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Abstract: In this work, our purpose is to introdude-convergence of sequences of functions in intuitionistic fuzzy normeadesp
by combining thd —convergence, the sequences of functions and the intuitionistic fuzayegbspaces, and to investigate relations
among concepts such asconvergence, statistical convergence and the usual convergeseguences of functions in intuitionistic
fuzzy normed space.
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1 Introduction and Preliminaries and uniformly intutionistic fuzzy continuity was
investigated by Dinda and Samant [

The fuzzy theory has emerged as the most active area of . -

research in many branches of mathematics and On the other hand, the notion of statlstmal
convergence for real number sequences was first

engineering. This new theory was introduced by ZadehIntrooluceol by Fastg. Using the concept of an ideal,

[29] in 1965 and since then a large number of researc}“‘< . . .
. ostyrko et al. L5 introduced the notion of ideal
papers have appeared by using the concept of fuzz¥:onvergence which is a generalization of ordinary

set/numbers and fuzzification of many classical theories

has also been made. It has also very useful applications iﬁg%g[ggﬂgg ?cr;\?i desstagsngﬁiaraclc’#:rer:g\?vgcri toTshti d 'dtehiJ
various fields, e.g. population dynami&,[chaos control g P 9 y

: ; : properties of various types of convergence. Additionally,
[S(;]ét;rfr)]rgp;]terfﬁgggra;nhrglsr;gfl,l%onléﬂggr/ dt%%%ﬁg'gsl Karakus et al. 13] defined statistical convergence in
([241,[26)) étc. As a generalizatién of fuzzy sets, the intuitionistic fuzzy normed spaces (IFNS for short) and
conc’ept (;f intuitionistic fuzzy sets was introduce’d by Mursaleen et al.72 mv_estlgated StaF'St'Cal convergence
Atanassov ] in 1986 and later there has been much of double sequences n IFNS'. Quite .re_cently, IO][
progress in the study of intuitionistic fuzzy sets (IFS for Karakaya et al defined and studied statistical convergence
short) by many authors including Mursaleen etl#] [and E;r:lfguaem;?s a?f qfﬁnd['ig]s) Isntuc:il:egs.)\ _I;li;tt?setir(r:gtl)re,
Mursaleen et al]8]. Using the idea of intuitionistic fuzzy converyence and Iac’unar statistical convergence of
sets, Park25] defined the notion of intuitionistic fuzzy g y 9

metric spaces by the help of the continuous t-norms angcduences of functions in IFNS respectively. Further

X N nformation on ideal convergence and statistical
the continuous t-conorms as a generalization of fu22))
metric space due to George and Veeramai]. [ convergence can be found ({20], [21], [14], [23)).

Afterward, Samanta and Jebril2q] introduced the In this work, our purpose is to introduce some new
definition of intuitionistic fuzzy continuity and concepts related to ideal convergence of sequences of
sequentially intuitionistic fuzzy continuity and proved functions in IFNS. Also we investigate some relations
that they are equivalent. A few of the algebraic andamong the other concepts such as the statistical
topological properties of intutionistic fuzzy continuity convergence in classical sense, the statistical conveegen
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in IFNS and statistical convergence of sequences ofor the intuitionistic fuzzy normed spad¢, i, v, x,o),

functions in IFNS.
We first recall some basic notions of IFNS.

Definition 1(see Rg]).
Abinary operationx: [0, 1] x [0,1] — [0, 1] is said to be
a continuous t-norm if it satisfies the following conditions
(i) = is associative and commutative,
(i) * is continuous,
(ii)axl=aforallac [0,1],
(iv) axc < bxd whenever & b and c< d for each
a,b,c,d €10,1].

For exampleaxb = a.bis a continuous t-norm.

A binary operationo : [0,1] x [0,1] — [0,1] is said to
be a continuous t-conorm if it satisfies the following
conditions:

(i) o is associative and commutative ,

(i) o is continuous,

(ii)ac0=aforallac [0,1]

(iv) acc<bod whenever & b and c< d for each
a,b,c,d €10,1].

For exampleaob = min{a+b,1} is a continuous t-
norm.

Definition 2(see R6)).

Let « be a continuous t-normg be a continuous
t-conorm and X be a linear space over the fieldRFgr
C). If u andv are fuzzy sets on X (0, ) satisfying the
following conditions, the five-tupléX, u,v,x*,¢) is said
to be an IFNS andu,v) is called an intuitionistic fuzzy
norm. For every xy € X and st > 0,

() Ot +v(xt) <1,

(it) p(xt)>0,

(iii) p (x,t) = 1 == x =0,

(iv) p(axt) = (x, \%\) for each a0,
(V) H(Xt)* p(y,s) < p(X+Yt+s),

(Vi) 1 (x..) : (0,%0) — [0,1] i continuous,
(vil) Jim 1 (x,t) = Landimy (x.t) = O,
(i) v (x,t) < 1,
(ix)
(X) v(axt) =v (x, ‘%‘) for each a# 0,

V(xt) =0<=x=0,

(Xi) v(x,t)o v (Y,8) >V (X+Yt+9),
(xii) v (x,.): (0,00) — [0, 1]is continuous.

(xiii) tI|_r>r[]ov xt)=1 andtlm)v (x,t) =0,

as given in Dinda and Samantd],[we further assume
that (X,u,v,*,0), satisfy the following axiom:
(xiviara=a,aca=aforallac [0,1].

Definition 3(see Rf]).

Let (X, u,v,*,¢) be IFNS andx,) be sequence in X.
Sequencegx,) is said to be convergent to £ X with
respect to the intuitionistic fuzzy norfp, v) if for every
€ >0and t> 0, there exists a positive integep 1sUCh
that (X —L,t) > 1—¢g andv (x,—L,t) < € whenever
n > np. In this case we write(u,v) —limxy = L as
n— oo,

Definition 4(see f]).

Let fy: (X, 1, v, x,0) = (Y, ', V', *,¢) be a sequence
of functions. The sequendd,) is said to be pointwise
intuitionistic fuzzy convergent on X to a function f with
respect to(u, v) if for each xe X, the sequence, fx) is
convergent to (x) with respect tq ', v').

Let f,: (X, 1, v,*,0) — (Y, ',V *,0) be a sequence
of functions. The sequendé,) is said to be uniformly
intuitionistic fuzzy convergent on X to a function f with
respect to(u,v), if 0 <r < 1,t > 0, there exist a positive
integer iy = np (r,t) such thatvx € X andvn > n,

H(fa(X)—F(X),t) >1—r1, v(fa(x)— f(x),t) <r.

Definition 5. If X be a non-empty set, then a family of
set 1C P(X) is called an ideal in X if and only if

iHoel;

(i) Foreach AB |, we have AJB € I;

(ii ) For each Ac | and BC A, we have B= |.

Definition 6. Let X be a non-empty set. A non-empty
family of sets FC P(X) is called a filter on X if and only

if
()0¢F;
(i) For each AB € F we have B € F;
(ii ) For each Ac F and AC B we have B= F.

Anideall is called non-trivial ifl £ 0 andX ¢ |. Also
anon-trivial ideal C P(X) is called an admissible ideal in
X if and only if it contains all singletons i.e., if it contains

{{x} : xeX}.

Definition 7(see [L6]).

Let | ¢ P(N) be a nontrivial ideal and X, u, v, *,<)
be an IFNS. A sequence=x(x,) of elements in X is said
to I-convergent to Le X with respect to the intuitionistic
fuzzy norm(u, v) if for eache > 0 and t> 0, the set

{heN:ux—Lt)<l—eorv(xn—L,it)>¢e}el.
In this case the element L is called-limit of the sequence

(xn) with respect to the intuitionistic fuzzy noim, v) and
we write L) — limx, = L.
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2 | —convergence of sequences of functions in  we haveK (&,t) € I. Hencel, ,) — f, — 0 in an IFNS. If

anlFNS

we takex € [3,

1), then we get the following set

/ . .
In this section, we define—convergence of sequences of Ki(e,t) = {n €N: t+|fa(X) =1 = =l-¢

functions in an IFNS and we give some connections
betweenl—convergence and statistical convergence of

sequences of functions in an IFNS.

Definition 8.Let | € P(N) be a nontrival ideal. Also let

(X, v, x,0), (Y1, VvV, two IFNS and
fot X U,V %,0) —

functions. If for each x X andve > 0,t > 0,

{neN: g (fn() - f(x),)<1l-¢
or V' (fa(x) = f(x),t) > €} €1l

x,0) be

then we say that the sequend®) is pointwisel — ideal
convergent with respect to intuitionistic fuzzy nofpa, v)
and we write il , ) — fn — f.

Example 1.LetA={1,3,5,...,2k+1,...} andl =P(A) =

27 lis anon trivial ideal irN. Let (R, |-|) denote the space

of real numbers with the usual norm, and éetb = a.b
andaob = min{a+b,1} for a,b € [0,1]. For allx e R
and everyt > 0, we consider

X
t+ x|

andv (x,t) =

t
x,t) =
K (%,t) T

In this case (R, u,v,x*,) is intuitionistic fuzzy normed

space. Leff, : [0,1] — R be sequences of functions whose

terms are given by

X* 11 ifn=2k+1andxe [0,1%),
0; if n# 2k+landx € [0, 3)
fa(X)=q x"+1; if n=2k+landx € [%,1),
1; if N5 2k+landx € [3,1),
2; ifx=1

(fn) is pointwisel — convergent orf0, 1] with respect to
intuitionistic fuzzy norm(u, v). If we takex € [0, ) and
after the following calculations

t
KEt)=qneN: ——<1-¢
B0 = {neN: g

| fn(X) -0 }
or > €
T+ [fa(x)—0] =
t
_ {neN:|fn(x)|2 ‘S_g}
:{neN x”2+1}

(Y,p',v',x,0) be a sequence of

| fa(x) — 1
O T a9 F“}
:{neN:|fn() |_1£ts}

= {neN: fn(x):x”+;}
={neN:n=2k+1}.

In this interval, the seK’ (¢,t) € I andl(, )y — fn — 1 in
an IFNS. If we takex = 1, it can be seen easily that

t
K’ (g,t) = neNzi —
@0 ={neN g <
[fa(X) — 2| }
or7>s
t+[fn(x) — 2|
&t
{neN 0>1_€}
=pel

and(f,) is ideal convergent to 2 at= 1 with respect to
intuitionistic fuzzy norm(u,v). Since sequencgf,) has
three different limits, it is pointwisd — convergent in
(R, u,v,*,0) for eachx € Xo.

Remark. In the example abovef,) is not pointwise
convergent both usual sense and statistical sense with
respect to(u,v) but it is pointwisel —convergent with
respect tau, v).

Lemmal. Let fy: (X, u,v,*,0) = (Y, ',V *,0) be a
sequence of functions. Then for every 0O, for each x X
and t> O the following statements are equivalent:

(1) Ty —fa—= 1.

(|) {neN u(fn(x) f(x),t)<1l-¢} el and
{neN: vV (fa(x) - f(x),t) > €} €l

(i) {ne N: (f(x)—f(x),t) >1—¢ and
V(1 (0~ 00.1) < e} € F (1)

(iv) {ne N: ' (fa(x) — f (x),t) >1—¢€} e F(l) and
{neN: vV (fi(x)— f(x),t) <e}eF(I)

(V) I — limy/'(fa(x) — f(x),t) = 1 and
I —limv/(fa(x) — f(x),t)=0
Proof. The proof is standard verification.

Theorem 1.
functions in an IFNSX, 4, v, x
l(uv) — 9 = @, then |, —
Wherea ,BelF (RorC).

Let (fy) and (gn) be two sequences of
;o) If 1 (uv) — fn=f and
an+Bgn) =of + Bg

© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2310

N SS ¥

V. Karakaya et. al.

: On Ideal Convergence of Sequences of Fusctio

Proof. The proof is clear for = 0 andf3 = 0. Now let
o #0andB #0. Sincel<“ ) fo— fandlyv)—gh—0,

for eachx € X

A
2[a|

orv’ (fn

and

A2:{ NEN: 1 (900990, o) <1-¢ } el

Define the seA = (A1 UA2), soA belongs td. It follows
thatA® is a non-empty set ifr (1). We shall show that for
eachx e X

A°C {neN:p ((afa+Ban) (X)— (af+Bg)(x),t)
>1—¢eandv'((afa+Bgn) (X) — (af +Bg) (X)) <€}

Letm & AC. In this case

u (fm(x) f (x),2t0> >1-—¢,

We have

M ((afm+Bgm) () = (af(X)+Bg(X)) 1)

> (orfm(x)faf(x),%*ﬂ/ <ﬁgm( ) — Ba(x), E)
t

. (fm(X)— £(x), 2‘0‘) s/ (gm(X)—g(X) ﬁ)

V' ((afm+ Bam) (x) — (a f(x) + Bg(x)) 1)

<V (orfm (x) —af(x), %) xv/ (Bgm(X) - Ba(x), %)

=0/ (1m0~ 19,51 ) v (900 - 900, 515

< ECE
=E.

This implies that

A°C{neN: ' ((afn+Bon) (x) - (af +Bg) (X),t)
>1—gandV' ((afy+Bon) (X) — (af +Bg) (x),t) <e}.

SinceF (1) is filter, it follows that the later set belongs
to F(l). According to Lemma 1

|(“7v) —(afan+Bon) — af + Ba.

Definition 9. Let fy: (X, 1, v,x,0) — (Y, ',V x,0) be
a sequence of functions. The sequeffgg is a pointwise
ideal Cauchy sequence in IFNS provided that for eesy
0and t> 0there exists a number N N(¢,t,x) such that

{neN:u/(fn(x)—fN(x),t)gl—e }el
or v/ (fn (X) — fn (X),t) > € for each xe X )

Theorem 2. Let f,: (X, 1, v,x,0) — (Y, ',V %,0) be

a sequence of functions. I{f,) is a pointwise

| —convergent with respect to intuitionistic fuzzy norm
(u,v), then(fy) is a pointwise + Cauchy sequence with
respect to intuitionistic fuzzy norfu, v).

Proof. Suppose that,, ,) — fn — f and lete > 0,t > 0.
For a given ¢ > 0, choose s > 0 such that
(1-¢)x(l—¢) >1—-sandeoe < s Then for each

xe X,
CneN:p (fa(x)—f(x),5)<1-¢
AX(gvt) { (Or V/(fn (X)— fz()X)7;) 2 € } GI
which implies that
neN:p (fa(x)—f(x),5) >1—¢
a(ndv( fn(X) — %)(x) 5 < s}EF(l)'

e = {
Let us choosd € Al(e,t). Then
p(fn(x) = (%), %) >1—gandv’ (fn(x)— f(X),

We want to show that there exists a numbles N(x, €,t)
such that

{ neN: W (fo(x) -

or v/ (fn(x) —

) <e.

f <1-
(N)( gz)s_foreaschxex}el.

For this, define for eache X,

Bx(s,t){ neN:u (fu(x)— fn(x),t) <1—s }

orv' (fn () — fn(X),t) >s
We have to show that
By (€,1) C Ac(&,t).

Suppose that
Bx(€,t) € Ax(g,t).
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In this case Byx(&,t) has at least one different element Remark. Let f,: (X,u,v,*,0) = (Y, ,V/,*,¢) be a

which Ay (g,t) doesn’'t has. Len € By (&,t)\Ax(&,t). sequence of functions. Iffy) is uniformly intuitionistic
Then we have fuzzy convergent orX to a function f with respect to
(u,v), thenl, ,y — fy = f. But the converse of this is
W (fa ()~ fu(9.1) <1-s nottrie.
t
andy’ (fn (%) — f (X)’é) >1-¢, Remark. If 1) — fn = f, thenl(, ) — fn — f.

in particularly ' (fy (x) — f (%), %) ~1—¢. Inthiscase Example2.Let| be as in Example 1 and consider an
intuitionistic fuzzy norm onR as in Example 1. Let

1-s> p' (fa(x) — fn (X),t) fn: [0, b1) — R be sequence of functions whose terms are
iven
> (00— 05 ) ol (WO F(0.5) D
2 2 X'+2; ifn=2k+1(neN)
z(1-e)x(1-g)>1-s fn(x) = { 1. otherwise. 7

which is not possible. On the other hand

V (fn(x) = fn(x),1) >'s andv’ (fa (X) — T (x),1/2) <,

Then, for every (< € < 1 and for every > 0, we have

in particularlyv’ (fy (x) — f (x),t/2) < €. In this case K(e,t) ={neN:pu(fa(x) - f(x),t) <1l-¢
S <V (fa(x) — fn (),1) orv (fa(x) — f(x),t) > €}
/ ty t _ t <
<v (fn(x)ff(x),é)ov (fN(x)ff(x)i) K (g,1) {neN TR0 =T 1-
<goEg<s or fn()—1] s}
which is not possible. Hence By(g,t) C Ax(€,t). t+[fn(}) -1
Therefore, sinceAx(g,t) € I, Bx(g,t) €I, (fn) is a ] et
pointwise |1— Cauchy sequence with respect to =qneN:|f() -1 > — 1_¢

intuitionistic fuzzy norm(u, v) on X. — nEN: fo(x) = X"+ 2}

In studying on sequences of functions, uniform ={neN:n=2k+1}.
convergence is an other important concept. Now we ) ) )
introduce uniformly | —convergence of sequences of SinceK (&,t) € I, then the sequenddy) is uniformly

functions in an IFNS. Let us start with the following |—convergentto 1 with respect {pi, v) for all X € Xo.

definition. Remark. In the example above, the sequeri€g) is not

Definition 10.  Let (X, 11, v, *,¢) and (Y, i', V', *,¢) be uniform convergent both usual sense and statistical sense
two IFNS and §: (X ’“ Vs ’0) Sy u’/ v/ *’0’) be a  With respect tqu,v) butitis uniforml —convergent with
sequence of functions. If for every &« X and resPectidp,v).

ve>0t>0, Lemma2. Let fy: (X, 1, V,%0) — (Y1 ,V/,*,0) bea

Ly sequence of functions. Then for every 0, for every xe
{neN:p (fa(x)— f(x),1) < X and t> 0, the following statements are equivalent:
or V' (fa(x) — f(x),t) > € }el (i) Ty~ fo= 1
then we say that the sequencé,) is uniformly () {neN:(h(9 10,0 <1 Jel

f ST and {neN: V' (fy(x)—f(x),t) > e} €l

| —convergent with respect to intuitionistic fuzzy norm ° )

(u,v)andwedenote(‘ll‘\,)—fn:;f. (|.||){neN W (fa(x)=f(x),t) >1—¢ andVv' (fo(x)— f(x),t) <e} €F(I)

(iv) {neN: /' (fa()—f(x).t)>1—e} eF(l)

Corollary 1. Let | = {ACN:Ais afinite set. Then | and {neN:V'(f () — f(x),t) <&} eF (1)

is an admissible ideal if¥. Hence, in the Definitio® and (V) 1 —lim g/ (f,(x) — £ (x),t) = Land | — lim v/ (, (x) — f (x),t) = O.

the Definition 10, |—convergence coincides usual

convergence of sequences of functions with respect thfmmon 11 Let fi: (X, 4,v,%,0) = (Y, ',V %,0)

intuitionistic fuzzy norm. be a sequence of functions. The seque(ﬁ;ﬁ |s a

uniform ideal Cauchy sequence in intuitionistic fuzzy
Corollary 2. Letl={ACN:5(A)=0}.Thenlisan normed space provided that for evegy> 0 and t > 0
admissible ideal ifN. Hence, in the Definitio® and the  there exists a number N N(¢&,t) such that
Definition 10, | —convergence coincides with statistical
convergence of sequences of function with respect tg N€N: ' (fa(x) — f ( x),t)<l—gor }€|
intuitionistic fuzzy norm. V' (fn (X) — fin (X) ,t) > € for every xe X '

© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2312 NS 2 V. Karakaya et. al. : On Ideal Convergence of Sequences of Fusctio

Theorem 3. Let fy: (X,u,v,*,0) = (Y, ',V % ¢) be and
a sequence of functions. I(ffn) is a umformly -

o/
convergent sequence with respect to intuitionistic fuzzW (%) = T (%0) . t) = V' (f (%) = Fig (%) + fn(X)
norm (u,v), then (f,) is uniformly |- convergent — o (%0) + g (X0) — f (X0) )
Cauchy sequence with respect to intuitionistic fuzzy norm , t
(u,v). <v (f (X) = fno(X),g)
Proof. The proof is similar to the Theorem @/e omit it. oV (fno(x) — fnp (%), %)
Theorem 4. Let (X, i, Vv,*,0) and (Y, ', V', x,¢) be two / _ t
IFNS and £ : (X,1,v,%,0) — (Y,u',V',%,0) be an oV (fno(XO) f(X0)73)
intuitionistic fuzzy continuous mapping on X. If < ECEGE
l(pv)— fn— f, then f:X — Y is anintuitionistic fuzzy — ¢

continuous mapping on X. _

Hence the proof is completed.
Proof. Let Xp € X be an arbitrary point. By the
intuitionistic continuity offy’s, there exis® > 0 such that

H(X—%o,t) > 1— & andv(x—xo,t) < & = Acknowledgements This work is supported by The Scientific
) b

and Technological Research Council of Turkey (TUBITAK)
ll/ (fa(X0) — fn(X),t) > 1—¢ andv’(fn( )= fn(X),t) <€ under the project number 110T699.

for everyn € N andt > 0. Let x € B(xo, d,t) (open ball
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