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Abstract

One of the problems considered in financial mathematics is
finding portfolios of given financial assets that minimize risk
for targeted returns. The set of such portfolios is called the
envelope of the assets. Traditionally, this problem is solved as
a calculus minimization problem involving partial derivatives
and Lagrange multipliers. The mean-variance framework is
the preferred method for picking investments for many retail
and institutional investors. Meanwhile, big data and the real-
time economy have created new asset allocation challenges
and opportunities. These changes have been thoroughly
recorded, and portfolio management firms constantly
incorporate the data into complex models. In this study, we
tackle this issue by engineering practical tools for asset
allocation and implementing them in the Python programming
language. With its clear syntax, efficient development, and
usability, Python programming provides an ideal framework
for this research study. We turn to convex optimization to
formulate specific portfolio optimization problems and
incorporate different investment constraints. We give code
samples from the associated procedures and useful graphics
that illustrate the input data and the produced results. We
discover that most optimization issues can be written in
convex form and hence quickly implemented and solved using
Python modules to generate portfolios from real-world data.
In this research work, we presented the results of three case
studies that we have carried out on Moroccan Assets and
multinational companies. We used and analyzed data from
Yahoo Finance and Investing.com for the period that covers
ten years, between 2012 and 2022. For our third case, we have
used the Pandas-Datareader library in Python, and we have
computed all the parameters for portfolio optimization, and
we discussed the outcome profitability

Keywords:  Assets, Investment, Portfolio Theory, Python
programming, Excel, Digital management.
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1. Introduction

Undoubtedly, finance has played a major
role in the strategic governance of companies.
Finance has changed significantly over the past
few decades, moving from a minor and
subordinate position to a major role in corporate
governance. Today, finance is increasingly able
to influence corporate strategies, and it is not
uncommon for it to serve as the starting point for
new strategies and business models.

The position and contribution of finance
to the survival and development of companies are
becoming increasingly essential over time.
Furthermore, finance has also developed
economic concepts that are used in decision-
making involving the distribution of funds in
uncertain situations. Moreover, it is clear that
portfolio management has undergone a
spectacular development since the mid-20th
century. Indeed, it was the work of Markowitz in
the 1950s that marked the starting point of
modern theoretical developments in the
management of investments in financial assets
and the functioning of financial markets.

Although the notion of diversification
was known well before, it was Markowitz's work
that made it possible to build the concepts and
mathematical models to determine the optimal
proportions to invest in different financial assets
according to the choice of the investor or asset
manager. Subsequently, the works of Sharpe,
Lintner, and Mossin conducted in 1960 and those
of Fama have allowed the development and
refinement of the analysis of the conditions of
balance and efficiency of financial markets
related to portfolio management. Similarly, the
work of William F. Sharpe (1964) clarified the
conditions of equilibrium of an "efficient market"
of financial assets, while those carried out by
Samuelson [1965] and Mossin [1966] deepened
the notion of Sharpe. This is how the so-called
modern financial theory (MFT) was born. So,
investors seek the best combination to meet their
needs in an uncertain environment. Uncertainty
must be estimated, analyzed, modeled, and
managed to determine the optimal allocation. As
this task is not simple, the investor must rely on
guantity and function forecasts.

One of the most well-known
optimization models in finance is the portfolio
selection model developed by Harry Markowitz,
which is the foundation of modern portfolio
theory. Markowitz's mean-variance approach led
to important developments in financial
economics, such as Tobin's mutual fund
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separation theorem and Sharpe's capital asset
pricing model (CAPM). Markowitz received the
Nobel Prize in Economics in 1990 for his
significant impact on theory and practice.
Therefore, several developments and adjustments
to the original concept have occurred in recent
decades. In addition, asset allocation has become
increasingly important in the current investment
landscape due to the prevalence of low-interest
rates and high market volatility. This has led to
the development of new approaches to asset
allocation, such as factor investing and risk
parity, which aim to optimize risk-adjusted
returns.

In practice, in the world of financial
speculation and securities transactions, every
investor, whether a trader, a mutual fund, or an
individual investor, must make a decision on how
to use their limited resources. The idea is to
identify a combination of securities that
complement each other rather than a single
appropriate asset. The practice of allocating
among different investments to reduce risk is
known as diversification.

1.2 The aim

The objective of this research work is to design
and develop effective asset allocation tools in
Python. These tools should be simple enough for
interested practitioners to understand the
underlying theory, while providing enough
numerical solutions. This leads us to formulate
the main problem of this study as follows:
How can we effectively and comprehensibly
apply the principles of portfolio theory and
convex optimization mathematics in practical
asset allocation? That is, how can we be good
managers of our resources? Since most portfolios
include multiple high-yield options, the main
problem is deciding which of these attractive
projects to pursue and which to reject. Different
questions arise:
= How can we choose projects that will take us
furthest and fastest in the desired direction?
= What could be a concrete example of sectors
and instruments in a financial market context
for this portfolio optimization problem?
= How can we optimize a portfolio in Python
and Excel with weight constraints?
= What is the optimal diversification strategy
for a portfolio when only risky assets are
available on the markets?
To achieve these objectives, this project
was conducted on three case studies conducted on
assets of multinational companies and Moroccan
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companies. These studies were carried out using
Excel and programming in Python.

2. Mathematical models:
2.1 Contributions of Markowitz:

* The interest of diversification is not based on
the absence of correlation between returns,
but on their imperfect correlation.

= "Spread your eggs in imperfectly correlated
baskets rather than putting them in perfectly
positively correlated baskets."

» The risk reduction allowed by diversification
is limited by the degree of correlation
between assets.

Diversifying a portfolio allows for a decrease in

"risk" without necessarily decreasing the average

return.

Example: Portfolio P consists of two securities, in

proportions a and (1 — a).

Expected return:
bp = ap + (1- @) py

Variance of return:
of = a?cf+ (1- @)’ 0%+ 2a(l- a)oy,

of = a?c?+ (1- @)%}

+ 2a(l- a)o102p1

In the theory of Markowitz, the essential
characteristics of an asset or portfolio are its
"return” (average) and its "risk".

2.2 Efficient Frontier

If all available "risky" securities are combined in
all possible ways, the set of possible portfolios is
obtained, characterized by an average rate of
return of p and standard deviation c.
An efficient portfolio is a portfolio:
* Whose average return is maximized for a
given level of risk,
* Orwhose risk is minimized for a given return.
In the presence of a risk-free asset (Tobin 1958)
The risk-free asset pays a fixed real rate of return,
without the risk of default.
In a portfolio comprising
» Arrisky security (or portfolio), (og, Ug),
in proportion a,
* And arisk-free asset, 0, 7y),
in proportion (1 — a),
Expected return and risk combine linearly:
Rp=aRp + (1 — a)ry = pp
=aug+ (1 —a)ry and op
= aop
Hence:
Hr — 77
OR

e+ Op

-933-

”Ra—_rf: This is called the "Sharpe ratio" of the
R

risky asset.

”Pa—_rf: This is called the "Sharpe ratio" of the
R

portfolio.

-r -r
Thus: HRTTf = HPTTf
O O

R R
The portfolio has the same Sharpe ratio as the
risky asset it contains.
Wp — 7y — measures the average excess return
(compensation for risk)

og = measures the "amount™ of risk
-r . .

—“Pg L - can be interpreted as the unit
R

compensation for risk.

2.3 The concept of optimal portfolio
selection:

Markowitz's work in 1954 was the first attempt to
theorize the financial management of portfolios,
and his model suggests a procedure for selecting
multiple stocks based on statistical criteria in
order to obtain optimal portfolios. Specifically,
Markowitz showed that investors seek to
optimize their choices by considering not only the
expected return on their investments but also the
risk of their portfolio, which he mathematically
defines as the variance of the return. Thus, the
"efficient portfolio" is the most profitable
portfolio for a given level of risk.

Step 1:

We set a target expected return and find all the
minimum variance portfolios that satisfy the
return objective. This gives us a set of minimum
variance portfolios.

Step 2:

From these portfolios, we select the one that has
the highest return for a given variance. By doing
this for multiple expected return values, we end
up with one or more efficient portfolios. Thus,
between two portfolios (sets of assets)
characterized by their (assumed random) return,
we make the following assumptions:

Assumption 1:

At the same level of risk, we choose the portfolio
with the highest expected return (maximum

gain).
Assumption 2:

At the same expected return, we choose the
portfolio with the lowest risk (risk aversion).
This principle leads to eliminating a certain
number of portfolios that are less efficient than
others.



Asset pricing and Modern portfolio theory .....

Mohamed Amine CHAFIK &
Faouzi BOUSSEDRA

Rp

Security Market Line (SML)

2.4 CAPM:

a) The expected return of a security does
not depend on its specific risk.
W =17 + Bi(kp — 77)
The return of a security depends on the market
risk premium and the beta of the security.
b) Beta indicates the portion of non-
diversifiable risk.
At equilibrium, all portfolios and all assets are on
the "CAPM line" (SML = Security Market Line).

Expected
Return

m
My
All Available

Assets

ﬂm Beta

* The beta of a portfolio is equal to the
weighted average of the betas of the
securities it contains.

* The beta of the market portfolio is equal to 1.

» An efficient portfolio is composed of risk-
free securities and the market portfolio (two-
fund separation theorem).

Only non-diversifiable risk "deserves” a higher

return than the risk-free rate.

+ A stock a located above the SML is
"undervalued": its expected return is higher
than that of an efficient portfolio with the
same beta, the demand for this stock should
increase, as well as its price (so that its
expected return decreases).

* On the other hand, a stock B located
below the SML is "overvalued" (its
current price is higher than the
equilibrium price, its current return is
lower than its equilibrium return).

3. Result and discussion
3.1 Case studies on Excel:
3.1.1 First case study on Excel:

Let's imagine that we want to invest in four
risky assets (Apple, Google, Microsoft, and
Netflix). The first main problem we need to solve
is to find the best weight distribution that will
give us the best combination of higher returns
with lower risk, in other words, the highest
Sharpe ratio.

The curve that allows us to establish the
efficient frontier is represented in the figure
below. This curve crosses different points that
correspond to different weight combinations in
this portfolio. This model can be represented on a
scatter plot, with risk on the X-axis and return on
the Y-axis.

Efficient Frontier & CAL

0.2500%

0.2000%

0.1500%

0.1000%

=2
[+4
2
-
w
o
o
=
o
[
-
-4
o
a

0.0500%

0.0000%
0.0%

1.5%

2.0%

VOLATILITY OF THE PORTFOLIO
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Analyzing this figure allows us to find
the tangency portfolio, which corresponds to the
point of intersection between the efficient frontier
and the capital allocation line that represents the
highest Sharpe ratio. This point represents the
optimal portfolio and corresponds to the best-
expected return/risk combination.

The results obtained for the Optimal
Portfolio weight distribution show that MSFT has
the highest rate of 41%, followed by NLFX with
24%, then AAPL with 18%, and GOOG with
only 17%. The estimated values of the Sharpe
ratio and the standard deviation for this portfolio
are 1.1879 and 1.541%, respectively.

3.1.2 2nd case study on Excel:

In this second case study, we will deal
with five Moroccan companies listed on the stock
market: Micro Data SA, Afriquia Gaz, Disway

SA, Alliances Développement Immobilier SA,
and Attijariwafa Bank. To carry out this study, we
used the historical data of these five assets from
the Investing.com website. Mathematical
analysis was performed on data from the period
between 2012 and 2022 on a monthly basis. We
used monthly closing prices from the previous
year and calculated the month-to-month return
percentage.

The mathematical procedures for
calculating the proportions of the different assets
in the final composition of the portfolio are
similar to those used in the first case study. The
final result and estimates obtained for the
different parameters are presented in the figure
below. The following figure illustrates the risk-
return profile of different portfolios generated by
combining the five assets in different weights.

Efficient Frontier and CAL

0,800%

=
o
=
=
L
[
o
=
o
red
=
[
o
a.

0,600%

1,000% 2,000% 3,000%

Optimal Portfolio

ATW

4,000%

“MIC

fogs DWI

®

5,000% 6,000% 7,000% 8,000% 9,000%

PORTFOLIO VOLATILITY

At the end of this analysis, we can
conclude that the best distribution of these five
assets is that of the optimal portfolio. Therefore,
we clearly see that the "distribution of the optimal
portfolio weights" for these five different assets
is the one that assigns the highest weight to MIC
at 48%, followed by GAZ with a proportion of
27%, then DWY with 25%, while ATW and ADI
display a weight of 0% for each of them.

3.2 Case study on Python:

This case study concerns seven stocks on the
Python programming language:

0.45-

0.40-

-935-
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As illustrated in the figure above, on the
X-axis, we have volatility or risk measured by the
standard deviation, and on the Y-axis, we have
the associated return. In principle, we are looking
for a portfolio or one of these points that is as far
to the left as possible, meaning with less risk, and
as far up as possible, meaning with higher returns.

As we can see, the lighter the color, the higher the
& Portfolio optimization

Sharpe ratio, and the darker the color, the lower
the Sharpe ratio.

The overall analysis of these numerous
random distributions of portfolios generated by
different iterations allows us to find the best
combination of return and risk, which
corresponds to the weight distribution of the
Optimal Portfolio.

C:\Users\Amine\AppData\Local\Microsoft\WindowsApps\python3.18.exe "C

Lowest risk
Returns
Risk

Sharpe
Weights
Name: 5845, dtype: object
['AAPL', 'TSLA', 'GDOG',

Highest return
Returns
Risk
Sharpe
Weights
Name: 15286, dtype:
['AAPL', 'TSLA', 'GDOG',

object

Highest Sharpe
Returns
Risk

Sharpe
Weights

The above figure shows that the weight
distribution of the different assets that generate
the Optimal Portfolio corresponds to the one that
assigns MSFT the first place with 27.6%,
followed by TSLA with a proportion of 26.1%,
then by AAPL with 15.2%, followed by AMZN
and KO with the same proportions and equal to
10.9%; while NFLX has a proportion of 9.1% and
GOOG is last with less than 1%.

It's worth noting that the weight
distribution of assets in the optimal portfolio is
not fixed and can change over time, depending on
various factors such as market conditions, asset
performance, and investor risk appetite.
Furthermore, constructing an optimal portfolio is
not a one-time activity, and investors should
regularly rebalance their portfolios to maintain
the desired asset allocation and risk level.
Rebalancing involves selling or buying assets to
bring the portfolio back to its target allocation.

[0.0859, ©0.03, 0.311,

'MSFT',

'MSFT',

0.009, 0.553, 0.037,
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IKDI,

IKDI,

0.176126
0.170889
0.913609
0.002]

"NFLX', 'AMZN']

0.456541
0.360749
1.210095

[0.153, ©.524, 0.125, ©.04, 0.009, 0.113, 0.035]|

"NFLX', 'AMZN']

B.356658
0.259052
1.299576

[0.152, ©.261, 0.009, 0.276, 0.106, 0.891, 0.106]

Overall, constructing an optimal portfolio is a
complex and dynamic process that requires
careful consideration of various factors. Investors
should seek the advice of financial professionals
and conduct thorough research before making
investment decisions.

4. Conclusion:

Modern portfolio theory (MPT) is a
financial theory that covers topics like
diversification and risk management
mathematically. The MPT provides the investor
with a collection of tools for constructing a
diversified portfolio whose return is maximized
for a given degree of risk. The standard deviation
is widely used to calculate risk.

The Efficient Frontier assists us in
identifying and visualizing a portfolio of assets
with the best expected return for any given risk
level. Portfolios that are on the curve are the most
efficient. Other collections either offer lower
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expected returns for the same level of risk or have
higher risk levels for the same level of expected
returns. The Capital Allocation Line (CAL) is a
graphical representation of the risk-reward
profile of risky assets that may be used to locate
the optimal portfolio. The Sharpe ratio, or
reward-to-risk ratio, is the slope of the line. The
Sharpe ratio calculates the increase in expected
return per unit of extra standard deviation.

In order to apply these theoretical
concepts related to the construction of the best
Portfolio, three different case studies were carried
out;

The first case study was conducted on
four multinational Assets (Google, Microsoft,
Apple and Netflix). The results obtained for the
Weight distribution of the Optimal Portfolio
shows that MSFT has the highest rate of 41%,
followed by NLFX with 24%, then AAPL with
18%, and GOOG with only 17%. The estimated
values of the Sharpe Ratio and the Standard
deviation for this Portfolio were equal to 1.1879
and 1.541% respectively

Moreover, the Expected Return to be
generated by the Optimal Portfolio established
was estimated to a value of 1.21%, whereas that
of the Minimal risk Portfolio was evaluated to
0.106% only.

The second Case study was conducted on
a set of Five Moroccan Assets (MIC, GAZ,
DWY, ATW and ADI). The obtained Weight
distribution values for the Optimal Portfolio
shows that MIC comes first with 48%, followed
by GAZ with a proportion of 27%, then DWY
with 25%, whereas both ATW and ADI showed
a weight of a value equal to 0 %. The estimated
values of the Sharpe Ratio and the Standard
deviation for this Portfolio were equal to 0.84 and
5.43% respectively

On the other hand, the Expected Daily
Return of the Optimal Portfolio was estimated to
a value of 1.42%%. This value is more than two
times that estimated Expected Daily return of the
Minimal Risk Portfolio which was evaluated to
0.61% only.

Furthermore, for these two case studies,
we have completed the analysis by establishing
the curve that represents the Expected Return for
a given Risk level. The analysis of these figures
allows us to find the tangency portfolio, which
corresponds to the point of intersection between
the Efficient Frontier and the Capital Allocation
Line with that of the highest Sharpe Ratio.

In the third case study we used encoding
by Python to calculate the best distribution of
resource allocations over seven different Assets.

-937-

These include Google, Apple, Netflix, Tesla,
Amazon, Microsoft and Coke. The outcome of
our analysis revealed that the weight distribution
of the different assets that generate the Optimal
Portfolio corresponds to the one that assigns
MSFT the first place with 27.6%, followed by
TSLA with a proportion of 26.1%, then AAPL
with 15.2%, followed by AMZN and KO with the
same proportions and equal to 10.9%; while
NFLX has a proportion of 9.1% and GOOG is last
with less than 1%. The Sharpe ratio for this
portfolio was estimated to 1.21, with an expected
return of 0.46 and a corresponding risk level of
0.36.
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