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Abstract: We study the numerical solution of a Boundary Value problem for seochet quadratic differential equations which arises
in the numerical prediction of meteorological parameters. In the pregeank, we use finite differences and focus on the numerical
solution of the resulting nonlinear system. More precisely, we apply cilds@wton’s and Quasi-Newton methods paying attention to
the special sparse form of the Jacobian matrix and modify approprtately) factorization in order to reduce significantly the required
floating point operations. Furthermore, we implement and study in depthethavior of all the proposed procedures in respect of their
accuracy, stability and complexity, using data from South East MediearaSea. All the methods are tested with a variety of initial
values and their performance is presented and discussed leading éstingeresults on the sensitivity of the selected starting point.
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1 The Physical Problem and Information 4,5]. Such problems are multi-parametric and several
Geometry different issues are involved like the strong dependence
on the initial and lateral conditions, the inability to

.. _capture sub-scale phenomena, the parametrization of
In the recent years, the need of accurate local predictiongq t4in atmospheric or wave procedures.

of environmental parameters has increased significantly . e .
as a result of the large number of related social and 10 deal with these difficulties one may increase the
commercial activities e.g. climate change, renewablemOdel resolutlon,.but Itis .S‘t'” an open question if this
energy production, transportation, marine pollutionpshi Iead_s o a COF‘S'd?fab.'e Improvement of the forecast
safety. This has led to the activation of numerous researcUality. Even if this is true, it also results to an
and operational centers that develop high quality scientifi cOnsiderable increase of the computational costs.
tools able to provide reliable environmental predictions. Alternatively, we can improve the initial conditions

In the study of such problems one may use in site orbased on assimilation systems. Corrected analysis .flelds
remote sensing (e.g. satellite) observations or numerica®e provided to the numerical models based on available
prediction models that solve the basic equationsobservatlons from meteorological stations, satellites or
governing the atmospheric and wave evolution based on gther sources. Post process algorithms are used for the
numerica| ana'ysis approach. Numerica' Weather andmprovement Of the f|na| l’esu|tS ba.sed on StaFIStlca|
wave forecasting models have been proved successful fdhodels (MOS methods, Neural networks, Kalman filters).
the simulation of the general environmental conditions on  One of the key issues is the appropriate estimation of
global or intermediate scale. However, when focusing onthe "distance” between two distributions or data sets. The
local conditions usually systematic errors appeia?,[3, classical treatment of such problems is usually based on

* Corresponding author e-maifamelis@teiath.gr

© 2014 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/amis/080604

2684 N SS 2 I. Famelis et. al. : Classical and Quasi-Newton Methods for...

regression techniques - least squares methods. Howevedenotes the expectation with respect to the distribution
such an approach carries the assumption that the data The matrix G(&), called the Fisher information
processed belongs to an Euclidian - finite dimensionalmatrix (see §,7,8]), is symmetric and positive
space. semi-definite. If G(&) is positive definite, then a
For example, in the case of Kalman filters, the Riemannian metric can be defined on the statistical
evolution in time of an unknown processis described manifold corresponding to the inner product induced on

by the system equation: the natural basis of the coordinate systémh
% =R X1+ W gij= (a]9).
Here a known procesgis coupled tog by the observation  This Riemannian metric is called thé&iSher metri¢ or
equation the "information metri¢. The corresponding geometric
properties are characterized by the Christoffel symbols
Yo = He - X +w. (I'J'k> of the Levi-Civita connection with respect to the

The best unbiased linear estimate of the unknown procesEisher metric, which are defined solving :
at timet is a linear combination of the known process and
the previous time step values 2 i
.Zlghi,_jk = rjk,h7 (h = 17 2)7
X =Lt %-1+Ki Wi w =

The filter is based on the minimization of the covariance
matrix E (x ) of x;. . B _ 1,

However, the following question need to be addressed: Fin (&) =Eg | | 90kl + 50i(¢ AL (9hte) |,
Is the distance/cost-function correctly estimated by reean )
of classical Euclidean Geometry tools? I k=12..,n

a relatively new branch of mathematics, the Informationf, of a statistical manifoldS is defined by the

Geometry (IG) 6,7,8], are employed. Methods and correspondinggeodesicw which is the minimum length
techniques of non-Euclidean geometry to stochasticcyrye that connects them. Such a curve

processes provide the tools to define a notion of distance

between two probability distributions or two data sets. w=(w) : R=S (1)
This affects crucially the cost function estimation. 1G o ) . )
shows that the use of Eucledian/flat geometry techniquesatisfies the following system of"2 order differential
is false in general, and provides a theoretical recipe tgfguations:

avoid such simplifications. Families of probability

here

n
distributions are recognized as manifolds on which ¢ (t)+ Z /'J'k (t)w} e (t)=0, i=12.., n
geometrical entities such as Riemannian metrics, ik=1
distances, curvature and affine connections can be (2
naturally introduced. under the conditiona(0) = f1, w(1)=f,.
More precisely, a-dimensional statistical manifold is In particular, it has been proved (se@. [9,10]) that
a family of probability distributions the two parameter Weibull distributions is a good choice
for fitting wind and wave data. These distributions form
S= {p=p(Xx¢&) &= [§1. &, ....& € =}, a 2-dimensional statistical manifold with= [a, 8], = =

{[a,B] a andp > 0} (wherea is the shape anf the scale

where each element may be parameterized usingal parameter) and

valued variables in an open subsgétof R" while the
mapping ¢ — pg is injective and smooth. The

geometrical framework in a statistical manifold is a /(x\9t _ 5)“

characterized by the information matrix which at a point P(X) = B B) e\, a,B>0. ®3)
¢isanxnmatrixG(&) = [gij (§)], with elements

The Fisher information matrix in this case becomes
9ij (§) =Exe [ (X §) 9L (% §)] =
i x|¢ 10 i mam[G%ZBu;g
) - 6(y—1)“+ 5
B(l_ y) 602

/dﬂxa®NKQPMEMx
) . wherey is the Euler gamma.
wherel (x; &) = log[p(x; §)] and Let éo=[a0,Bo] and &1=[ar1,B1] be two members of the
Weibull statistical manifold. Substituting the values loét

Eyelf] = / f(x)p(x; §)dx Christoffel [}, the previous system becomes:
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cém+60%;;_§>ﬁémf+
14W_3;f+0aﬂm¢m—
e U
e ;%(QQY+“%§%”@ﬂmao
6(y2iz;fz“)(wé(t))z—o
w0 - 8] 0 - [5] e
(28]

Our intention is to study the numerical solution of the
above problem for a choice of its parameters obtaine

from environmental data sets within the South Easty (0) = w? w,(0)=wf, w(1)=

Mediterranean territory.

It is worth noticing that IG techniques have been,
directly or not, tested on different applications. Iguzgui
and Olmo [L1] utilized some of these ideas for

geostatistical simulations for restricted samples. On the

other hand, Cai et al.1p] applied information theoretic

analysis on self-clustering of amino acids along protein

chains. Finally, ResconilB] based a risk analysis study

on non-Euclidean geometric tools. However, up to the

authors "knowledge”, applications of this framework on
meteorology/oceanography is still very rare.

2 The Numerical Solution of the BVP

In this section, we study the numerical solution of the BV

problem

w; +a11(w;)? + 8100y W, + apa(wy)? = 0

oy + bra(y)? + b1ow; @, + baa(wp)? = 0 4)
supplied with boundary conditions
w (0=, w(0)=af w(l)=w]" w(l)=aw)™

This second order BVP can be written as

~1

@ =F(@),

)

is defined on the interva0, 1].

where

w

2.1 Finite Differences

We divide [0,1] into N+ 1 equal subintervals whose
endpoints are atj = 0+ ih, for i = 0,1,...,N,N + 1.
Assuming that the exact solution has a bounded fourth
derivative we discretize and replaaé (%), oog(ti), w’l(ti),
w’z(ti) using the following standard finite differences
(FD):

h2

) = =2l ela) )
Gl(t) = wy(ti1) —2&:2(ti)+wz(ti—1) B g@@(a)
w(t) = wl(ti+1)2—hw1(ti-1) B %wa‘”(ni)
) = wz(ti+1)2—hw2(tifl) - %zaéa(m)

for someé;, n; in the interval(ti_1,ti+1).

The numerical difference method results from
substituting the above FD to the differential equation,
neglecting the error terms and employ the boundary

O(:onditions:

N-+1

W, w(1) =
with @l ~ wi(t), wh~ wp(t) fori=1,...,N.

The result is a nonlinear system dfl Zquations with
2N unknowns of the form

(@) =0

N+1

W

~

F

where0=1[0,...,0]" and®= [w},..., ], wd,...,ad] .

This system can be solved using the Newton’s iteration
which is equivalent to solving in each step a linear system
of the form:

3@%D).x — (@),

This can be done using tth&) decomposition method and
then update the solution

oM = kD _x.

2.2 The proposal of the LU modification

Amodiol et al. in 4] outlined the origin of almost block
diagonal linear systems arising for solving boundary
value ordinary differential equations including the case o
finite differences approach. Their work refer to first order
BVPs. Our problem is a system of second order equations
which, when transformed to a system of order one
differential equations, will double the dimension of the
resulted the linear system . In our case, the resulted
Jacobian matrixJ has a specific special sparse form
which we take advantage of when interchange its rows as
follows.
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©cocoooocoococo - . .0 Table 1: LU vs modified LU factorization
_F matrix dim. | classical LU | Modified LU | % of gain
ceeeeecees - ray 200 0.0176 0.0096 45.6654
O Y = 500 0.3188 0.0753 76.3882
coofoTomed o 1000 3.8151 0.7283 | 80.9093
IR o 2000 35.2260 8.7771 75.0834
Oﬁijooﬁagoo coo
?‘o?g‘?foooo coo
< <
os%c®occco . coo ) %3 whereas the classical one requir
s : cocoooo . ow flops. So, the classical Newton's method demands
.o o 3 . .
“‘? O(ko - 8~) flops when using the classical LU
O0O0OO0OO0OO0OO0OO0OO0O - -O S . . 3 .
3 factorization andO(ko - 23-) flops when applying the

R modified LU to the modified Jacobian matrix, fdg

ooo‘?ol?"?ofg. .ooo iterations.

LT The reduction is achieved in the first half of the
o T d®oo § goo . oo factorization, when we update specific entries and not
EZ g - whole submatrices. The second half of the procedure
Jiot78eeee - roe0 requires the same flops with classical LU. Eventually, the
oS modified LU is 4 times cheaper than the classical one, and
ffdececcece - o000 the execution time is expected to be even more fast, due

to the reduction of number of comparisons due to the zero
entries of the matrix*.

In the next section, we compare the two LU
approaches for matrices which have the form of the
Then we can apply a Modified LU factorization reducing jacobian J and random elements. We average the
significantly the computational cost. computational time needed for sets 50 matrices. The

The Modified LU factorization. results are presented in Table

J* =

1st Step Make zero only two elements under the main

diagonal.

Update only 5 elements in rows 2 and 3 (the 2nd, 3rd,3 Quasi Newton methods

(N+1)-th, (N4 2)-th, (N + 3)-th).

Right here we have a significant reduction of floating A variety of modifications of the classical Newton

point operations as the classical LU updates the entries afnethod, substituting the Jacobian matrix with other

an(2N — 1) x (2N — 1) submatrix. quantities, called Quasi Newton methods can be found in
literature [L5,16,17,18,19]. Brezinski [20,21] classified

2nd Step Make zero only 4 elements under the main and proposed theoretically new Quasi-Newton methods.

diagonal. We implemented numerically four of them. Since the
Update only 6 elements in rows 3 to 6 (the 3tt,4 Jacobian matrix)* of our system is of a special form, we
(N+1)-th,...,(N+4)-th). adapt these methods 6 in order to reduce the required

floating point operations.
3rd Step: Make zero only 5 elements under the main  The general scheme of a Quasi Newton method reads
diagonal. 0 (k) = )
4rd-8th row: Update only 6 elements in rows 4 to 8 (the @ =" 7 —Ae1-F(@" V), k=0,1,.... (5)
5th,6th,(N 4 1)-th, ..., (N+6)-th). whereA, ¢ RN,

Next Steps Continue similarly until the upper

friangularization of*. Brezinski 0] studied the cases th@gdy) is the identity

matrix multiplied by a scalaf/\y) is a diagonal matrix and

In every step the number of elements which must bel/%) iS a full matrix.

zeroed is increased by 1 until thé— 2-th step and the
number of elements in every row which must be updated
is increased by 1 until the (N-4)-th step. Then these3-1 Scalar matrix case (SMC)
numbers are decreased by 1 in every step. The requirefj
floating point operations for triangularizing thé&l % 2N

this case {\3( = A - |, where
Jacobian matrix through modified LU factorization are Ak = G )

<£a)> ) F @) F(@ [20] and | the identity

F(@9).3(@W) F(@W)
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matrix.

Algorithm Scalar Matrix Case (SMC)

fd:=J(@) F(@)

_ _ (fdF(@%))
Ao=— (fdf?d)
No=Ag-|

OV =0 + Ag-F (@)t

k=1

while ||&®
k=k+1
fd:=J(@Kk D). F(ak1)

fd,F (kD
Aer =1 y(f(dcj)fd) :

N1 = A1~
oW = k=D L A - ﬁ(@(kf
end while

@ Y| > TOLand k < nmax

1))T

In the previous and the following algorithnmg,ax is
the maximum number of iterations afidL is a tolerance
parameter.

We consider the required time for the computation of

one addition and one multiplication as one fI&#][ In

case that the computation includes a single addition or only

a single multiplication only a} flop will be added to the
complexity.

Our problem demandsO(k; - 18N) flops for ki
iterations plus the computation ®f andJ at the point
@® at every iteration. In general, SMC
O(k; - (4N?)) flops for solving an Rl x 2N system of

requires

J@k D)1 F(akD)
/\k 1_d|ag(/\k 1)
oM = k-1 4y A - |:( k= ))T
end while

We use the m0d|f|ed LU factorization in order to
compute J(@*1)~1. F(@k-Y) reducing significantly
the reqwred flops. The required flops are

O(ky - 2 ) flops fork; iterations plus the computation of

F andJ at the point¥) at every iteration. In general, the
complexity for solving an R x 2N system is of order

Ofke - (3)).

3.3 Diagonal Matrix Case 2 (DMC2)

This is a modification of the previous case,

ol = kY _Fak-1) N1,
where/\|< is computed using forward differences. Thus,
k—AF( k= )) L. ARK-1)

The DMC2 algorithm requires significant less flops
than DMCL1. More precisely, DMC2 deman@gk; - 8N)
flops fork; iterations plus the computation &f andJ at
the point®) at every iteration.

nonlinear equations. The reduction in complexity is due3.4 Full matrix case (FMC)

to the special structure of the mattk.

3.2 Diagonal Matrix Case 1 (DMC1)

In this case/\y is diagonal RQ]. The initial scheme can

be written in the formd® = &*Y — F(a*k-1). A,
where

F(o®) = diag(F(@®),R(@®),...,Fn(@®)),
A= (ALAZ, ..., A2 T anddiag(x) is a diagonal matrix

with diagonal entries the elements of veckoiThus, this

formula can be considered as Newton method with a

diagonal preconditioner (se2(] for more details).

Algorithm Diagonal Matrix Case(DMC1)

_ L 1 ~(0))-1
M= ~diad( T gy Earey) I@ )
F(© >)

/\l—diag(Al)

@Y =&+ Ao ('f(a’ )"

while ||co"+l @®|| > TOLand k < nmax
k=k+1
A-1= _dlag( (:,k Dy’ lfz(a)(lk’l))"“’ﬁZN((%(k’l)))

full matrix with
It follows the FMC

Now, the matrix A¢ is a
A — — F@W-(F@ )" (( o))"
K= T @) F@®).3(@0) F @)
algorithm.

Algorithm Full Matrix Case(FMC)

fd:= (@ V) 1. F(ak-D)

—F(k-D).fdT
Me1= ((fd.fd))
Ok = kD f A F(@KH)T

end while

The FMC algorithm demand®(ks - 9N?) flops at
every iteration foiks iterations plus the computation Bf
andJ at the pointo(®) at every iteration. In general, FMC
requires O(ks - (13N?)) flops for solving an R x 2N
system of nonlinear equations.
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Table 2: Levantine problems parameters which attains maximum value. 11 x 10-%°. Moreover in
model data model data satellite Figure 3, the reference solution of the problem Aug with
no current with current data ) X .

Weibull | shapeao | scalefo | shapedo | scaleBo | shapea; | scalep; current is shown and in Figure4, the defect for the
Jan | 1600 [ 1010 | 1726 [ 1.095 | 2.523 [ 1441 reference solution of the same problem which attains a
Feb | 1.500 | 1400 | 1.571 | 1464 | 2450 | 1762 maximum value &5 x 1013, For this problem (along
Mar 1.462 1.132 1.578 1.225 2.560 1.509 . . .

Apr 1564 | 0695 | 1719 | 0754 | 2140 | 1012 with a few other) the numerical integrator suggests
May 1533 | 0608 | 1608 | 0661 | 1576 | 0.780 elements of stiffness in the solution.

Jun 2.333 0.633 2.542 0.680 3.759 0.759

Jul 2557 | 0837 | 2688 | 0876 | 3515 | 0.960

Aug 3099 | 0.716 | 3.341 | 0.759 | 4.938 | 0.889

Sep | 2418 | 0.754 | 2580 | 0.800 | 3.491 | 0.968

Oct 1.629 0.551 1.850 0.609 2.204 0.665

Nov 1.446 | 0892 | 1.499 | 00919 | 1011 | 1.224

Dec 1.435 1.216 1.512 1.283 2.208 1.442

}

. ] Fig. 1: The reference solutiony and &, for the problem Jun
4 Numerical Tests and Observations with current.

For our numerical tests we choose data from the area of
Levantive in the eastern Mediterranean Sea. For every
month of year 2009 we have modeled wind speed and
wave height data following two approaches. The former
includes in the simulation the impact of sea currents, "
while the latter does not. Second source of data is the* "
available corresponding satellite data. The data are fitted
by a 2-parameter Weibull distribution and their
corresponding shape and scale parameters are given in,.
Table 2. When we consider the minimum length curve o R
which connects the modeled and corresponding satellité9: 2: The defect for the reference solution anda for the
data we conclude in 24 BV problems. For instance for theProblem Jun with current.

month January we have two problems, one for the curve

connecting the modeled data with the presence of current

with the satellite data, which we call “problem Jan with

current”, and one for the modeled data without current to

the satellite data, which we call “problem Jan with no l /’

current”.
To get reference solutions we use NDSolve of l

Mathematica to solve the 24 test problems. Mathematica
uses the shooting method and one can set appropriate
accuracy options (Working Pr'ecision, Accuracy GO?‘" Fig. 3: The reference solutiony and &, for the problem Aug
Accuracy Goal) to get an considerably accurate solution, it . rrent.
which is in a “continuous” interpolating form. The
computed solution can be substituted in the test
differential equations for an abscissae 1] of a
desired width €g. 10°°) and record the maximum
residual error, the maximum defect, as it is usually called.
The size of the defect gives a different measure of the
suitability of the approximate solution; it is the amount by **
which the computed solution fails to satisfy the system of
differential equations. It has been suggested that....
monitoring the defect may be appropriate in situations
where difficulties arise in estimating the global err®8][
Such solutions can be used as highly accuraterig. 4: The defect for the reference solutian and & for the
reference solutions for the comparison to the otherproblem Aug with current.
numerical methods which attain a significantly lower
precision. In Figure 1, the reference solution of the
problem Jun with current is presented and in Figuze For our numerical tests we calculate and program the
the defect for the reference solution of the same problenanalytical form ofF and Jacobiad. We chooseN = 100
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and get a system of 200 equations. For the 24 problemgable 4: Timg .comparisons for the Classical LU and the
we produce a reference solution and for an initial guesdroPosed modified LU.
we use a perturbation of the initial data with random - -
numbers. Then, we solve numerically the 24 test Average time In secs
problems using the proposed methods for tolerances 0 i
1073,10%,...,10 2 to compare efficiency and TO|§ clas. mod. | % of gain
computational costs. We use two error measures at thg 10~ 0.199 | 0.135 32.70
grid points. The first one i$/F (&)l the maximum 10—9 0.209 | 0.143 31.53
absolute value that the numerical solution fails to satisfy 10 ) ' '
the nonlinear problem resulting from the finite difference 10 0.217 | 0.147 32.05
method. The second one is th&xso — @efl/ Maximum 11
absolute value of the difference of the numerical solution 10 0.224 1 0.151 32.57
and the reference solution. We investigate the sensitivity 10712 | 0.362 | 0.169 40.44
in the choice of the initial guess for tolerances _
10-3,10°4,...,10 3 with respect to its distance from the 10 13 0.952 | 0.088 56.41
reference solution, in order to evaluate the range of
convergence for each method.

We first solve the 24 problems using Newton's ) ) )
Method with both the classical implementation of the LU Table 5 Mean number of iterations for problems with
factorization and the proposed modification and averagd©nvergence.

the various measures. In Tablg, it is shown that both - -
Newton’s method with classical LU and Newton's average number of iterations
method with modified LU have the same iterations and| TOL | Newton’s method] SMC | FMC
similar error measures at the grid points for all 24 [ 103 7.4 485 95
problems. In some problems the iteration diverges for 4

both approaches (e.g. problem Aug with current). The 1(T5 7.6 3460 835
superiority of the proposed modified LU algorithm is | 10~ 8.4 6853 | 2959
obvious in Table 4, where we compare the average time | 106 8.6 10057 | 7363
to splve ea(;h of the .24 problem,for 50 differe_nt choice;s of 10~7 9.2 13429 | 10596
initial conditions using Newton’s method with classical 8

LU and Newton’s method with modified LU. 10~ 9.6 16296 | 13632

Table 3: Comparing the Classical LU and the proposed modified  Taple 6: Mean time in secs for problems which converge.
LU factorization.

no of iter. time in secs Aver\\alg(e& ol) |[eo [|Gsol — Gref|eo average tlme |n SeCS

105653 [ 504 | 0157 01008 | G:3856-10] G1766-10] 0608%-5| 060665 TOL | Newton's method] SMC | FMC
1010 | 8.7 | 8.67 | 0.1731| 0.1196| 0.080e-12| 0.173e-12| 0.123e-4| 0.123e-4 10—3 0098 0166 0443
10°4 0.098 4.062 | 1.070

10°° 0.112 14.684 | 8.063
In the following some remarks for the comparison of | 1-6 0.117 35.450 | 24.140

mod-NR, SMC, DMC1, DMC2, FMC are discussed. We 7

solve for tolerances 13, ...,10 12 the 24 problems for a 10 8 0.126 56.277 | 44.580
common initial condition each time and compare the | 10~ 0.123 85.410| 71.087

average values of the results. It seems that DMC1 fails as

the preconditioning matrix is singular. DMC2 succeeds

only for TOL=10"3,10*. For smaller tolerances it fails

as in Ay = AF(@% D). Aek-D the denominator _

becomes less than than unit round of (machine accuracecomes less than machine accuracy

g§). SMC and FMC algorithms work for In Tables 5 and 6, the modified Newton, SMC and
TOL=103,...,10 8. For smaller tolerances, even if the FMC methods are compared for various tolerances in

methods do not seem to diverge, the iteration stops as theespect of the number of iterations and and the required

denominator of running time. No mater the theoretical complexity cost,
the time needed for the solution using Newton’s method
# ©6) is considerably smaller. SMC takes the longer time over
(@K -F(@®),IJ(@K)-F (W) the three methods. In Tables7 and 8 the average
© 2014 NSP
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Table 7: Mean||F (@) || for problems which converge. Table 10: SMC sensitivity in initial condition choice. Number of

convergent solution of problems (out of 24).

Average||F (@sol) |« — —
TOL | Newton’s method] SMC FMC H Wy — Wef Hoo <
103 1.55e-6 1.83e-3| 9.92e-3 TOL 10051 0101 02 [ 05
1074 6.77e-8 1.45e-4| 1.09e-3 —3
10°° 7.29e-9 1.53e-5| 1.13e-4 10 24 24 24 24
106 1.93e-9 1.48e-6| 1.11e-5 104 24 24 24 | 24
10—; 8.24e-11 1.62e-7| 1.19e-6 105 24 24 24 | 24
10~ 2.82e-11 1.71e-8| 1.20e-7
© © © 106 | 24 | 24 | 24 | 24
107 | 24 | 24 | 24 | 24
Table 8: Mean||@so) — (ref| fOr problems which converge. 10—8 24 24 24 24
Average]| @sol — Gref e 1079 | 12 13 | 13 | 14
TOL | Newton's method| SMC FMC
103 2.87e-6 2.53e-1| 4.17e-1
104 1.59e-5 3.77e-2| 2.05e-1 _ o y .
105 | 3496 | 3.060-3| 2.060-2| e HLFMC sy nntal condtonchic. e of
106 1.56e-5 3.94e-4| 2.88e-3 _ _
1077 2.53e-5 6.61e-5| 3.29e-4 |G — Wreflleo <
108 3.57e-6 7.14e-6| 3.45e-5 TOL 0.05 0.10 0.2 0.5
105 | 24 | 24 | 24 | 24
Table 9: Newton’s method sensitivity in initial condition choice. 10_4 24 24 24 24
Number of convergent solution of problems (out of 24).
10° | 24 | 24 | 24 | 24
[0 — Wrefllo < 106 | 24 | 24 | 24| 24
—3
07 24242l 3 108 | 24 | 24 | 24 | 24
10 24 | 24 1221 1 108 | 15 | 14 | 10 | 14
10° | 24 | 24 | 23| 2
10° | 24 | 24 | 21| 2
10—7 24 24 23 2 Table 12: SMC averagé ﬁ(@ol)“m for all 24 problems.
108 | 24 | 24 | 21| 1 - \L)abo—a’refnaozé i
9 TOL 05 1 . 5
10_10 24 24 | 21 L 10 ° | 1.78e-3| 1.61e-3| 1.32e-3| 9.40e-3
10 24 24 19 2 104 | 1.00e-4| 1.00e-4| 1.08e-4| 1.11e-4
10711 | 24 24 23 3 10° | 1.10e-5| 1.10e-5| 1.10e-5| 1.11e-5
12 107% | 1.20e-6| 1.19e-6| 1.22e-6| 1.21e-6
10 24 24 23 3 107 | 1.27e-7| 1.07e-7| 1.27e-6| 1.26e-7
1013 24 22 19 3 108 | 1.40e-8| 1.40e-8| 1.41e-8| 1.34e-8
109 | 1.32e-8| 1.20e-8| 1.30e-8| 1.25e-8
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Table 13: FMC averageé|F (&) |« for all 24 problems. developed within the framework of Information
— Geometry. In this way, we adopt an approach that avoids
[| 6o — Gretlloo < simplifications connected with the a priori acceptance of
TOL 0.05 0.10 0.2 0.5 Euclidean distances for the data under study as in the

103 | 7.14e-3| 7.80e-3| 8.16e-3| 8.27e-3 least square based methods. More precisely, Weibull
104 | 8.46e-4| 8.31e-4| 8.46e-4| 8.78e-4 prc()jbabilityddistrib(tjjtion fun(;:tions alre fitted to]c the Qaf[a |
_ under study and treated as elements of statistica
10 Z 8.99e-5| 9.49e-5| 9.62e-5| 9.51e-5 manifolds on which Riemannian metrics are defined and
107° | 1.02e-5| 1.03e-5| 1.04e-5| 1.04e-5 the distances between the different sets of data are
107 | 1.08e-6| 1.07e-6| 1.09e-6| 1.08e-6 measured by means of the corresponding geodesics (i.e.
1078 | 1.09e-7| 1.11e-7| 1.56e-7| 1.15e-7| minimum length curves).
109 | 1.30e-8| 1.34e-8| 1.42e-8| 1.31e-8 These curves are obtained as numerical solutions of
second order boundary value problems using finite
differences. For the numerical solution of the resulting
system of nonlinear equations, we apply Newton and

Table 14: SMC and FMC as starting procedures. Quasi Newton methods in which we take into account the
special form of the Jacobian matrix and modify
TOoL=10"1! appropriately the LU algorithm in order to reduce the

no of iter. | |[F(&@sol)lle | [|@s0l — Gref e computational complexity.

Newton'smethodR| 182 | 4.38e+177] 9.03e+88 More precisely, the Newton method using the
SMC 9219 1.75e-6 7.51e-4 modified LU factorization demands the same iterations

Ne""m’;;gem"dR 56702 ‘17328'154 z'zge'g and has an absolute error of the same order with the
39%- Z06- ; ; ; o .
Newton's methodR 7 5 59614 37404 classical one but it requires significantly less floating

point operations. The error measures for Newton's
method (classical or modified) are considerable smaller
and the method converges for smaller tolerances
compared to the SMC and FMC.

recorded error measures for the modified Newton, SMC ~ The DMC methods are not proposed for our problem,

and FMC methods are presented. Newtons method attairgince the preconditioning matrix is almost singular.

a better convergence (with respect to the reference The Newton's method using either classical or

solution) and has a smaller defect for the nonlinearmodified LU factorization is more sensitive in the

system compared to its competitors. selection of the initial point compared to SMC and FMC
An interesting remark is that Newton’s method with since, for some problems, it demands the initial values to

either classical and modified LU factorization seem to bebe closer to the final solution than the other two methods.

very sensitive in the choice of initial guess and so they  The use of SMC or FMC as an initial procedure

have shorter interval of convergence compare to bothimproves the behavior of Newtons method in the cases

SMC, FMC. This can be tested by solving the problemsthat diverges. These methods can be used as starting

taking initial guesses further away from the referenceprocedures that compute initial points for the Newton's

solution (see Tables9, 10, 11). It must be noted that jteration within the interval of convergence, while the

SMC and FMC do not diverge foTOL = 10° and  modified LU factorization reduces significantly the

smaller (see Tables 12, 13). The algorithms stop as the required floating point operations resulting to an effestiv

denominator of §) becomes less than machine accuracyalgorithm for solving efficiently the system of non linear

€. Even though, as Newton’s method is more accurateequations.

SMC and FMC can be used as starting procedures. For

problems such as Aug with current, where Newtons

method diverges, we can use either SMC or FMC to get

an initial point and then continue with Newton’s iteration Acknowledgement

(see Tablel4).
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