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Abstract: In this paper a priority queuing system MX', M2 /G| (a,b), G5 (a,b)/1 with multiple vacations, setup times with N-policy
and closedown times has been deduced. Two types of customers, priority and nonpriority, are arrived and are served in this queuing
situation. In priority schemes, customers with priority are selected for service ahead of those with nonpriority, independent of their
time of arrival into a system, but with no preemption. On completion of service, if each of the number of priority customers &; and the
number of nonpriority customers &, in the queue is less than “a” the server performs closedown work. Following closedown, the server
leaves for multiple vacations of random length. When the server returns from a vacation and finds the number of customers of either
type in the queue is less than ”N”, he leaves for another vacation and so on, until he finds at least ”N”* (N > b) customers of either type
in the queue waiting for service. Then, he requires a setup time “R” to start service. After the setup he starts the service with a batch
of ”b” from the ”N” priority customers, where b > a. After service, if the number of waiting priority customers &; > a, then the server
serves a batch of min (&;,b) customers of that type and so on until £; < a, then the server serves non-priority customers in the same
way. The probability generating function of the queue size distribution at an arbitrary epoch and various characteristics of the queuing
model are derived.

Keywords: Priority queue; N-policy; Closedown time; Setup time and Multiple vacations.

1 Introduction

Server vacation models are useful for the systems in which the server wants to utilize the idle time for different purposes.
Application of server vacation models can be found in manufacturing systems, designing of local area networks and data
communication systems. This paper concentrates on a vacation system with closedown times and setup times with N-
policy. In practical situations, the closedown time corresponds to the time taken for closing down the service and setup
time corresponds to the preparation time for starting the service.

The objective of this paper is to analyses a situation that exists in a pump manufacturing industry. A pump
manufacturing industry manufactures two types of pumps, priority and nonpriority, which require shafts of various
dimensions.

The partially finished pump shafts arrive at the copy turning centre from the turning centre. The operator starts the copy
turning process only if required batch quantity of beams of either type is available, because the operating cost may increase
otherwise. After processing, if the number of available shafts of either kind is less than the minimum batch quantity, then
the operator will start doing other work such as making the templates for copy turning, checking the components. Hence,
the operator always shuts down the machine and removes the templates before taking up other works.

When the operator returns from other work and finds that the shafts available from either type are more than the
maximum batch quantity, the operator resumes the copy turning process, for which some amount of time is required to
set up the template in the machine.

Otherwise the operator will continue with other work until he finds the required number of shafts. The above process
can be modeled as MX1, M*2/ Gy(a,b), G>(a,b)/ 1 queuing system with multiple vacation, setup times with N-policy
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and closedown times. Various authors have analyzed queuing problems of server vacations with several combinations. A
literature survey on queuing systems with server vacation can be found in Doshi [1]. Lee [2] has developed a procedure
to calculate the system size probabilities for a bulk queuing model.

Several authors have analyzed the N-policy on queuing systems with vacation. Kella [3] provided detail discussions
concerning N-policy queuing systems with vacations. Lee et al. [4,5] have analyzed a batch arrival queue with N-policy,
but considered single service with a single vacation and multiple vacations.

Chae and Lee [6], studied a MX /G /1 vacation model with N-policy and discussed the heuristic interpretation of mean
waiting time. Reddy et al. [7] have analyzed a bulk queuing model and multiple vacations with setup time. They derived
the expected number of customers in the queue at an arbitrary time epoch and obtained other measures. Recently, Ke [8]
has analyzed the optimal policy for M/G/1 queuing systems of different vacation types with setup time. However, only
very few have researched queuing systems with closedown time.

A M/G/1 queue is analyzed by Takagi [9], considering closedown time and setup time. The performance measures
are also obtained. A MX /G(a,b)/1 queue with multiple vacations including closedown time has been studied by
Arumuganathan and Jeyakumar [10]. It is observed that most of the studies on vacation queues concentrated only either
on a single server or an available arrival with single vacation.

Once the arrival occurs in bulk one can expect that the service can also be done in size. In practice, the a server may
require some amount of time for closing the service after the service is completed and some amount of time for setup
before the commencement of service.

By introducing N-policy in the system, the machine will continue to work for quite a long period so that it need not
be shut down often.

In this paper, we consider a priority queuing system MX', MX2/ Gi(a,b), G,(a,b)/ 1 with multiple vacations,
closedown time and setup time with N-policy. For this system, it is assumed that two types of customers, to be called
priority and nonpriority customers arrive in batches according to compound Poisson processes with group arrival rates A4,
for priority customers and A, for nonpriority customers. The service discipline is FCFS within each type, but priority
customers are always selected for service ahead of nonpriority customers, independent of their time of arrival into the
system.

However, if priority customers arrive to find nonpriority customers in service, they can not preempt the nonpriority
customers who are undergoing service and their service begin only on the completion of the use of the nonpriority
customers.

That is, on completion of service, if each of the number of priority customers &; and the number of nonpriority
customers &, in the queue is less than a, then the server performs closedown work.

Following closedown, the server leaves for multiple vacations of random length. When the server returns from a
vacation and finds &; ,& < N (N is the threshold), then the server leaves for another vacation and so on, until he finds
&1 or& > N (N > b), then the server requires a setup time “R” to start the service.

After the setup, the server serves a batch of ”b” from the "N.” priority customers, where b > a. After a service
completion of priority customers, if the number of waiting for priority customers in the queue & > a, then the server
serves a batch of min(&; ,b) priority customers, and so on until the number of priority customers becomes less than a,
then the server starts to serve nonpriority customers in the same way.

The graph showing the sample path of the proposed queuing model is depicted in Fig. 1.

2 Notations and Definitions

The probabilities of the number of customers in the queue and service are defined as follows:
P i (x,t) = P{Ns(t) =i, Ni(t) =m, Na(t) =n, priority customers are in service,
x<8%(t) <x+dt,Y(t)=0}, a<i<b,mn>0.
Pip2(x,t) = P{Ns(t) =i, Ni(t) =m, Ny(t) =n, nonpriority customers are in service,
x<8%r) <x+dr, Y(t)=0},a<i<b, mn>0.
Qjmn(x,t) =P{Ni(t) =m, Na(t) =n, x < V°(x) <x+dt, Y(t) =2, Z(t) = j}, mn>0, j>1.
Cunn(x,1) =P{ N (t) =m, Ny(t) =n, x <C%(x) <x+dt, Y(t) =1},  mn>0.

Run(x,) = P{Ny(t) = m,N(t) = n,x < R°(x) <x+dr,Y(r) = 1}, m>N,n>00rm>0,n>N.
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Fig. 1: Schematic representation of the queuing model

N threshold

A, A group arrival rates for priority and nonpriority customers, respectively.

X1,X arrival group size random variables for priority and nonpriority customers, respectively.
gi(k) probability that k customers arrive in a batch, i=1,2.

X(y),X(z) p.g.f'sofX1, X, respectively.

S, V(),R(),C() c.d.f’s of service time, vacation time, setup time and closedown time, respectively.
s(x),v(x),r(x),c(x) p.d.f’s of the service time, vacation time, setup time and closed own time, respectively.
$%(0),V*(0),R*(0),C*(6) laplace transforms of s(x), v(x), r(x) and c(x), respectively.

remaining service time, remaining vacation time,

remaining setup time and remaining closedown time at time t, respectively.
if the server is busy at time t.

if the server is on closedown job or on setup job at time t.

if the server is on vacation at time t.

if the server is on jth vacation at time t.

number of customers in service at time t.
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3 Analysis of Queue Size Distribution

The steady state queue size equations are obtained as

b

—P01(X) = =M +A2)P00.1(x) + Y [Prio1(0) + Prio2(0)]s(x), a <i<b.
I=a
) b
—P002(X) = = (M + 22)P002(x) + Y [Proi1(0) + Proin(0)]s(x), a <i<b.
l=a

—P, 01 (¥) = = (A 4+ 2) P01 () + Y. Pin-ro1(x)Migi(k), a<i<b—1,m> 1.

k=1

n
—Pipn2(X) = =M+ 22)Pon2(x) + Y Pon-i2(X)Aaga(k), a<i<b—1,n>1.
=1

ey

©))

3

“)

b m
=Py 0.1 () = =21 +22)Pom0,1 (X) + Y [Prons6.0,1(0) + Pryns502(0)]s(x) + Y Pomi01 ()Aig1(k), 1<m<N—b—1. (5
l=a k=1
b

—Pyon2(*) = (A + 22)Ps02(X) + Y PLos+5,1(0) + Pronss2(0)]s

l=a

n
(x) + ZPb,O,nfk,z(x)lzgz (k), 1<n<N-b—1.
=1

(6)
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b m
=Py 01 (x) = —(A1 +A2) Py o1 (x) + Z (Print5,0,1(0) + Prynsp,02(0)]s(x)+ ZPb,mfk,O,l (X)A181(k) 4+ Ry 5,0(0)s(x),
I=a k=1
m>N—b.
@)
3 b n
—Py0.02(X) = — (A1 +2A2)Py0,n2(x) + Z (P10n+5,1(0) 4+ Prontn2(0)]s(x)+ ZPb,O,rszl(x)ngZ(k) + Ro n1+5(0)s(x), ®)
l=a k=1
n>N-—b.

7P;,m7n71( ) == (M +A2)P; i ( JrZsz k1 (X )/’ngl(k)ﬁLZPi,m,nfk,l(x)/’ng(k)a I1<i<b-1,mn=>1. (9)

7Plj,m,n,2( ) =—(AM+A2)Pmna(x +Zszn k2 (x )A’Zg2(k)+ZPi,mfk,n,Z(x))L]gl(k), a<i<b-—1,mn>1. (10)

k=1 k=1
. b m n
=Py 1 () = =1 +22)Ponn 1 (X) + Y [Pt 1 (0) 4+ Prons b0 2(0)]s(X) + Y. Pomien1 ()A181 (k) + Y Pomn—r1 (¥)A2g2(K),
I=a k=1 k=1
1<m<N-b—-1,n>1.
(n
3 b m
Py (®) ==+ 22) Py 2(¥) + Y [Primnr5,1(0) + Promnsp2(0)]s ZPb mn—t2(X) 2282 (k) + Y. Py i n2(x) A1 g1 (K),
i=a k= k=1
m>1,1<n<N-b—1.
(12)
} b m
=Py 1 () == (A1 + A2) Py mn1 (x) + Z (Pron+50,1(0) + Prmip n2(0)]s(x) + ZPb,mfk,n,l (x)Aig1(k)+
I=a k=1 (13)
ZPbmn kl A2g2( )+Rm+b,n(0)s(x)a m>N—-bn>1.
) b
Py 2 (%) == (A4 A2) Py 2(X) + Y [Pronns,1(0) + Prymnsp2(0 ZPb mn—k2 (X)A282(k)+
m l:a (14)
ZPb,mfk,n,Z(x)Algl (k) +Rm,n+b(0)s(x)a m2>1,n>N—b.
=1
b m n
7Cm,n (x) = 7(11 +)LZ)Cm,n(x) + Z [Pl,m,n.,l (0) +Pl,m,n.,2 (0)]C(x) + Zcmfk,n (X))L]g] (k) + ZCm,nfk(x))LZgZ (k), m,n<a. (15)
I=a k=1 k=1
—C;n,n(x) = — (A +22)Cpp(x) + Z Cor—in(x)A1g1(k)+ ZCm’”,k(x)ﬂ,zgz(k), m>a,n<d. (16)
k=1 k=1
—C;,m(x) = —(AM +)Cpnlx)+ ZC’"*’%" (x)A1g1 (k) + ZCm,nfk(x))LZg2 (k), m<a,n>a. 17)
k=1 k=1
_C;n,n (x) = _(Al + A«Z)Cm,n (x) + Z Cmfk,n (X)A«lgl (k) + ZCm,nfk(x))VZgZ (k), m,n 2> a. (] 8)
k=1 =
*Q,Lo,o(x) = —(A1+22)Q1,00(x) +Co,0(0)v(x). (19)
_Q’l,m,O( ) (A’l +A’2)Q1 mO + ZQ] m— kO ))vlgl(k) +Cm,O(O)V(X),m > 1. (20)
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—0,0,(x) = = (A1 +42)Q1,0(x) + IilQl,o,nk(x)lzgz (k) +Con(0)v(x),n > 1. 21
0y () = — (A + A2) Q1 () + kz Qtmtn ()1 () + ;Ql,m,nm)ngz(k) G OV), mn =1, (22)
~Q;00(x) = = (A1 +42)Qj00(x) + Qj-100(0)v(), j=2. (23)
—Q;mo(®) = =M +22)Qjm0(X) + Qj—1.mo(0 +ZQ]m ko@Aigi(k), j=2,m=1. (24)
~0Qj04(0) = = (21 +212) Q) 0.0(x) + Qj-1,0(0 +ZQ,M k(D) aga(k),  j>2,n>1. (25)

—Qj () = =M +22)Qjmn () + Qj—1 mn(0)v(x) + in,m—k,n(x))ngl (k) + in’mynfk(X)kzgz(k), ji>2mn>1.
. - 26)
—Q; o (¥) = =M+ 22)Qjmn(x) +k,anQj,mk,n(x))~181 (k) + kile,m,nk(x)A'ZgZ(k)a jz2m=Nn>1. (27
—Qmn(®) = = (A1 + 22) Qjmn(x) +§:Q it (X) A1 g1 (k) + kiQ imnk(X)Maga(k), j>2,m>1,n>N. (28)
—Ryy(X) = = (A1 + A2) R (x) + ;Qj,m,n(o)r(x) + ,:ZIIVRmk,n (x)A1g1 (k) +ki1Rm,nk(x))’2g2(k)a m>N,n>0. (29)
—R (%) = = (A1 + 12)Ripn (%) +}ile,m,n (0)r(x) +kn211Rmkn x)A1g1(k) + Z Ryun—k(x)A2g2(k), m>0,n>N. (30)

In order to find the probability generating function (PGF) of queue size at an arbitrary time epoch, we define the

following:
P (y,2,0) = F1(%,2,0) + P5(,2,0),
where
y7Z7 Z Z lmnl and Nz(YaZ 9) Z Zf)i;n,n,Z(e)y,nZn
n=0m= n=0m=0
Pi(y,2,0) = P.1(, 2, 0)+P,z(y,z 0)
where
1ly7Z0 ZZlenl n and ,zy,ZO Zzptmer yz”,
n=0m= n=0m=
~(3,2,0) = ZZCmn ' C(»,2,0) = ZZCmn
n=0m= n=0m=
Q] yaze ZZQ}mn mn )’aZO ZZQ}MH mn
n=0m= n=0m=0
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R(y,2,0) = R(y,20) + R>(»,20)

where
yaZa Z Z Rmn m b and RZ()}vae) = Z Z Rm,n(e)ymzn
n=0m= n=Nm=0
(y,Z,O) :Rl(y,z,0)+R2(y,Z,O)
where

1(3,2,0) Z Z Ryn(0)y"7" and »(y,2,0) Z Z Ryun(0)y"7"

n=0m= n=N m=0
Taking LT on both sides of Egs. (1)-(14), we get
b
0P 0.1(0) = Pi00.1(0) = (A +22)P501(8) — Y [Pri0.1(0) + Prio2(0)]s™(68),a < i <b.

l=a

b
0P 02(0) = Pi002(0) = (A1 +22)P02(0) — Y [P0, (0) + Proi2(0)]s™(60),a < i < b.
I=a

QPImOI(O)*Pi,m,Ol( ) ()Ll+)t'2 1m01 Zptm kOl A1gl( ) a<i<b—1lm=>1

0P ,2(0) = Pion2(0) = (A +2A2) P a( Z ron—k2(0)Aaga(k),a<i<b—1,n>1.

b
0P, ,01(0) = Pom0,1(0) =(A1 +22)P;7.0.1(8) = Y [PLint 60,1 (0) + Pt 5,02(0)]s™(6)

I=a

*Zpbm r0.1(0)A1g1(k), I1<m<N-b-1.

b
0P, 0,2(0) = Ps0.n2(0) =(A1 +2A2) Py, 2(0) — Y [Posn+5.1(0) + Prons52(0)]s™(6)
l=a
_ZPbOn 12(0)A2g2(k), 1<n<N—-b-—1.
b
0P,,0.1(0) = Pom0.1(0) =(A1 +2A2) Py .01 (0) — Z (Prmt5,0,1(0) + Prinib,02(0)]s™(0)
l=a
*Zpbm 10.1(0)A181(k) = Ryy5,0(0)s™(8), m>N—b.
b
0P, 0,2(0) = Po0n2(0) = (A1 + 22)P50,,2(0) = Y. [Prows5,1(0) + Pronis2(0)]s™(6)
l=a
_ZPbOn k2(0)2282(k) — Ron15(0)s™(0), n>N-—b.

ePif;n,n,l(e)*Pi,m,Hl( ) (k]#’)l,z tmnl Z im— krzl A1gl( )

n
fZE%WkNMM&wylgigbfmezL
k=1

€29

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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9[)1'/;)1,;'1,2(9)_[)1'7”1,”,2( ) ()’1—’—3’2 tmn2 Z im— krz2 ﬂ’lgl( )

n 41)
= Y Pounk2(8)haga(k), a<i<b—1mn>1.
k=1
b
GPI:m,n,l(e) - Pb,m,rz,l (O) = (3'1 + AZ)PI;V,m,n,l (6) - Z [Pl,m+b,n,l (O) + Pl,m+b,n,2(0)]sw(9)
I=a
L (42)
_Zpb,mfk,n,l JAig1(k Zpbmn kl 0)A2g2(k),
k=1
1<m<N-b—1,n>1.
QPI;\,/m,n,Z(e) - Pb,m,n,Z (0) =
b
(xl +)LZ)Pl:m,n,2(9)7Z[Pl,m,n+b,l(0)+len+b2 ZPbm kn2 A1gl( ) (43)
I=a
*Zpbmn 12(6)A282(k), I<n<N-b—-1m>1
epb/jm,n,l(e) - Pb,m,n,l (O) =
b
(M +22) P50 1(8) = Y [Prims,n,1 (0) + Plingin2(0) Zpbm k1 (0)A181(k) (44)
I=a
—ZPbm” kl 0)A282(k) — Riptp2(0)s™(6), m>N—b,n>1.
QPI;‘,m,n,Z(e) - Pb,m,n,Z (0) =
b
(3’1+)’2)Pl:m,n,2(9)_Z[F)l,m,n+b,l(0)+ﬂinn+b2 Zpbm kn2 2’1g1( ) (45)
I=a
- ZPbmn k2 7ng2( ) Rm,n+b(0)sw(9)v n>N—-bm2>1.

Multiplying (32) by y°z°, (34) by y"z° (m > 1) and (40) by y"z" (m,n > 1), summing up from 7 = 0 to o and m = 0
to oo and using (31), we get

b
[0 — (A1 +A2) + 4 X1 () + M Xa(2)] P (%,2,0) = P (9,2,0) =57 (0) Y [Pri0,1(0) + PLio2(0)]. a<i<b—1 (46)

I=a

Multiplying (32) by y°2° (i = )(36)byym°(1<m<N b—1),(38) by y"2° (m>N—b), (42) by y"z" (1 <m <
N—b—1,n>1) and (44) by y"Z" (m > N—b, n > 1), summing up from n = 0 to o and m = 0 to o and using 31, we
obtain

[9—(M+)»2)+)»1X1( )+ AXa(z )]PbNI (%z,e) =

47)
Py1(y,2,0) —

ZO ZZlenl ynZH+F)l2 Y7ZO ZZPZng mn +R1(y,Z 0)}

m=0n= m=0n=

Multiplying (33) by y°2° (a <i < b),(35) by y’7* (n > 1,a<i<b—1)and (41) by y"Z" (a<i<b—1,mn>1),
summing up from n = 0 to ec and m = 0 to o and using (31), we get

b
[0 — (A1 + A2) + M X1 (y) + 12X (2)] P35 (1,2,0) = Pa(1,2,0) =57 (0) Y [Proi1(0) + Pioin(0)], a<i<b—1 (48)

l=a

@© 2022 NSP
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Multiplying (33) by y°2°, 37) by y°z" (1 <n<N—b—1),(39) by 7" (n > N—b),(43) by y"z" (m>1,1<n<
N—b—1)and (45) by y"Z" (m >1,n > N — b), summing up from 7 = 0 to c0 and m = 0 to « and using (31), we get

[0 — (A1 +22) + 4 X1 () + A2Xa(z )]szz(yaz )=
57(0)

70

b (49)
Py2(y,2,0) — (Y [P (7,2,0) — ZZlenl "2+ Pra(,2,0) — Zzplmn2 ']+ R(,2,0)]
l=a

m=0n= m=0n=

Taking LT on both sides of Egs. (15) - (18), we get

b
0C,1(8) = Cnn(0) =(A1 +242)Cpy 1(8) = Y [Py 1(0) + P 2(0)]C™(6)
l=a ) (50)
Z m— kn )’Igl k) — ZC;,nfk(e)ﬂ’ng(k)a m,n <a.
k=1
0C,,,(0) — Cun(0) = (M1 +A12)C, Z 0)Aigi(k Z mn—k(0)A2g2(k), m>a,n<a. 51)
GCJ,H(G)_Cm"( ) ()’1—’—3’2 mn Z llgl ZCmn k A’Zgz( ) m<a,n2=a. (52)

Multiplying (50) by y"z" (m,n < a), (51) by y"Z" (m > a, n < a), (52) by y"Z" (m < a, n > a), summing up from
n =0 to oo and m = 0 to o and using (31), we get

b a—la—1

[0 — (A1 +22) + 11 X1 (y) + A2X2(2)]C™ (3,2, 0) = C(,2,0) — ¢~ Z ) Zy”’z [Pt (0)+ Prynpn2(0)].  (53)
=am=0n=
Taking LT on both sides of Egs. (19)- (28), we get
0070,0(0) — 0100(0) = (A1 +22)070,0(8) — Coo(0)v™(8). (54)

007,,0(0) = Q1no(0) = (A1 +242)Q70(8) = A1 Y 0T 10(0)81(k) — Cuno(0)v™(6),  m>1.  (55)
k=1

0070,(0) = 0104(0) = (A1 +22)07.,(0) — A’ZZQIN,O,nfk(e)gZ(k) —Con(0)v™(0), n>1. (56)
=1

807 1(6) ~ Q1. (0) = (A1 +22) 07, (6) M;Qrﬁm,mw)gl(k) - Azggzm,n,k(mgz(k) GO (0), > 1. (57)

60700(6) — 0100(0) = (A1 +72)Q700(6) — 0 1000 (8), j=2. (58)

607,,0(6) — 0jmo(0) = (11 + 22)03,0(6) — O 1m0(0)v™(8) — A kfl 0o @a1(R), j=2m>1.  (59)

0070, (6) — 0104(0) = (M1 +72)0;0,(6) — 051001 (6) 22 kzl Con i @), j>2n>1.  (60)
807,1,(6) — 0jun(0) =(A1 + 22)Q7(8) — Qs 1O (6) — 24 kﬁ"‘, 0% sn ()1 (K) — 22 kz 05t (0)22(K),

j>2, mn>1.
(61)
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QQ;m,n(e)fQjamn( ) ()Ll +)LZ)Qjmrz )71’]ZQ;mfk,n(e)gl(k)7AZZQZm,n7k(9)g2(k)a Jj=22,m>N,n>1.
k=1 k=1
(62)

007 11(0) = Qjmn(0) = (A1 +22) Q07 ,(0) — M iQmek,n(('))gl(k) - )’ZiQ;m,rsz(e)gz(k)a j>2m>1,n>N.
k=1 k=1 .
Multiplying (54) by y°2°, (55) by y"z° (m > 1), (56) by y°Z" ( n > 1) and (57) by y"z" (m,n > 1), summing up from
n=0tocand m =0 to o and using (31), we get
[0 — (A1 +A2) + 41X (y) + A2X2(2)] Q7 (1,2, 0) = Q1(1,2,0) — C(3,2,0)v™(6). (64)
Multiplying (58) by y720(j > 2), (59) by y"20 (j =2, m> 1), (60) by y%2" (j > 2, n > 1), (61) by y"2" (j > 2,m,n >

1), (62) by y"7" (j > 2,m > N,n > 1), and (63) by y"'7 ”(JZZ,mZ I,n > N), summing up from n =0 to e and m =0 to
oo and using (31), we get

—IN-1

(6 — (A1 +A2) + 4 X1 (y) + A2 X2(2)]QF (3,2, 0) = Qj(1,2,0) — ZOZ Qj 1mn(OV~(0)Y"",  j>2. (65)
Taking LT on both sides of Egs. (29)-(30), we get
OR;,(8) — Rya(0) = (1 + )R ZQ,,M ZRm a(OMg1(8) — Y Ry 1 (0)Maga(K), m > N.n >0,
. (66)
OR,,1(0) = Rnn(0) = (A1 +A2)R ZQjmn ZRm kn(0)A181(k ZRmn 1(0)A282(k), m=0,n >N (67)

Multiplying (66) by y"z"(m > N,n 2 0), summing up from m = N to e and n = 0 to o and using (31), we get

8

[0 — (A1 +22) + 4 X1 (y) + 22X (2)]RT (3,2, 8) = R1(7,2,0) —R™(6 )Z[Qj ¥,2,0) — Z ZQjmn py". (68)

j=1 m=0n=
Similarly, multiplying (67) by y"'z"(m > 0,n > N), summing if from m = 0 to co and n = N to e and using (??) to get
o N—1

[0 — (A1 4 A2) + Aix1 () + Aox2(2)]R2 (3,2, 0) = Ra(y,2,0) — Z Q(»z.0)— Y, Z Qjmn(0)y"z] (69)

m=0 n=

By substituting 6 = (41 +42) — (41 X1(y) + A2X2(z)) in the (46), (47),(48), (49), (53), (64), (65), (68) and (69), we get

b
Pi1(%,2,0) = s~ [(4 +42) — (MXa (v) + 42X2(2))] Y [Prioa (0) + Prig2(0)], a<i<b—l. (70)
l=a
(A +A) — (MX X
Pb,l(yvzao) :s [( Lt 2) (ylb l(y)+ 2 Z(Z))] ZPII Y7ZO Zzplmnl mn
I=a m=0n= (71)
+PIZ y7Z0 ZZlenz +R1(y,z O)]
m=0n=
b
Pis(v,2,0) =57 (M 4+ A2) — (MiXi (y) + A2X2(2))] Z [P0,i1(0)+Ppi2(0)], a<i<b—-1. (72)
l=a
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~AL A+ A) — (MX X
Py(3,2,0) =2 (At ) = Zlb 10) + 22%(2)) Z Pri(y,2,0)— Z Zlenl z
I=a m=0n=0 (73)
+P12(3,2,0) — ZZlenZ '+ Ra(y,z, 0)]
m=0n=0
—la—1b
C(%,2,0) = c™[(M + A2) — (M X1 () + A Xa(z Z Y YV P (0) + Pryn2(0)]. (74)
m=0n=0[=a
01(3,2,0) =v7[(M + A2) — (MiXi1 (y) + A2X2(2))]C(y, 2,0). (75)
N—IN—1
Q(3.2,0) =V (A 4+ A) — (MX1(3) + 22X ()] Y, Y Qi 1ma(0)Y"",  j>2. (76)
m=0n=0
oo N—1
R1(5,2,0) = R™[(A1 + A2) — (MiXi (v) + A Xa(z Z 0i(%2,0)= Y Y 0jma(0)y""]. an
j=1 m=0n=0
oo o N—1
Ro(1,2,0) = R™[(A1 4+ 22) — (M1 X (y)+/12Xz(Z))]Z 0i(»2,0)= Y. Y Qjma(0)y"] (78)
j=1 m=0n=0
Equation (71) can be written as
_ sTIA][fi (1 2)]
Pb,l(y7Z70)7 ybfsN[A] . (79)
where,
A= (M +A) — (MiXi(y) +2A2X2(2)),
and
b—1 b b—1 oo b b b—1 oo
fl (yaz) = ZPZ,I (yazao) - Z Z ZPl,m,l’l,l (O)ymzn + ZPI,Z()GZ;O) - Z Z ZPl,m,n,Q(O)ymZn +R1(yazao)a
I=a [=am=0n=0 I=a [=am=0n=0
Similarly from Eqn. (73), we find
_ sTIAll2(n2)]
Py2(y,2,0) = oA (80)
where,
b b oo b—1 b oo b—1
fZ(y7Z):ZPl,l(yaZao)_ZZ ZPl,m,l’l,l m n+ZPZQ Yz, 0 ZZ ZPl,m,n,2(0)ymZn+R2()’7Z70)
I=a I[=am=0n=0 Il=am=0n=0
Now, using (75) in (64), we get
QN(y z 9) _ Ql (y,Z,O) 7VN(9)C(y,Z,0) _ VN[A]C(y,Z,O) *VN(Q)C(y,Z,O) _ [VN[A] *VN(G)]C(y,Z,O)
L [9 — (11 + ),2) + X (y) + lzXz(Z)] [9 —A] [9 —A] '
(81)
Substituting (76) in (65), we get
N—IN—1 N—IN—1 N—IN—1
Qj()@ZvO)_V (6 )Zog Qj- lmn( o v(A )g Z Qj- lmn( "t —v(0 )g Z Qj- lmn( "
o (»,2,0) = [6—A] - [0 — A]
N—IN—1
PA) =vI(O)] X X Qj-1ma(0)y""
_ m=0n=0 ] >9
[9 7Ai| b) -
(82)
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Using (74) in (53), we get

(€020~ (6) T T T 32 [Rlnd 0)+ Pin(0)]}
C™(y,2,0) = m=0n= Eg“f A
{CN( )aZI i Z y < [Pl m,n, 1 (O) + Pl,m,n,Z(O)] ( )aZI ai Z ym n[Pl,m,n,l (0) + Pl,m,n,Z(O)]} (83)
o m=0n=0l=a B m=0n=0l=a
N [0 — A] [0 — A]
{lc~(a)—c~ (6 ”aZ:Z;F Y2 Prynint 0) + Prnn2(0)]}
- [6—4]

Substituting (77) in (68), we get

o0 N—1 o
Ri(%,2,0) —R™(0) X [Q;(3,2.0) = ¥ ¥ Qjmn(0)y"2"]
RT(y7Z70) = ]:1 - Oni
(6 —A] 84)
R(4) = R(0)] £ 10,05:20)~ %, £ 0ya(0)"]
- [6-4]
Substituting (79) in (70), we get
oo o N—1
R(4) =R (0)] £ [0,1:20) = £ T 0jmal0)"]
R2 (y7Z79) = [9 7A] (85)
Substituting (70) in (46), we get
b
5 (4) = (O)] X [P1i01(0) + Pli2(0)] )
Fii(v,2,0) = ngA] , a<i<b-1l
Substituting (72) in (48), we get
b
[s7(4) =s7(6)] ¥ [Pr0,i.1(0) + Pro.i2(0)]
P3(y,2,0) = ’{;_A] ,a<i<b-1. (87)
From (79) and (47), we have
- _ [s7(A) —s7(6)]/1(,2)
Pb,l()),Z,G) — [yb*SN(A)][efA] . (88)
Where
h=1 = b —la— —IN=1
filpz) =+~ an =Y Y P 5T (A)Y pin + R (A) Y (A)e™ (A Z meny {7 (A) -1} Z quny ).
m=0n=0 i=a m=0n= m=0n=
From (80) and (49), we have
~ _[57(4) —s7(0)]/2(3.2)
Pb,Z(yvzve) - [Zb—SN(A)][G—A] : (39)
Where
b oo h—1 b—1 a—la— —IN—1
A2 =s"A) Y i — Y, Y pnay"" +57(A) Y po+R™(A)v A)Y meny I+ (A) -1} Z quny Z"].
i=a m=0n=0 i=a m=0n= m=0n=
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Let P(y,z) be the PGF of the queue size at an arbitrary time epoch, then

Z 7 (3,2,0) + Py (0,2,0) +Z 75 (1,2,0) + Py (.2,0) + C(1,2,0) +ZQ, %,2,0)+ R (3,2,0).  (90)

i=a Jj=
Let
b
pit =Y [P1i0.1(0)+Pin2(0)]
l=a
b
P2 = Z [P10,i1(0)+Pro,i2(0)] 1)
l=a

qmn = ZQj,m,n(O)
=

Using the Eqns. (81)- (89) in (90) with 8 = 0, we get

{Z Zy"’Z”pmn{ V(A" = s (A)][1 =R (A~ (A)c™ (A)]

m=0n=

+[RT (A~ (A)c™ (A )][1 — s (A" = s~ (A)]+ D" =5~}
—1N—1

+RY(A)[1 = ZOZy Zgma{l?’ =5~ (A’ — s~ (A)]

= =T AN =AY = s (A)][1 -5~ Zpu

(92)
+22 =57 (A)][1 -5~ Zplz
+ 1= (AN["—s™(A Zptz— Z Zy 2 D]
m=0n=
+DpP—s Zpu - ZOZy'"Z”pmn }/AD — s~ (A" -5~ (A)).

Special case:

As a special case, it may by noted that when considering only one type of customers (priority ones), then the PGF obtained
in (92) reduces to the following form

P(z) = {[S"(A - AX(2)) - 1]bi(z ~ )it (@ = DR (A= AX(@)C” (A~ AX )V~ (A ~AX(z —Iszz

i=a

= DR (A = AX(2))[V™ (A —AX(z —1anz”}/{ ~A+2AX(2)][" = S™(A —AX(2)]}-

4 Some Characteristics and Performance Measures for the Queuing System

4.1 Expected lengths of idle period
Let I be the idle period random variable, then the expected length of idle a period is given by
E(I)=E(C) +E(I;)+E(R)

where, Define a random variable U as
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I is the idle period due to multiple vacation process.
E(C) is the expected closedown time.
E(R) is the expected setup time.

U =0, if the server finds at least N customers of either type (priority or non-priority) after first vacation,
=1, if the server finds less than N customers of either type (priority or non-priority) after first vacation.

Now,
E(L)=EL/U=0)PU=0)+E(L;/U=1)PU=1)=E(V)P(U=0)+[E(V)+EL)]P(U=1).

Solving for E(I}), we get

E(V)
E(I
(h) —PU=T) 93)
Therefore the expected length of idle period E(I}) is obtained as
E(V)
E(I)=E(C E(R 94
() =E(C) + prg—gy +EWR) ©4)

4.2 Expected lengths of busy period

Let B be the busy period random variable and let wus define the random variable J as
J =0, if the server finds less than ”a” customers of both types (priority and non-priority) after first service,
J =1, if the server finds at least ”a” customers of either type (priority and non-priority) after the first service.
Now,

E(B)=E(B/J=0)PJ=0)+EB/J=1)P(J=1)=E(S)P(J=0)+[E(S)+E(B)|P(J=1).
Solving for E(B) in the above, we get the expected length of the busy period as

E(B) = _ES) (95)

a—la—1

Y Y Pm

m=0n—0

4.3 Expected queue length

The expected queue length E(Q) = E(Q;) + E(Q>) at an arbitrary time epoch, where E(Q;) the expected number of
priority customers in the queue is obtained by differentiating P(y,z) with respect to y evaluated at y = 1,z =1, E(Q,) the
expected number of non-priority customers in the queue is obtained by differentiating P(y,z) with respect to z evaluated
aty=1,z=1, and by applying L’HOpital’s rule four times we get

a—la—1 b—1 o N—IN—1
E(Q1) = {fllz b—1)—i(i—1) leJrleZ b—1)pi+fa Y, menJrfm Y men+ ) qun
m=0n= m=0n= m=0n=
—la—1 o h—1
+f51 Z Zmpmn+f61 Z Zmpmn+ Z ZmCImn }/Z[AIE(XI)(b Sll)] )
m=0n= m=0n= m=0n=
© 2022 NSP
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where
fir = ME(X1)(b—S11)S11,
for = ME(X1)(b—S11)S21 — Ti S,
fi1 = MEX)(b— Su1) [b(b— 1)(E(C) + E(R)) + b(Ra1 +Car) + 2b[E(C) + E(R) + E(V)]] — Tib(Cit +Ruy),
fur = ME(X1)(b—S11)[2bE(V)E(R) +b(b—1)E(V) +bVs1] — TIbE(V),
f51 = ME(X1)(b—S1)[p(E(C)+E(R))],
for = ME(X1)(b—S11)bE(V),
Sll = LE(X))E(S),

= ME(X1)E(V),
Rn = ME(X)E(R),
Ci1 = ME(X))E(C),
Sa1 = AME(S) + APE(X)2E(S?),
Vor = 4ME(V) + ATE(X,)°E(V?),
Ry = 4ME(R) +ATE(X))’E(R?),
Cy1 = 4ME(C) + APE(X))?E(C?),
Xo1 = X1(1),
Ty = MEX))[b(b—1) = Sa]+ M X21(b—S11).
and

a—la—1 w bl N—IN—1
E(Q) = {flzz b—1)—i(i— 1)]P12+fzzz b—1)pi+ f2 Zozopmn-i-fztz Zozopm,n-i- Zozoclm,n]
a—la—1 b—1 o o N—1
+/fs52 Z() z:onpm,n + foo| Zo Zonpm,n + Zo ZOnQn1,n]}/2MZE(X2)(b - SIZ)]Za

where,

fiz = LE(X2)(b—S12)S12,

) )
fo2 = ME(X2)(b—S12)S»0 — T25127
f32 = MEX2)(b—S12)[b(b—1)(E(C) + E(R)) + b(Ri2+ C12) + 2b[E(C) + E(R) + E(V)]] — T2b(Ci2 + R12),
f4z ME(X2)(b—812)[2bE(V)E(R) +b(b— 1)E(V) + bVis] — HPE(V),
= hE(X2)(b—S12)[p(E(C) +E(R))],
féz = hE(Xy)(b—S1)bE(V),
S = )yzE(Xz)E(S
Via = le(Xz)E(V)
Ry = LE(X)E(R),
Cir = ME(X)E(C),
San = 4E(S) + AFE(X: )ZE(SQ)
Via = 4ME(V) + AJE(X,)2E(V?),
Riy = 4LE(R) + 3E(X. )2 (R%),
Cih = 412E(C)+k22 (Xz 2E(C2),

X1z = X5(1),
= )LzE(Xz)[b(b* 1) 7522] +AQX[2(b*S[2).

then

E(Q)=E(Q1)+E(Q2).

Arumuganathana et al. [11], is considered a particular case from our results

(96)
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5 Conclusion

A priority queuing system MX! M*2/Gi(a,b),G(a,b)/1 with multiple vacations, setup times with N-policy and
closedown times has been studied with two types of customers, priority customers and nonpriority customers.

The PGF of queue size at an arbitrary time epoch is obtained. Some characteristics and performance measures are
also derived, such as (Expected length of idle period, Expected length of a busy period and Expected queue length). A
special case of the model, when considering only one type of customers, is also presented.
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