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Abstract: In this work, our purpose is to introduceI−convergence of sequences of functions in intuitionistic fuzzy normed space
by combining theI−convergence, the sequences of functions and the intuitionistic fuzzy normed spaces, and to investigate relations
among concepts such asI−convergence, statistical convergence and the usual convergence of sequences of functions in intuitionistic
fuzzy normed space.
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1 Introduction and Preliminaries

The fuzzy theory has emerged as the most active area of
research in many branches of mathematics and
engineering. This new theory was introduced by Zadeh
[29] in 1965 and since then a large number of research
papers have appeared by using the concept of fuzzy
set/numbers and fuzzification of many classical theories
has also been made. It has also very useful applications in
various fields, e.g. population dynamics [3], chaos control
[6], computer programming [8], nonlinear dynamical
systems [9], fuzzy physics [17], fuzzy topology
([24],[26]), etc. As a generalization of fuzzy sets, the
concept of intuitionistic fuzzy sets was introduced by
Atanassov [1] in 1986 and later there has been much
progress in the study of intuitionistic fuzzy sets (IFS for
short) by many authors including Mursaleen et al [19] and
Mursaleen et al [18]. Using the idea of intuitionistic fuzzy
sets, Park [25] defined the notion of intuitionistic fuzzy
metric spaces by the help of the continuous t-norms and
the continuous t-conorms as a generalization of fuzzy
metric space due to George and Veeramani [7].
Afterward, Samanta and Jebril [27] introduced the
definition of intuitionistic fuzzy continuity and
sequentially intuitionistic fuzzy continuity and proved
that they are equivalent. A few of the algebraic and
topological properties of intutionistic fuzzy continuity

and uniformly intutionistic fuzzy continuity was
investigated by Dinda and Samanta [4].

On the other hand, the notion of statistical
convergence for real number sequences was first
introduced by Fast [5]. Using the concept of an ideal,
Kostyrko et al. [15] introduced the notion of ideal
convergence which is a generalization of ordinary
convergence and statistical convergence. The ideal
convergence provides a general framework to study the
properties of various types of convergence. Additionally,
Karakuş et al. [13] defined statistical convergence in
intuitionistic fuzzy normed spaces (IFNS for short) and
Mursaleen et al. [22] investigated statistical convergence
of double sequences in IFNS. Quite recently, in [10],
Karakaya et al defined and studied statistical convergence
of sequences of functions in IFNS. Furthermore,
Karakaya et al ([11], [12]) studied λ−statistical
convergence and lacunary statistical convergence of
sequences of functions in IFNS respectively. Further
information on ideal convergence and statistical
convergence can be found in([20], [21], [14], [23]).

In this work, our purpose is to introduce some new
concepts related to ideal convergence of sequences of
functions in IFNS. Also we investigate some relations
among the other concepts such as the statistical
convergence in classical sense, the statistical convergence

∗ Corresponding author e-mail:vkkaya@yahoo.com, vkkaya@yildiz.edu.tr

c© 2014 NSP
Natural Sciences Publishing Cor.

http://dx.doi.org/10.12785/amis/080525


2308 V. Karakaya et. al. : On Ideal Convergence of Sequences of Functions...

in IFNS and statistical convergence of sequences of
functions in IFNS.

We first recall some basic notions of IFNS.

Definition 1(see [28]).
A binary operation∗ : [0,1]× [0,1]→ [0,1] is said to be

a continuous t-norm if it satisfies the following conditions:
(i) ∗ is associative and commutative,
(ii) ∗ is continuous,
(iii ) a∗1= a for all a∈ [0,1],
(iv) a∗ c ≤ b∗d whenever a≤ b and c≤ d for each

a,b,c,d ∈ [0,1].

For example,a∗b= a.b is a continuous t-norm.
A binary operation⋄ : [0,1]× [0,1] → [0,1] is said to

be a continuous t-conorm if it satisfies the following
conditions:

(i) ⋄ is associative and commutative ,
(ii) ⋄ is continuous,
(iii ) a⋄0= a for all a∈ [0,1]
(iv) a⋄ c≤ b⋄d whenever a≤ b and c≤ d for each

a,b,c,d ∈ [0,1] .
For example,a⋄b = min{a+b,1} is a continuous t-

norm.

Definition 2(see [26]).
Let ∗ be a continuous t-norm,⋄ be a continuous

t-conorm and X be a linear space over the field IF(R or
C). If µ and ν are fuzzy sets on X× (0,∞) satisfying the
following conditions, the five-tuple(X,µ ,ν ,∗,⋄) is said
to be an IFNS and(µ ,ν) is called an intuitionistic fuzzy
norm. For every x,y∈ X and s, t > 0,

(i) µ (x, t)+ν (x, t)≤ 1,

(ii) µ (x, t)> 0,

(iii ) µ (x, t) = 1⇐⇒ x= 0,

(iv) µ (ax, t) = µ
(

x, t
|a|

)

for each a6= 0,

(v) µ (x, t)∗ µ (y,s)≤ µ (x+y, t +s),

(vi) µ (x, .) : (0,∞)→ [0,1] is continuous,

(vii) lim
t→∞

µ (x, t) = 1 and lim
t→0

µ (x, t) = 0,

(viii) ν (x, t)< 1,

(ix) ν (x, t) = 0⇐⇒ x= 0,

(x) ν (ax, t) = ν
(

x, t
|a|

)

for each a6= 0,

(xi) ν (x, t)⋄ ν (y,s)≥ ν (x+y, t +s),

(xii) ν (x, .) : (0,∞)→ [0,1]is continuous.

(xiii) lim
t→∞

ν (x, t) = 1 and lim
t→0

ν (x, t) = 0,

For the intuitionistic fuzzy normed space(X,µ ,ν ,∗,⋄),
as given in Dinda and Samanta [4], we further assume
that (X,µ ,ν ,∗,⋄), satisfy the following axiom:
(xiv)a∗a= a,a⋄a= a for all a∈ [0,1].

Definition 3(see [26]).
Let (X,µ ,ν ,∗,⋄) be IFNS and(xn) be sequence in X.

Sequence(xn) is said to be convergent to L∈ X with
respect to the intuitionistic fuzzy norm(µ ,ν) if for every
ε > 0 and t > 0, there exists a positive integer n0 such
that µ (xn−L, t) > 1− ε and ν (xn−L, t) < ε whenever
n > n0. In this case we write(µ ,ν) − lim xn = L as
n→ ∞.

Definition 4(see [4]).
Let fn : (X,µ ,ν ,∗,⋄)→ (Y,µ ′,ν ′,∗,⋄) be a sequence

of functions. The sequence( fn) is said to be pointwise
intuitionistic fuzzy convergent on X to a function f with
respect to(µ ,ν) if for each x∈ X, the sequence fn (x) is
convergent to f(x) with respect to(µ ′,ν ′).

Let fn : (X,µ ,ν ,∗,⋄)→ (Y,µ ′,ν ′,∗,⋄) be a sequence
of functions. The sequence( fn) is said to be uniformly
intuitionistic fuzzy convergent on X to a function f with
respect to(µ ,ν), if 0< r < 1, t > 0, there exist a positive
integer n0 = n0 (r, t) such that∀x∈ X and∀n> n0,

µ ( fn (x)− f (x) , t)> 1− r, ν ( fn (x)− f (x) , t)< r.

Definition 5. If X be a non-empty set, then a family of
set I⊂ P(X) is called an ideal in X if and only if

(i) /0∈ I ;
(ii) For each A,B∈ I , we have A∪B∈ I ;
(iii ) For each A∈ I and B⊂ A, we have B∈ I .

Definition 6. Let X be a non-empty set. A non-empty
family of sets F⊂ P(X) is called a filter on X if and only
if

(i) /0 /∈ F ;
(ii) For each A,B∈ F we have A∩B∈ F ;
(iii ) For each A∈ F and A⊂ B we have B∈ F.

An idealI is called non-trivial ifI 6= /0 andX /∈ I . Also
a non-trivial idealI ⊂P(X) is called an admissible ideal in
X if and only if it contains all singletons i.e., if it contains
{{x} : x∈ X} .

Definition 7(see [16]).
Let I ⊂ P(N) be a nontrivial ideal and(X,µ ,ν ,∗,⋄)

be an IFNS. A sequence x= (xn) of elements in X is said
to I-convergent to L∈ X with respect to the intuitionistic
fuzzy norm(µ ,ν) if for eachε > 0 and t> 0, the set

{n∈ N : µ (xn−L, t)≤ 1− ε or ν (xn−L, t)≥ ε} ∈ I .

In this case the element L is called I−limit of the sequence
(xn) with respect to the intuitionistic fuzzy norm(µ ,ν) and
we write I(µ ,ν)− limxn = L.
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2 I−convergence of sequences of functions in
an IFNS

In this section, we defineI−convergence of sequences of
functions in an IFNS and we give some connections
between I−convergence and statistical convergence of
sequences of functions in an IFNS.

Definition 8.Let I ⊂ P(N) be a nontrival ideal. Also let
(X,µ ,ν ,∗,⋄), (Y,µ ′,ν ′,∗,⋄) be two IFNS and
fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be a sequence of
functions. If for each x∈ X and∀ε > 0, t > 0,

{

n∈ N : µ ′ ( fn (x)− f (x) , t)≤ 1− ε
or ν ′ ( fn (x)− f (x) , t)≥ ε

}

∈ I

then we say that the sequence( fn) is pointwiseI− ideal
convergent with respect to intuitionistic fuzzy norm(µ ,ν)
and we write itI(µ ,ν)− fn → f .

Example 1.LetA= {1,3,5, ...,2k+1, ...} andI =P(A)=
2A. I is a non trivial ideal inN. Let (R, |·|) denote the space
of real numbers with the usual norm, and leta∗ b = a.b
and a⋄ b = min{a+b,1} for a,b ∈ [0,1]. For all x ∈ R
and everyt > 0, we consider

µ (x, t) =
t

t + |x|
andν (x, t) =

|x|
t + |x|

.

In this case,(R,µ ,ν ,∗,⋄) is intuitionistic fuzzy normed
space. Letfn : [0,1]→R be sequences of functions whose
terms are given by

fn(x) =























xn2
+1; if n= 2k+1 andx∈

[

0, 1
2

)

,
0; if n 6= 2k+1andx∈

[

0, 1
2

)

xn+ 1
2; if n= 2k+1andx∈

[

1
2,1

)

,
1; if n 6= 2k+1andx∈

[

1
2,1

)

,
2; if x= 1

( fn) is pointwiseI− convergent on[0,1] with respect to
intuitionistic fuzzy norm(µ ,ν). If we takex∈

[

0, 1
2

)

and
after the following calculations

K (ε , t) =
{

n∈ N :
t

t + | fn(x)−0|
≤ 1− ε

or
| fn(x)−0|

t + | fn(x)−0|
≥ ε

}

=

{

n∈ N : | fn(x)| ≥
εt

1− ε

}

=
{

n∈ N : fn(x) = xn2
+1

}

= {n∈ N : n= 2k+1}

we haveK (ε , t) ∈ I . HenceI(µ ,ν)− fn → 0 in an IFNS. If
we takex∈

[

1
2,1

)

, then we get the following set

K′ (ε , t) =
{

n∈ N :
t

t + | fn(x)−1|
≤ 1− ε

or
| fn(x)−1|

t + | fn(x)−1|
≥ ε

}

=

{

n∈ N : | fn(x)−1| ≥
εt

1− ε

}

=

{

n∈ N : fn(x) = xn+
1
2

}

= {n∈ N : n= 2k+1} .

In this interval, the setK′ (ε , t) ∈ I andI(µ ,ν)− fn → 1 in
an IFNS. If we takex= 1, it can be seen easily that

K′′ (ε , t) =
{

n∈ N :
t

t + | fn(x)−2|
≤ 1− ε

or
| fn(x)−2|

t + | fn(x)−2|
≥ ε

}

=

{

n∈ N : 0≥
εt

1− ε

}

= ⊘ ∈ I

and( fn) is ideal convergent to 2 atx = 1 with respect to
intuitionistic fuzzy norm(µ ,ν). Since sequence( fn) has
three different limits, it is pointwiseI− convergent in
(R,µ ,ν ,∗,⋄) for eachx∈ X0.

Remark. In the example above,( fn) is not pointwise
convergent both usual sense and statistical sense with
respect to(µ ,ν) but it is pointwiseI−convergent with
respect to(µ ,ν).

Lemma 1. Let fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be a
sequence of functions. Then for everyε > 0, for each x∈X
and t> 0, the following statements are equivalent:

(i) I(µ ,ν)− fn → f .
(ii) {n∈ N : µ ′ ( fn (x)− f (x) , t)≤ 1− ε } ∈ I and

{n∈ N : ν ′ ( fn (x)− f (x) , t)≥ ε} ∈ I

(iii ) {n ∈ N : µ ′ ( fn (x)− f (x) , t) > 1 − ε and
ν ′ ( fn (x)− f (x) , t)< ε} ∈ F (I)

(iv) {n∈ N : µ ′ ( fn (x)− f (x) , t)> 1− ε} ∈ F (I) and
{n∈ N : ν ′ ( fn (x)− f (x) , t)< ε} ∈ F (I)

(v) I − lim µ ′( fn (x) − f (x) , t) = 1 and
I − lim ν ′( fn (x)− f (x) , t) = 0

Proof. The proof is standard verification.

Theorem 1. Let ( fn) and (gn) be two sequences of
functions in an IFNS(X,µ ,ν ,∗,⋄) . If I(µ ,ν)− fn = f and
I(µ ,ν) − gn = g, then I(µ ,ν) − (α fn+βgn) = α f + βg
whereα,β ∈ IF (R or C).
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Proof. The proof is clear forα = 0 andβ = 0. Now let
α 6= 0 andβ 6= 0. SinceI(µ ,ν)− fn → f andI(µ ,ν)−gn → g,

for eachx∈ X

A1 =







n∈ N : µ ′
(

fn (x)− f (x) , t
2|α |

)

≤ 1− ε

or ν ′
(

fn (x)− f (x) , t
2|α |

)

≥ ε







∈ I ,

and

A2 =







n∈ N : µ ′
(

gn (x)−g(x) , t
2|β |

)

≤ 1− ε

or ν ′
(

gn (x)−g(x) , t
2|β |

)

≥ ε







∈ I .

Define the setA= (A1∪A2), soA belongs toI . It follows
thatAc is a non-empty set inF(I). We shall show that for
eachx∈ X

Ac ⊂
{

n∈ N : µ ′ ((α fn+βgn)(x)− (α f +βg)(x), t)

> 1− ε andν ′ ((α fn+βgn)(x)− (α f +βg)(x), t)< ε
}

.

Let m∈ Ac. In this case

µ ′

(

fm(x)− f (x) ,
t

2|α|

)

> 1− ε ,

ν ′

(

fm(x)− f (x) ,
t

2|α|

)

< ε ,

µ ′

(

gm(x)−g(x) ,
t

2|β |

)

> 1− ε

andν ′

(

gm(x)−g(x) ,
t

2|β |

)

< ε .

We have

µ ′ ((α fm+βgm)(x)− (α f (x)+βg(x)) , t)

≥ µ ′
(

α fm(x)−α f (x),
t
2

)

∗µ ′
(

βgm(x)−βg(x),
t
2

)

= µ ′

(

fm(x)− f (x),
t

2|α |

)

∗µ ′

(

gm(x)−g(x),
t

2|β |

)

> (1− ε)∗ (1− ε)
= (1− ε)

and

ν ′ ((α fm+βgm)(x)− (α f (x)+βg(x)) , t)

≤ ν ′
(

α fm(x)−α f (x),
t
2

)

∗ν ′
(

βgm(x)−βg(x),
t
2

)

= ν ′

(

fm(x)− f (x),
t

2|α |

)

∗ν ′

(

gm(x)−g(x),
t

2|β |

)

< ε ⋄ ε
= ε.

This implies that

Ac ⊂
{

n∈ N : µ ′ ((α fn+βgn)(x)− (α f +βg)(x), t)

> 1− ε andν ′ ((α fn+βgn)(x)− (α f +βg)(x), t)< ε
}

.

SinceF(I) is filter, it follows that the later set belongs
to F(I). According to Lemma 1

I(µ ,ν)− (α fn+βgn)→ α f +βg.

Definition 9. Let fn : (X,µ ,ν ,∗,⋄)→ (Y,µ ′,ν ′,∗,⋄) be
a sequence of functions. The sequence( fn) is a pointwise
ideal Cauchy sequence in IFNS provided that for everyε >
0 and t> 0 there exists a number N= N(ε , t,x) such that

{

n∈ N : µ ′ ( fn (x)− fN (x) , t)≤ 1− ε
or ν ′ ( fn (x)− fN (x) , t)≥ ε for each x∈ X

}

∈ I .

Theorem 2. Let fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be
a sequence of functions. If( fn) is a pointwise
I−convergent with respect to intuitionistic fuzzy norm
(µ ,ν), then( fn) is a pointwise I− Cauchy sequence with
respect to intuitionistic fuzzy norm(µ ,ν) .

Proof. Suppose thatI(µ ,ν)− fn → f and letε > 0, t > 0.
For a given ε > 0, choose s > 0 such that
(1− ε) ∗ (1− ε) > 1− s and ε ⋄ ε < s. Then for each
x∈ X,

Ax(ε , t) =
{

n∈ N : µ ′
(

fn (x)− f (x) , t
2

)

≤ 1− ε
or ν ′

(

fn (x)− f (x) , t
2

)

≥ ε

}

∈ I

which implies that

Ac
x(ε, t) =

{

n∈ N : µ ′
(

fn (x)− f (x) , t
2

)

> 1− ε
andν ′

(

fn (x)− f (x) , t
2

)

< ε

}

∈ F(I).

Let us chooseN ∈ Ac
x(ε , t). Then

µ ′
(

fN (x)− f (x) , t
2

)

> 1− ε andν ′
(

fN (x)− f (x) , t
2

)

< ε .

We want to show that there exists a numberN = N(x,ε , t)
such that
{

n∈ N : µ ′ ( fn (x)− fN (x) , t)≤ 1−s
or ν ′ ( fn (x)− fN (x) , t)≥ s for eachx∈ X

}

∈ I .

For this, define for eachx∈ X,

Bx (ε , t) =
{

n∈ N : µ ′ ( fn (x)− fN (x) , t)≤ 1−s
or ν ′ ( fn (x)− fN (x) , t)≥ s

}

.

We have to show that

Bx (ε , t)⊂ Ax (ε , t) .

Suppose that
Bx (ε , t)* Ax (ε , t) .

c© 2014 NSP
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In this case Bx (ε , t) has at least one different element
which Ax (ε , t) doesn’t has. Letn ∈ Bx (ε , t)�Ax (ε , t) .
Then we have

µ ′ ( fn (x)− fN (x) , t)≤ 1−s

andµ ′
(

fn (x)− f (x) ,
t
2

)

> 1− ε ,

in particularly µ ′
(

fN (x)− f (x) , t
2

)

> 1− ε . In this case

1−s≥ µ ′ ( fn (x)− fN (x) , t)

≥ µ ′
(

fn (x)− f (x) ,
t
2

)

∗µ ′
(

fN (x)− f (x) ,
t
2

)

≥ (1− ε)∗ (1− ε)> 1−s,

which is not possible. On the other hand

ν ′ ( fn (x)− fN (x) , t)≥ s andν ′ ( fn (x)− f (x) , t/2)< ε,

in particularlyν ′ ( fN (x)− f (x) , t/2)< ε . In this case

s ≤ ν ′ ( fn (x)− fN (x) , t)

≤ ν ′
(

fn (x)− f (x) ,
t
2

)

⋄ν ′
(

fN (x)− f (x) ,
t
2

)

< ε ⋄ ε < s

which is not possible. Hence Bx (ε , t) ⊂ Ax (ε , t).
Therefore, sinceAx (ε , t) ∈ I , Bx (ε , t) ∈ I , ( fn) is a
pointwise I− Cauchy sequence with respect to
intuitionistic fuzzy norm(µ ,ν) onX.

In studying on sequences of functions, uniform
convergence is an other important concept. Now we
introduce uniformly I−convergence of sequences of
functions in an IFNS. Let us start with the following
definition.

Definition 10. Let (X,µ ,ν ,∗,⋄) and (Y,µ ′,ν ′,∗,⋄) be
two IFNS and fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be a
sequence of functions. If for every x∈ X and
∀ε > 0, t > 0,

{

n∈ N : µ ′ ( fn (x)− f (x) , t)≤ 1− ε
or ν ′ ( fn (x)− f (x) , t)≥ ε

}

∈ I ,

then we say that the sequence( fn) is uniformly
I−convergent with respect to intuitionistic fuzzy norm
(µ ,ν) and we denote I(µ ,ν)− fn ⇉ f .

Corollary 1. Let I = {A⊂ N : A is a finite set} . Then I
is an admissible ideal inN. Hence, in the Definition8 and
the Definition 10, I−convergence coincides usual
convergence of sequences of functions with respect to
intuitionistic fuzzy norm.

Corollary 2. Let I = {A⊂ N : δ (A) = 0 } . Then I is an
admissible ideal inN. Hence, in the Definition8 and the
Definition 10, I−convergence coincides with statistical
convergence of sequences of function with respect to
intuitionistic fuzzy norm.

Remark. Let fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be a
sequence of functions. If( fn) is uniformly intuitionistic
fuzzy convergent onX to a function f with respect to
(µ ,ν) , then I(µ ,ν) − fn ⇉ f . But the converse of this is
not true.

Remark. If I(µ ,ν)− fn ⇉ f , thenI(µ ,ν)− fn → f .

Example 2. Let I be as in Example 1 and consider an
intuitionistic fuzzy norm onR as in Example 1. Let
fn : [0,1) → R be sequence of functions whose terms are
given by

fn (x) =

{

xn+2; if n= 2k+1(n∈ N),
1; otherwise.

Then, for every 0< ε < 1 and for everyt > 0, we have

K (ε , t) = {n∈ N : µ ( fn(x)− f (x), t)≤ 1− ε
or ν ( fn(x)− f (x), t)≥ ε}

K (ε , t) =
{

n∈ N :
t

t + | fn(x)−1|
≤ 1− ε

or
| fn(x)−1|

t + | fn(x)−1|
≥ ε

}

=

{

n∈ N : | fn(x)−1| ≥
εt

1− ε

}

= {n∈ N : fn(x) = xn+2}

= {n∈ N : n= 2k+1} .

SinceK (ε , t) ∈ I , then the sequence( fn) is uniformly
I−convergent to 1 with respect to(µ ,ν) for all x∈ X0.

Remark. In the example above, the sequence( fn) is not
uniform convergent both usual sense and statistical sense
with respect to(µ ,ν) but it is uniformI−convergent with
respect to(µ ,ν).

Lemma 2. Let fn : (X,µ ,ν ,∗,⋄)→ (Y,µ ′,ν ′,∗,⋄) be a
sequence of functions. Then for everyε > 0, for every x∈
X and t> 0, the following statements are equivalent:

(i) I(µ ,ν)− fn ⇉ f

(ii)
{

n∈ N : µ ′ ( fn (x)− f (x) , t)≤ 1− ε
}

∈ I

and
{

n∈ N : ν ′ ( fn (x)− f (x) , t)≥ ε
}

∈ I

(iii )
{

n∈ N : µ ′ ( fn (x)− f (x) , t)> 1− ε andν ′ ( fn (x)− f (x) , t)< ε
}

∈ F (I)

(iv)
{

n∈ N : µ ′ ( fn (x)− f (x) , t)> 1− ε
}

∈ F (I)

and
{

n∈ N : ν ′ ( fn (x)− f (x) , t)< ε
}

∈ F (I)

(v) I − lim µ ′( fn (x)− f (x) , t) = 1andI− lim ν ′( fn (x)− f (x) , t) = 0.

Definition 11. Let fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄)
be a sequence of functions. The sequence( fn) is a
uniform ideal Cauchy sequence in intuitionistic fuzzy
normed space provided that for everyε > 0 and t > 0
there exists a number N= N(ε , t) such that
{

n∈ N : µ ′ ( fn (x)− fN (x) , t)≤ 1− ε or
ν ′ ( fn (x)− fN (x) , t)≥ ε for every x∈ X

}

∈ I .

c© 2014 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


2312 V. Karakaya et. al. : On Ideal Convergence of Sequences of Functions...

Theorem 3. Let fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be
a sequence of functions. If( fn) is a uniformly I−
convergent sequence with respect to intuitionistic fuzzy
norm (µ ,ν) , then ( fn) is uniformly I− convergent
Cauchy sequence with respect to intuitionistic fuzzy norm
(µ ,ν) .

Proof. The proof is similar to the Theorem 2. We omit it.

Theorem 4. Let (X,µ ,ν ,∗,⋄) and(Y,µ ′,ν ′,∗,⋄) be two
IFNS and fn : (X,µ ,ν ,∗,⋄) → (Y,µ ′,ν ′,∗,⋄) be an
intuitionistic fuzzy continuous mapping on X. If
I(µ ,ν)− fn → f , then f : X → Y is an intuitionistic fuzzy
continuous mapping on X.

Proof. Let x0 ∈ X be an arbitrary point. By the
intuitionistic continuity of fn’s, there existδ > 0 such that
µ(x−x0, t)> 1−δ andν(x−x0, t)< δ ⇒

µ ′ ( fn (x0)− fn (x) , t)> 1−ε andν ′ ( fn (x0)− fn (x) , t)< ε

for everyn ∈ N and t > 0. Let x ∈ B(x0,δ , t) (open ball
with centerx0 and radiusδ in intuitionistic fuzzy normed
space(X,µ ,ν ,∗,⋄)) be fixed. SinceI(µ ,ν)− fn → f onX,
the sets

A=

{

n∈ N : µ ′
(

fn (x)− f (x) , t
3

)

≤ 1− ε
or ν ′

(

fn (x)− f (x) , t
3

)

≥ ε for eachx∈ X

}

∈ I

and

B=

{

n∈ N : µ ′
(

fn (x0)− f (x0) ,
t
3

)

≤ 1− ε
or ν ′

(

fn (x0)− f (x0) ,
t
3

)

≥ ε for eachx∈ X

}

∈ I

is in I soA∪B∈ I andA∪B is different fromN sinceI is
non-trivial. Thus, there exists ann0 ∈ N such that

µ ′
(

fn0 (x)− f (x) ,
t
3

)

> 1− ε ,

ν ′
(

fn0 (x)− f (x) ,
t
3

)

< ε

and

µ ′
(

fn0 (x0)− f (x0) ,
t
3

)

> 1− ε ,

ν ′
(

fn0 (x0)− f (x0) ,
t
3

)

< ε

Now, we will show thatf is intuitionistic fuzzy continuous
atx0. We have

µ ′ ( f (x)− f (x0) , t) = µ ′
(

f (x)− fn0(x)+ fn0(x)

− fn0(x0)+ fn0(x0)− f (x0) , t
)

≥ µ ′
(

f (x)− fn0(x),
t
3

)

∗µ ′
(

fn0(x)− fn0(x0),
t
3

)

∗µ ′
(

fn0(x0)− f (x0) ,
t
3

)

> (1− ε)∗ (1− ε)∗ (1− ε)
= 1− ε

and

ν ′ ( f (x)− f (x0) , t) = ν ′
(

f (x)− fn0(x)+ fn0(x)

− fn0(x0)+ fn0(x0)− f (x0) , t
)

≤ ν ′
(

f (x)− fn0(x),
t
3

)

⋄ν ′
(

fn0(x)− fn0(x0),
t
3

)

⋄ν ′
(

fn0(x0)− f (x0) ,
t
3

)

< ε ⋄ ε ⋄ ε
= ε .

Hence the proof is completed.
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[13] S. Karakuş, K. Demirci, O. Duman, Statistical convergence
on intuitionistic fuzzy normed spaces, Chaos Solitons and
Fractals,35, 763-69 (2008).

c© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 5, 2307-2313 (2014) /www.naturalspublishing.com/Journals.asp 2313

[14] A. Komisaski, Pointwise I -convergence and I∗.-
convergence in measure of sequences of functions, J.
Math. Anal. Appl.,340, 770-779 (2008).
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