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Abstract: We investigate machine learning for the least square regression withegstadent hypothesis and coefficient regularization
algorithms based on general kernels. We provide some estimates feathiang raters of both regression and classification when the
hypothesis spaces are sample dependent. Under a weak conditiorkemtils we derive learning error by estimating the rate of some
K-functional when the target functions belong to the range of some Himtnidt integral operator.
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1 Introduction where the minimum is taken over all measurable functions
with respect tqoy.

In this paper, we drive the error bound of coefficient It is known that one of the purposes of learning is to

regularized learning algorithms for both regression andobtain f, through sampleg and provide the consistency

classification when the hypothesis spaces are samplanalysis off, and f,. Kernel-based method is a popular

dependent. way for this purpose, sed,2,3,4,5,6,7].

We formulate the problem of learning. LéX,d) be a Let K : X x X — O be a continuous and bounded
compact metric spacp,be a Borel probability measure on function which is known as a general kernel. For a given
Z:=XxYwithY =0.z={(x,yi)}j; C Z"are samples data X := {x3,%,---,Xm} C X the data dependent
drawn independently and identically accordingtd'hen,  hypothesis space is defined by
itis known that the regression learning aims at, through the

samples, obtaining an approximatty of the regression m
function Hix =1 Ta(x) = ZajK(X»Xj) ra={ay,---,am} €0}
=
fo(x) Z/deP(WX)’ xeX, To obtain f,, in [8] the authors used the following

general coefficient regularization algorithm based on
where p(y|x) is the conditional (with respect to x) kernelK (x,y)

probability measure onY and px- is the marginal

probability measure on X. It is clear that || < M, fz = fa,,

almost surely, then the regression functignis bounded o1 2

and square integrable with respecipio az: = arg min (E]Z\ (fa (X)) —¥i) +7\Q(0’)), 2
1=

Define&,(f) = [ (y— f(x))2 dp andLy(px) = {f:

1110 = (fx { f(x)|2 dpx)% < 4oo}. Then, whereQ(a) is a positive function ofd™.

m
Let [la|3 = a'a = by laj|> for a € O™ For

. 2
fo(X) :argmf'”/z(y* f(x))" dp, @) b= (bybp,,bm)T € O™ we define the usual inner
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product of 0™ by
U T
(a,b)y = aibj=a'h.
2

Then we recall the following coefficient regularized
scheme witH,-penalization

(;;m - fa<m>2+Am|a||%> .

When X = (X3,X%p,--- ,Xm) iS @ given data inX, the
convergence rates of the eripfy, — fp|2,p, is discussed
in[9].

Denoted

az.=0a,, =arg min
zZA gael]m

by k and

sup [K(xy)|
(xy)eXxX

fzy2 dp. Then, in P] the authors proved that if
m> "\F’)" and A > ¥ then, for any 0< & < 1, with
confidence L 9, there holds

lpl2 ==

6k?\/]p[2log %
follzpx < T&

whereKy(fp,A) is defined by

1
||faz_ +K7(fpa)\)27 (4)

Ke(fp.A) = inf (IIfa — Tol3 + Amial3).

On the other hand, in1Q] the authors obtained the
convergence rates foKy(fy,A). Let K(x)y) be an
symmetric kernel oiX x X and there isp € Lo(px) such
that

(0 =Li(9.) = [ KOS dpx(D). xeX. (5)

Then, there is a discrede c X such that
Kx(fp,A) < +A 101554

whereA = [y [x ¢ (y)> K(x,y)* dp(x) dp(y).

Combining @) with (6) we know that ifK(x,y) is a
bounded symmetric kernel ok x X and 6) holds, then,
there is a discret® C X such that, for any & & < 1, with
confidence 1- 9, there holds

(6)

A= foll3 oy
m

_1 2
[fa, — Tollzp = O(m 8 (1+l0g3)). ()
In this paper, we will show thaf7{ still holds whenX
is taken from the randomized sampléOur main result is
the following Theorem.

Theorem 1.1.Let K(x,y) be a general symmetric kernel
on X x X and 6) holds. Then, for any & é < 1, with
confidence t 9, there is

2
Mo~ folep =0 (m ¢ (141083 ) ).

(8)

2 Proof of main result

Define the integral regularized risk scheme corresponding
to (3) by

(P)

a(p) = a)\

=arg min {&(fa) +Amlal}.  (9)

Then, we have the following error decomposition.

[fa, = foll2px < llfa, = faio l2ox + [ faio) — fpl\z.,pﬁ
where the first term of the right side is called the
approximation error and the second term is called the
sample error.
Since
1fa, = faio)

l2ox < kvMllaz—al . (11)

We reduce the sample error ffa, — a(®)||.
Lemma 2.1. The solutions of the schem®)(have the
following properties:

(). There exists uniquely a minimizem®) of the
problem @) and

L= a0 (002 dp < ol

(ii).Let p and u be distributions orZ = X x Y with
|p|2 < 400, |H|2 < +o0,K(X,y) be a general kernel 0k x
X with a(®) anda (M be the solutions of schem8)(for p
andyu respectively. Then, there is

12)

2
Ja® —a®]l, < 55 x| [ Kel) (y= i (0) dp
~ [ K0T (= Tt (09) d k] (13)
where  Kg(x) = (K(X,x1),---,K(X,;xm)). For a
vector-valued function
f(X,y) = (fl(X7Y)a Tty fm(xay))T
and a scalar-valued functian(x) we define
foy)a) = (xy)ae). - fmbxy)a)
d
/f(X,y)a /fl Xy dpa ’
z
/ fm(xvy )
Proof of Theorem 1.1.By (13) we have
la® =g, < 50| [ (= Tai 00)Ke )" dp
1 m .
= =5 (Vi fae (%)) Kx(x) ' big[l2. (14)

m.&
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On the other hand, by the definition of notm||» we Applying (18) to (17), we have, with confidence-19,
have olds
||/ (v ot () Kx(X) T dlp H/ (Y~ ot () Kx(X) " dlp
*ai_ 5 (1~ Tt 00K %) [ - —Z DK (6)
=  sup / y—f 0 (X)Kg(X)" dp Ipl2
cemieges e~ T 0 S (19)
1 m
_ ﬁi; (i — Fo0 (%)) Ksc() T, @) It follows that

I, — fao 200 < kv/mja® —ay],
2k
< WH/Z(Y— fo(0) (X)) Kx ()" dp

_ ;Ii (Yi —fa0 (Xi))KY(Xi)THZ

= sup | / Y~ ot (9) (Kx (), )2 dp .
< —_.

= s /' (Y~ fat01 () Kx () " dp, 1)z
o<1

aeDmHaH

~ (33, 0= fan () () )

UGD”‘HGH <1
2 = Ay 20
R — —f K Xi),a
Z Y (Kx(x), )2 The fact, seell], &, (f)—&p(fp) = [|f — fo[15 5, Vields
= su (y—fy x)d
e, 5|2<1'/ y fa (x)dp e, — follzpe < e, faiorl2px +y/E(faio) — Eo(Tp)
< |fa,— faoll2,
B E.zi(yi*fam)(xi))fa(xi)‘- (15) e Lo
+ /ol a(p Ep(fp) + Am]ale)|3
Take& (x,Y) = (Y= Ta(0) (X)) fa(x), then, forf|al2 < 1 = lfa, = faie ll2.0x

we have by (12) and (11) that
[ &0y?dp = [ (vt ()" fa(%dp

' 2
< ¥mial3 [ (v fun (0)°dp

+ \/ inf (&p(fa) — &p(fp) +Amlalf2)
aedm

= [[fa, = fao 2%

" \/aienmfm( fa — follzpx +Amal3)

< KMy (f)) < Kmipla. (16)
Hence, = [Ifa, = faoll2px +1/Kx(fp,A).  (21)
H/ —f (X)T dp By the (2.5) of p] we know that if f, satisfies ), then,
foranyd € (0,1), with confidence 1- d, holds
S T 00K 06) 1 [A= T2
; P12,
m'= Kg(fp,A) < 5 lmsz +A ||¢||%,px] - (22)

< sup /Exy p—fZEX.y.
Jz80y) dp<k miplz By (20), (21) and @2), settingA = m~3 we know with
Moreover, by the (3.1) in Chapter 3 of ] we know  1—20 (8) holdsL.

the following results:
Let (z1,2, -+ ,zm) be samples drawn independently

according top, &é(2) : Z — R satisfiesé (2) € L?(px). 3 Aoplications to classification
Then,for any0 < d < 1, with confidencd — 9, holds PP
results of above sections.

/ {(2dp| <
LetY ={—1,1} andp be a probability distribution on
wherea? = [, £2(z)dp. Z=XxY.

17

In this section we will derive a learning rate of coefficient
ﬂ/ 5 (18) regularized binary classification algorithms by using the
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It is known that a binary classifier is a functiditx) : 4 Conclusion
X — Y which dividesX into two classes, its prediction

ability is measured by the misclassification error A novel kernel-based learning algorithm for the
regression and classification was developed in this work.
O(f) =Prob{f(x) #y} = /Pyyé X)|X)dpx (X). We prove that this learning algorithm has a faster

convergence rate than previous algorithms, 4 [The
By [10] we know that the classifier which minimizes main results also demonstrate some advantages of the

the misclassification error is the Bayes riije= sgn(fp), proposed learning algorithms. Firstly, a dimensional free
wheref, is the regression function @f, i.e., convergence rate can be easily achieved by using general
kernels. Secondly, we do not make any assumptions on

= /dep(y|x) =P(y=1|x) — P(y = —1|x). the capacity or regularity of the kernel. Finally comparing

with the previous learning algorithms, our assumptions
In what follows, for a functionf : X — R the sign  for the regression function are more natural and less
function of f is defined asgn(f)(x) = 1if f(x) > 0and restrictive.
sgn(f)(x) = —1if f(x) <O.
Let z = ((x,yi))", be random samples drawn
independently according t@. Then, the purpose of Acknowledgement
classification learning is to find, through the sampla&
good approximation offc and estimate the excess Thjs work is partially supported by the Natural Science
misclassification error Foundation of China (Grant No. 10871226, 10971251,
O(sgr(f,)) — O(fe). 11101220 and 1.12711.99),.the Program for new century
excellent talents in University of China (NCET-10-0513)
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