = —E[ —t?|X > t],forallt =0,1,2,.
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Similarly,
my(t) = JE[Y2 — t2|Y > t]
Hence we have

X <p_cur. Y ©myu(t) <my(t) forallt=10,1,2,...
& 2E[Y? —2|Y > t] < JE[X? — t2|X > t], forallt = 0,1,2, ..
SE[Y2|Y > t] < E[X2|X > t], forallt =0,1,2, ..,

This completes the proof.

In general, the CMRL order does not imply the MRL order. However, the next theorem provides a sufficient condition
under which
X <p_cmrL Y implies X <p_mre Y
Theorem 2.2
o B uG() _ B T uF (W)
G(t) - F(t)
Then, X <p_cmrL Y implies X <p_yre Y-

Jforallt=0,1,2, ...

Proof
First, let ux(t) =
forallt=0,1,2, ...

Yert XF(x)

O forallt = 0,1,2, ..., which is the MRL of the discrete random variable X. We can write,

Yot D FW) X (u—t)F ()
F(o) - F(t)

= my(t) — tux(0).
Similarly, we can get B
Lt Lu=x G (W)
G(0)
Therefore, by assumptions, forallt = 0,1,2, ..., my(t) — mx(t) + [

=my (t) — tpy (D).

Tt Xk Fw) TRl IR G
F(t) G(®)

] > 0, which completes

the proof.

The following definition is needed to define a family of stochastic orders arising from HR comparison with size-biased
equilibrium distributions.

Definition 2.1
For each fixed a € [0, ), the lifetime random variable X is said to be smaller than Y in the discrete combination mean
residual life order of order a , denoted by

X Sl(.)a—)CMRL Y,if
® x*F(x ® L x%G(x
Zi=e X" )sz“_ ( ),for allt=0,12, ..., (2.1)
F(t) G(t)
or equivalently if
® x*F(x
L=t ) is non — decreasingint € R*. (2.2)

i x*G(x)

It is observed that when a = 0 and o = 1, the X s]g“_)CMRL Y correspond to X <p_mr1 Y and X <p_cumrr Y, respectively.
Below we give some useful implications.
Theorem 2.3
Let a < B € [0, o) be fixed. Then
i) X < p, Yimplies X <&y,

ii) x <@ Y implies ¥, x*[G(x) — F(x)] = 0, forallt = 0,1,2, ..,
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Proof
For each fixed a < 8 € [0, ) and forallt = 0,1,2, ..., one has

ixa [% . %] _ ixﬁ—a A =" hGow (),
x=t x=t X [uaa(u) .

Where h(x) = xP~% which is nonnegative and increasing inx > 0, and AW (x) = w(x), W (x) = XX_, )
u®F(u)
F(v)

S TutGw)  uFw)
Z[ (& FO

] with

x%G(x) x*Fx
G  F@

we(x) = [
Because of (2.1), for all 0 < s < t, we have
x
mm=mm=2[
x=t

In addition, because of (2.2), for all 0 < t < s, it stands that

] V x > t,and 0 otherwise.

“G(x) x%F(x)
GO  F@)

PG _ L8, xG(x)
SE A F() - L8, x P ()

(2.3)

and in view of (2.1) we can write, for all t € [0,1,2, ...},

TimeX"G) GO
P - F(D
Combining (2.3) and (2.4), for all 0 < t < s, we arrive at

(2.4)

S 260 G
S %< F G - F(O)

Therefore, for all 0 < t < s, we have

S [x*G(x)  x*F(x) S
Z[ HOIION I

Thus, for all s,t = 0 it holds that

>0.foralls,t=>0.

- S G  utF(w)
; ALZO[ Gt  F(t)

Applying a discrete version of Lemma 7.1(a) in [11], gives that

Z h(x)w(x) = 0. for all t> 0., and hence the result in (i).
x=0
(i1)In the light of (2.3) and (2.4), and substituting t=0, for all s = 0 we have

26 | 350x° 6@ _ 6O
T F () T It F) T F(0)

which proves the result.

The following corollary follow easily form Theorem 2.3.

Corollary 2.1

Let X and Y be two lifetime random variables. Then
i) X <p_mr Y implies X <F_-yg, Y, forall g = 0.
i) X <p_cure Y implies X <P__ v, forall g = 1.
iii) X <p_cur. Y implies X <;,_ccx Y, foralls = 0.
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In many reliability problems, it is interesting to study Xy = [X— Y|X > Y], the residual life of X with a random age
Y. The residual life at random time (RLRT) represents the actual working time of the standby unit if X is regarded as the
total random life of a warm standby unit with its age Y. Suppose that X and Y are independent. Then, the survival function
of Xy, for any x = 0, is given by
Yo F(x +y)g(y)

P(X, >x) = —— (2.5)
! I F9()

Theorem 2.4
Xy <p-cmrw X for any Y which is independent of X, if and only if, X; <p_cmgL X forall t = 0,1,2,.
Proof
First, let
Xi <p-cmrL X forall t = 0,1,2,.... It then follows that, for all s = 1,2, ...

i F(t + )<F(t+x)i F(x) 2.6

x x) < Fs) xF(x (2.6)
X=S X=Ss

By summing both sides of (2.6) over all nonnegative integral values of t and the pdf g, we have

ii F(t+x)g(t) <Z — )ZxF(X)g(t)
ZF(t+x)g(t) gw

which is equivalent to saying that Xy <p_cmgrr, X, for all Y that are independent from X. On the other hand, suppose that
Xy <p_cmrL X holds for any nonnegative random variable Y. Then X; <p_cmr1 X, forallt = 0,1, ... follows by taking Y
as a degenerate variable.

3 Preservation Properties

In this section, we develop some preservation properties of the CMRL order under some reliability operations such as
monotone transformation and mixture. The next result shows that the CMRL order is preserved under monotone increasing
convex transformations.

Theorem 3.1
Let ¢ be strictly increasing and convex such that ¢(0) = 0, Then, X <p_cmr1 Y implies ¢(X) <p_cmrr P(Y).

Proof
Without loss of generality, assume that ¢ is differentiable and denote its first derivative by ¢’ .
Notice that X <p_cmrY implies that, forallt = 0,1, ...

[ xG (x) xF (x)
A lee @) Forw)
On the other hand, X <p_cmgy, Y if and only if, forallt = 0,1, ...

Loz XP(@(Y) > %) Yz XP(@(X) > x)

P(p(M)>x) —  Pl@dX)>x) '
which is equivalent to, forall t = 0,1, ...
oo @ [ xG (x) B xF (x)
e @ Feronl”

x=¢~ 1(t)
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. Its well-known that if ¢(x) is nonnegative and convex with ¢(0) = 0, then ¢p(x)/x is non-

!
where y(x) = —¢(X)j )

decreasing. Thus, due to the assumption, y(x) is the product of two nonnegative non-decreasing functions and hence y(x) is
non-decreasing. Finally, Lemma 7.1(a) of [12] concludes the proof.

Theorem 3.2

Let X,Y, and ® be random variables such that [X|® = 0] <p_cmry [Y|® = 6'] for all 8and 8'in the support of ©.
Then X <p_cmrr Y-

Proof

Select © and 0’ in the support of ©. Let F(-10), G(-106), F(-|8’), and G(- |8’ ) be the survival functions of [X|® =
0], [Y|® = 0], [X|® = 6'] and [Y|® = 6’], respectively. The proof is similar to that of Theorem 1.B.8 in [13]. It is sufficient
to show that for each v € (0.1) and for all t = 0,1, ... we have

VYo F(ul6) + (1 —v) T, F(ulo") <Y Yot Gul6) + (1 —v) Ti, G(ul6")
vF(t|0) + (1 — v)F (ul6") - vG(t|0) + (1 —v)G(ul6")
This is an inequality of the form

a+b wH+x

>
c+d  y+z
where all eight variables are non-negative and by the assumptions of the theorem they satisfy

= = =

alQ

a
c

N | R
Ql o
N R

b>w d
id—yﬁan

<|=

1]

It is easy to verify that the latter four inequalities imply th

(¢

former one, completing the proof of the theorem.

In Theorem 3.3, we discuss the preservation property of the CMRL order under finite mixture. Let X;,i = 1,...,n be a
collection of independent random variables. Suppose that F; is the distribution function of X;. Leta = (o, ay, ..., &)
and B = (B4, By, -+, Bn) be two probability vectors and let X and Y be two random variables having the respective survival

functions F and G defined by

n n

F(x) = Z alfi (x) and G(x) = Z 0‘1EL- (%) (3.1

i=1 i=1
Next result gives conditions under which X and Y are comparable with respect to the CMRL order. The similar property
for MRL order was obtained in [14].

Theorem 3.3
Let X4, X,, ..., X,, be a collection of independent random variables with corresponding survival functions F,, F,, ..., F,, such
that Xl SD—CMRL X2 SD—CMRL SD—CMRL Y and Letg = ((Xl, Aqyeeny (Xn) andﬁ = (Bl' Bll ey Bn) be such thatg SDLR B

Let X and Y have distribution functions F and G defined in (3.1). Then X <p_cmp Y

Proof
Because of Theorem 2.1(ii), we need to establish that, forall0 < x < y

Yoso(x +u) Xy BiFi(x + u) - Yooy +w) Xk BiFi (v + u)
weo(X +u) Xity aifi (x+uw a =0y +u) Xy aifi y+uw

(3.2)

By simple calculations, (3.2) can be written in the following form:

Z zn: [ﬁjaii(x + u)fj(x +u) X i(y +0)F,(y +v)

n
=1 j=1
i<j

© 2022 NSP
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(oo} (oo}

Z Z [ﬁ] Z(y+v)F (y+v) xZ(x+u)F (x+uw) +p;a ]Z(y+v)F (y+v) xZ(x+u)F (x+uw)
=1 j=1
Now, for ea]ch ﬁxed pair (i, j) with i <] we have

u=0 u=0

[oe]

[ﬁ] Z(y+v)F O +v) xZ(x+u)F (x +u) +B JZ(y+v)F O +v) xZ(x+u)F (x + 1)

uO 1/0 uO

[[)’] Z(x+u)F (x+u)><Z(y+v)F (y+v) 4+ JZ(x+u)F (x+u)><Z(y+v)F (y+v)

= (B - i) Z(y + )y +v) X Z(x + W (x +u)—Z(x + W) (x + ) xZ(y +OF+)

which is nonnegative because both terms are nonnegative by the assumptions. This completes the proof.

Consider a family of survival functions {Fe, 0 € X} where ¥ is a subset of the real line R. Let X(8) = [X|0 = 0]
denote a random variable with survival function Fg. For any random variable ©; with support inx, and with distribution
function A; we denote by X(®,) the random variable that has survival function F; given by

Fi() = ) Fp() 4(0)

X
In this case, X(0;) is called a mixture of X(0) or of the family {fe, CNS x} with respect to ©; for each i = 1,2. Below we
make CMRL order between X(0,) and X(0,) under some suitable assumptions. Theorem 3.4 below provides another
preservation property under mixture.

Theorem 3.4
Let X(0,) and X(0,) be as described above. If

X(01) <p_curL X(6,), forallg, <6, € y (3.3)
and if
G)l SD—HR @2
then
X(G)I) —D-CMRL X(GZ)
Proof

We must prove that H; (t) = Y2, xF;(x) is TP, in (i,t) € {1,2} X [0,0) forallt = 0,1,...andi = 1,2, we can get

Hi(8) = ZZng(x)x ©) = qu(t 0)%,(0).

x=t 1=0
Because of Theorem 2.1 (iii), (3.3) implies that ¢(t,0) = Y22 xFq (X) is increasing in 0, and because of Theorem 2.1(ii),
(3.3) is equivalent to saying that ¢ (t, 0) is TP, in(t, 0) € [0, ) X X.
Moreover, (3.4) means that A;(0) is TP, in (i,0)) € {1,2} X [0,00) Now, Lemma 4.2 of [9] is applicable and completes
the proof.

For two weight functions w; and w, assume that the notations X,,,, and X, are used to denote two random
variables with respective density functions.

fix) =———= wilx )f( ) forx = 0 and g, (x )—Mforx>0

%)
where 0 < p; = E(w; (X)) < o0 and 0 < Hz = E(w,(X)) < oo The random variables X,,,, and X,,, are weighted versions
of X and Y respectively. Let $; = E(w; (X)|X > x) and 3, = E(w,(Y)|Y > x). Then the corresponding survival functions
are given by

— x)F (x — x)G (x

Fi(x) = ‘81(;)1—() forx > 0and G,(x) = M forx >0 (3.5

1 Uz
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4 Reliability Applications

In this section, some relevant applications of the CMRL order in reliability theory are presented. Suppose that
X1, X5, ..., X, are i.i.d. lifetime random variables from F and that Y,,Y,, ..., Y, are also i.i.d. lifetime random variables
from G. Denote by

T1 = min{Xl, Xz, ...,Xn}
and
TZ = min{Yl, Y2, ey Yn}

The lifetimes of the two associated series systems. In the following result, we show that if the lifetimes of two series
systems with i.i.d. components are CMRL ordered then their components are CMRL ordered.

Theorem 4.1
If T, <cmpr To, then X; <gypp Vi, foralli=1,2,...,n.

Proof

Let T, <cmre T, then, we have
f x{G"(x)F"(t) — G™(t) F*(x)}dx = 0,forallt >0
t

Due to fact that

G(xX)F(t) — G(®OF(x) = [G"(x)F"(t) — G"(t) F*(x)]h(x),
Where
-1

hGx) = [Z(G‘(x)ﬁ(t))"-f(T:(t)F(x)f-l)
i=1

is a non-decreasing function. On applying Lemma 7.1(a) of [12], it obtains that, for all t > 0.

fee)

f x{GOF®) — GOF(x)}dx =0

t

which means that X; <qp, Vi, foralli=1,2,... ,n.

Shock models are of great interest in the context of reliability theory. The system is assumed to have an ability to withstand
a random number of these shocks, and it is commonly assumed that the number of shocks and the inter-arrival times of
shocks are independent. Let N denote the number of shocks survived by the system, and let Xj denote the random inter-
arrival time between the (j — 1)-th and j-th shocks. Then the lifetime T of the system is given by T = Z]N:lXj. In
particular, if the inter arrivals are assumed to be independent and exponentially distributed with common parameter A, then
the survival function of T can be written as

_ o e MAt)k _
H(t):Z — P, t>0,
k=0 k!

where P, = P [N > K] for all ke N (and P, = 1). Shock models of this kind, called Poisson shock models, have been studied
extensively. For more details, we refer to [11],[15],[16],[17] and [18].

Consider now two devices subjected to shocks occurring as events of a Poisson counting process, as above; and let and
Fél], and FIEZ] be the survival functions of the random number of shocks related to the two devices, respectively, which are
the probabilities of surviving the first k shocks. Let T; , denote the lifetime of the device, and let

_ B © e‘“(lt)" i)
H(t) = R P, .,t>0, (4.1)

© 2022 NSP
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be its survival function. In the following, we give sufficient conditions under which the lifetimes T; and T, are ordered
according to the CMRL order.

Theorem 4.2
If
o =02
S kP, o
<e . om hon-— decreasinginjeN,
Zk=j+1 kP, -,
Then T1 SCMRL TZ

Proof

In view of some routine calculation, we have from (4.1) that, for all t> 0

o ce Mt [ ~—
fo,-(x) dx = A—Zz_—(,) Z Pl
t j=0 J: k=j+1

Because e (At)I/j! is TP2 in (t, j) and by assuming

o0 52
S kP Lo
<o . oa ishon-— decreasinginjeN,
Yizj+1 kP,
The general composition theorem of [19] provides that ftoo x H;(x) dx is TP2 in (i,t) €{1,2} x R+, which implies that
Ty <cmrr T2-

Let {X,,n=1,2,...} be a sequence of mutually independent and identically distributed (i.i.d.) non-negative
random variables with common distribution function F. For n > 1, denote S,, = XL X; the time of the n-th arrival and
So =0, let N(t) = Sup{n: S,, < t} represent the number of arrivals during the interval [0, t ]. Then, N = {N(t), t >0} is a
renewal process with underlying distribution F (see [20]). Let y (t) be the excess lifetime at time t > 0. that is, y(t) =
S+ — L.

In this context we denote the renewal function by M(t)= E[N(t)] which satisfies the following well known fundamental
renewal equation:

M(t) = F(b) + fo Fit—y)dM(y), t=0

According to [12], it holds that, for all t >0 and x >0
t

Py®) >x)=F(t+x)+ f F(t+x—udMu). (4.2)
0

In the literature, several results have been given to characterize the stochastic orders .Readers are referred to
[21],[22] and [5]. Next, we will investigate the behavior of the excess lifetime of a renewal process with respect to the
CMRL order.

Theorem 4.3
If X; <cmre X, forall t> 0, then y(t) <cmgy, Y(0) forall t>0.
Proof

First note that. X; <¢mri X, for all t>0, if and only if for any t>0ands>0,

o _ fwa(t)dx
f xF(t + x)dx SF(t+S)ST«‘T (4.3)

In view of the identity of (4.2) and the inequality in (4.3) we can get
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foox P (y(t) > x)dx = fwxf(t + x)dx + ftfwxf(t —u + x)dxdM(u).
s s 0 Js

waxf(t+x)dx+ ft[M ooxF(x)dx]dM(u)

Fis) s
< % [F(t+s)]+ % [P (y(t)>s)— F(t+5)]
B f:oxF(x)dx
= WP(V@)>S)

Hence, it holds that, for all t >0 and s > 0,
f:o x P (y(t) > x) dx - fsoo xF(x)dx
P (y(t) >s) - F(s)

Which means y(t) <cmge ¥(0)for all t> 0.

5 Conclusion

The concept of length-biased distributions plays an important role in statistics, reliability and survival analysis. The
relationship of CMRL order with other well-known stochastic orders is discussed. It was shown that the CMRL order
enjoys from several reliability properties which provide several applications in reliability and survival analysis. Several
characterization and preservation properties of the CMRL order under reliability operations of monotone transformation,
mixture, and weighted distributions have been discussed. To illustrate the concepts, some applications in the context of
statistics and reliability theory are included. In addition, our results provide new applications in reliability, statistics, and
risk theory. Further properties and applications of the CMRL order can be considered in the future of this research. The
closure properties of the CMRL under reliability operations of convolution and coherent systems are interesting topics, and
still remain as open problems.

Acknowledgement

The authors would like to thank the Editorial Board and the Referees for their careful reading of the manuscript and for
their constructive remarks and comments, which have enhanced the presentation.

Conflicts of Interest: The authors declare that there is no conflict of interest regarding the publication of this article.

References

[1]Yasaei Sekeh, S., Mohtashami Borzadaran, G. R. and Rezaei Roknabadi, A. H. New stochastic orders based on the inactivity time.
Social Science Research Network. (2013).

[2] Abouammoh A. M., Ahmad A. N. and Barry A. M. Shock models and testing for the renewal mean remaining life. Microelectron.
Reliability., 33, 729-740(1993).

[3] Abouammoh A.M., Ahmad R. and Khalique A. On new renewal better than used classes of life distributions. Statistical Probability
Letters., 48, 189-194(2000).

[4] Mugdadi A.R. and Ahmad I. A. Moments inequalities derived from comparing life with its equilibrium form. Journal of Statistical
Planing and Inferences., 134, 303-317(2005).

[5] Chen, Y. Classes of life distributions and renewal counting process. Journal of Applied Probability, 31, 1110-1115(1994).

[6] Rao, C.R. (1965). On discrete distributions arising out of methods of ascertainment. Sankhya: The Indian Journal of Statistics, Series
A.,27,311-324(1965).

[7] Bartoszewicz, J. and Skolimowska, M. Preservation of classes of life distributions and stochastic orders under weighting, Statistics
and Probability Letters., 56, 587-596(2006).

[8] Izadkhah, S., Rezaei, A. H., Amini, M. and Mohtashami Borzadaran, G. R. A general approach for preservation of some aging classes
under weighting, Communication in Statistics, Theory and Methods., 42, 1899-1909(2013).

[9] 1zadkhah, S., Rezaei Roknabadi, A. H. and Mohtashami Borzadaran, G. R. Aspects of the mean residual life order for weighted
distributions, Statistics. (2013).

© 2022 NSP
Natural Sciences Publishing Cor.



694 %@ K. R. Ashour & A-H N. Ahmed.: A New Discrete Mean Residual ...

[10] Jain, K., Singh, H. and Bagai, I. Relations for reliability measures of weighted distributions. Communication in Statistics, Theory
and Methods., 18, 4393-4412(1989).

[11] Belzunce, F. , Ortega, E. M. and Ruiz, J. M. The Laplace order and ordering of residual lives. Statistics and Probability Letters ., 42,
145-156(1999).

[12] Barlow, R. E. and Proschan, F. Statistical Theory of Reliability and Life Testing. Silver Spring, Maryland. (1981).

[13] Shaked, M. and Shanthikumar, J. G. Stochastic Orders. New York: Springer. (2007).

[14] Ahmed, A. Preservation properties for the mean residual life ordering. Statistical Papers, 29, 143-150(1988).

[15] Fagiuoli, E. and Pellerey, F. Mean residual life and increasing convex comparison of shock models. Statistics and Probability
Letters., 20, 337-345(1994).

[16] Finkelstein, M. Failure Rate Modelling for Reliability and Risk. New York, Springer. (2008).

[17] Pellerey, F. Shock models with underlying counting process. Journal of Applied Probability., 31, 156-166(1994).

[18] Shaked, M. and Wong, T. Preservation of stochastic orderings under random mapping by point processes,.Probability in the
Engineering and Informational Sciences., 9, 563-580(1995).

[19] Karlin, S. (1968). Total Positivity. Stanford University Press.
[20] Ross, S. Stochastic Processes. New York: John Wiley. (1996).

[21] Ahmad, 1. A., Ahmed, A., Elbatal, 1. and Kayid, M. An aging notion derived from the increasing convex ordering: the NBUCA
class. Journal of Statistical Planning and Inference., 136, 555-569(2006).

[22] Belzunce, F., Ortega, E. and Ruiz, J. M. Comparison of expected failure times for several replacement policies. IEEE Transactions
on Relibility., 55, 490-495. (2006).

© 2022 NSP
Natural Sciences Publishing Cor.



