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Abstract: An implication of (i, j)-paralindelof spaces witfi, j)-normal and(i, j)-collectionwise normal space has been studied. We
introduce the new definitions of the normal concept in bitogizal setting namelyi, j, j)-normal spaces and, j);-normal spaces.
When the pairwise paralindelof space implies pairwise eloflis investigated. Furthermore, the concepts of pailaindelof and
m-Lindelof have been extended to bitopological settingoAise study the relation df, j)-param-Lindelof and(i, j)-m-Lindelof.
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1 Introduction 2 Preliminaries

Throughout this paper(X,11,T2) (or X) denotes a
The theory of bitopological spaces is associated with thebitopological space on which no separation axioms are
paper of J. C. Kelly in 19694]. In his fundamental paper, assumed unless otherwise mentioned. For a subsEX,
the concept of bitopological spacéX,71,T2) is we shall denote the closure Afand the interior of A with
formulated as a set with two topological structures; respect tot; by i-cl(A) and i-int(A) respectively for
and 1, given on it. Since then several papers devoted to = 1,2. A subsef of (X, 11, 1) is said to be open (RESP.
bitopological spaces have been published at the presefmfosed) if it is both 1-open and 2-open (resp. 1-closed and
time. The majority of them contain generalizations of 2-closed), or equivalentlyA € (1; N 12) in X. A
various concepts and assertions of the theory ofpitopological spac« is said to bei, j)-normal space4]
topological spaces to bitopological spaces in the sense df, given a t;-closed setA and aTtj-closed setB with
Kelly. The notion of paralindelofness is a wide open field, AnB = 0, there exist aj-open set) and ari-open se¥/
with very little known about which implications hold such thatA CU,BCV, andU NV = 0. X is called
between covering properties, as Lindelof, or separatiorpairwise normal if it is both (1,2)-normal and
axioms, as normal and collectionwise normal. During this (2, 1)-normal.
work, we discuss some properties and characterization of
(i,]j)-paralindelof B]. Comparing the concept of Definition 1.[8] A bitopological spacgX,11,12) is said
(i, j)-paraLindelof with (i, j)-normal and to be (i, )-collectionwise Hausdorff if every i-closed
(i, ])-collectionwise normald] is studied and presented. discrete collection of points has expansion of disjoint
We introduce the new definitions of the normal concept incollection of j-open setsin X, i.e.,ifB {dy:a € A} is
bitopological setting namelyi, j, j)-normal spaces and i-closed discrete collection of points, then there exists a
(i,j)j-normal spaces. For one of the most importantdisjoint collection{Uy : a € A} of j-open sets such that
covering properties(i, j)-Lindelof space, we investigate dq € Uy, for all o € A. X is called pairwise
when (i, j)-paralindelof implies (i, j)-Lindelof. In collectionwise Hausdorff (or p-cwH) if it is
addition, the concepts of pare-Lindelof andm-Lindelof ~ (1,2)-collectionwise Hausdorff and2, 1)-collectionwise
have been extended to bitopological spaces. we study thEausdorff.
relation of(i, j)-param-Lindelof and(i, j)-m-Lindelof.
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Definition 2.[8] A bitopological spacg X, 11,12) is said

to be (i,])-collectionwise normal if every discrete
collection{Fs: s€ S} of i-closed subsets of X, then there
exists a pairwise disjoint collectioflJs : s€ S} of j-open
sets such thatdC Us for each s¢ S. X is called pairwise
collectionwise normal (or p-cwn) if it is
(1,2)-collectionwise normal and(2,1)-collectionwise
normal.

Remarkit is clear that ini — Ty space, everyi, j)-cwn is
(i,])-CwH. In the following example, we can see the

xei—c(UU:Ue7?})Ci—cl(X-V)=X-V.
That is to sayx ¢ V, this contradicts with beiny i-open
neighborhood ok. Thereforex € |J{i —cl(U) : U € ¥},
soi—cl(U{U:Ue?})=U{i—clU):Uev}.

Theorem 1Let a bitopological space X bg, j)-regular
and j— P-space. If X is(i, j)-paralindelof space, then
every i-open covering of X has j-closure-preserving
j-closed refinement cover.

Proof. Let % be anyi-open cover ofX. Let x € X.

relation between these concepts in a clearer point of viewThen, there exists somg € % containingx. SinceX is

Example lLet X = R. Let 11 be a cofinite topology oiX
and let , be a discrete topology onX. Then,
(R, Teof, Tdis) IS (Tcof, Tdis)-CWnN. AlsO, SIiNCeR is Teot-T1,
R is (Tcof, Tais)-CWH (see §]).

Definition 3.A bitopological space X is said to ¢, j)-

P-space if countable intersection of i-open sets in X is j-

open. X is called pairwise P-space if it (4,2)-P-space
and(2,1)-P-space.

3 Pairwise Paralindelof Spaces

Definition 4.[8] A bitopological space (X,11,12) is
(i, ])-paralindelof if every i-open cover of X has j-locally

(i, j)-regular, there is-open sewy such thax € Vy C j —
cl(Vx) C Uq. Now, ¥ = {Vs: x € X} is i-open cover of
X, therefore it hag-locally countable family?” = {W, :
A € A} of j-open sets irX refining ¥ and coveringX.
Let.Z = {j —cl(W): a € A}. SinceX is j-P-space,#
is also j-locally countable by Propositioh. Since’” is
refinement of/, then for eacW, € % there is &y q) €
7 suchthaWy C j—cl(Wg) C j—cl(Vyq)) €U for some
U € % . Therefore 57 is refinement ofZZ and covers.
Again, sinceX j— P-space, then, by Propositié) 77 |-
closure-preservingrclosed refinement cover.

Proposition 3Every  closed  subspace  of

(i, )-paralindelof space i$i, j )-paralindelof.

an

Proof. Let X be an(i, j)-paralindelof space and let

countable j-open refinement. X is called pairwise (A, 71|A,12/A) be a closed subspace ofX. So, if

paralindelof ( or FHP-pairwise paralindelof) if it is both
(1,2)-paralindelof and(2, 1)-paralindelof.

Proposition 1Let a bitopological spacéX, 11, 1) be i-P-
space and” = {Uq : a € A} be i-locally countable family
inX. Then{i—cl(Uq) : a € A} is alsoi-locally countable.

Proof. Since the collectio{Uq : a € A} is i-locally
countable, then for eache X there is a neighborhoddy
such thatU, (N Ox = 0 for all but at most countably many
a.S0UgNOx=0=Uyg CX—-Ox=i—cl(Uyg) CX—
Oy =i—cl(Ug) N Oy = 0. This completes the proof.

Proposition 2If a bitopological spac€X, 11,12) is i — P-

spaces, then every i-locally countable family of subsets i%es

i-closure preserving.

Proof SupposeZ = {Uq : a0 € A} be i-locally
countable family. SetV” C %, then ¥ is alsoi-locally
countable. It is clear that
U{i—clU):Uer?}ci—cl(U{U:Ue¥}). We need
to prove the converse. Late i —cl(J{U : U € ¥'}), due
to locally countability of ¥/, there existsi-open
neighborhood ok and countable subsat of A such that
OxNUqg #0 forUg e A" If x¢ U{i—cl(U):U € ¥},
thenx ¢ i —cl(Ug) for everya € A', and hence there
exists i-open neighborhoodOy, of x such that
Ug C X — Oy,. SinceA’ is countable ani is i-P-space,
V = OxN(Ngea’ Oxq) is alsoi-open neighborhood of

{Uq : a € A} is Ti|A-open cover ofA, then, for eachr,
we can find antj-open setVy in X with Vu (A = Uq.
Hence, the collection = {Vy : a0 € AYU{X — A} is
Ti-open cover ofX so that it hasj-locally countable
family 7 = {Wp : B € B} U{X — A} of j-open subsets of
X refining 7 and coveringX. But A and X — A are
disjoint; so the collectiofWs : 3 € B} coversA. So, the
family {WgNA: W € B} is alsotj|A-locally countable
Tj|A-open refinement of . Then,Alis (i, j)-paralindelof.

Theorem 2In pairwise Hausdorff andj,i)-P-space X,
every(i, j)-paralindelof space ii, j)-normal.

Proof. Let A andB be i-closed set and-closed set
pectively. Sex € A andy € B. By Hausdorffness oX,
there arei-open setUy and j-open setVy such that
X € Ugy € W and UyNVx = 0. The family
U = {Ux:x e A} U{X — A} formsi-open cover oiX. By
hypothesis# hasj-open refinement' = {W, : a € A}
which is j-locally countable and coversX. Set
U =Wy : WoNA # 0}. Then U is j-open set
containing A. For eachy € B, we get j-open
neighborhoodHy of y which meets at most countably
members of v, say
Wal(y),Waz(y),Wa3(y),...,Wan(y),...,for n = 1,2,....
where Wy; NA = 0, since if somen,W,, meetsA i.e.
Wa,, NA = 0, thenWy,, € X — A which is impossible. Set
Gy = HyN(MnenVxn) = Maen(HyNVy,)- Then Gy is
i-open set containing becauseX is (j,i)-P-space. Let

andUy c X —V foreverya c A’ SoUyepUa CX -V, V = Uyeg Gy. ThereforeV is i-open set containing and
and hence UNV =0. ThusXis (i, j)-normal.
@© 2015 NSP
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Definition 5.A bitopological spacéX, 11, 12) is said to be

Theorem 5A spacg X, 11, T2) is (i, j ) j-normal if and only

(i, ], ])-normal if for every two disjoint i-closed sets A and if, given i-closed set A and j-open set U such that &,
B there exists two disjoint j-open sets U and V such thatthere is j-open setV such that@&v C j—cl(V) CU.

ACU,BCV. X iscalled g-normalifitis(1,2,2)-normal
and(2,1,1)-normal.

RemarkAccording to  Definition 2, every
(i, J)-collectionwise normal igi, j, j)-normal. The next
theorem shows when the converse holds.

Theorem 3If a  bitopological space X s
(i, ])-paralindelof,(i, j, j)-normal and P-space, then X is
(i, j)-collectionwise normal.

Proof. Let X be (i,]j)-paralindelof space. Let
of = {Aq: a € A} be any discrete collection @fclosed
subsets ofX such that ifa, € A with a # 3 then
Aq # Ag. For eachx € X, fix Oy be i-open such that
x € Ox and Ox meets at most one element of. Let
0 = {O: x € X} be formed as-open cover oK. By the
paralindeloffness oK, ¢ hasj-locally countablej-open
refinement 7. For each a ¢ A, set
Vo =U{Ve?:VNAs #0}. Then{Vy :a € A} is
j-locally countable collection of-open subsets of such
that for all o € A, Ay CVy € X —U(& — Aq) and
becauseX is i-P-space, the sdt)(«Z — Aq) is i-closed.
SinceX is (i, j, j)-normal, there are two disjointopen

subsets G, and W, such that A, € Gy and
U(« —Ag) CW, forall a € A.
For al a € A, let Hy = GqNVsy and

Ug = Hg —j —cl(U{Hg : B € A —a}). The collection
% ={Uq : a € A} is a pairwise disjoint collection of
j-open subsets oX. For all a € A, the collection7/ is
j-locally countable antdly C X — (& — Aq).

Now, we shall show thaf;, C U,. Note that for each
a €A, Ay C Hqy. Since{Hy : a € A} is j-locally
countable collection in j — P-space, we have
j—cl(U{Ha : a € A}) = U{] —cl(Hqa) : a € A}.
Suppose thata € A)x € Ay and A € A — a. So,
xe U —Aq) CW,. FromH, C G, andG, "W, =0,
we have x ¢ j — cl(Hy). Therefore,
AcNj—cl(U{Hg: B €A —a})=0 and soAy C Uq.
Therefore X is (i, j)-collectionwise normal.

According to Theorem3, we introduce the next
theorem.

Theorem 4lf a  bitopological space X s
(i, j)-paralindelof,(i, j, j)-normal and P-space, then X is
(i, j)-collectionwise Hausdorff.

Definition 6.A bitopological space X i$i, j)j-normal if,
given i-closed set A and j-closed set B withB = 0,
there exist two j-open sets U and V such that N and
BCV and UNV = 0. X is called g-normal if it is both
(1,2)2-normal and(2,1);-normal.

Proof. Suppose thaX is (i, j)j-normal. LetA be ani-
closed set and be j-open set such th& CU. Then,B=
X —U is j-closed set witlB(\ A= 0. By hypothesis, there
exist two j-open set¥ andP such thatA CV,B C P and
VAP=0=j—cl(V)Cj—cl(X—P)=X-PCX-B.
ThereforeACV C j—cl(V) C X—B=U. Conversely,
suppose that the condition holds. lfebei-closed set and
B j-closed set wittA(\B = 0 so thaty = X — B is j-open
set withA C U. By the condition, there existsopen set
V such thatA CV C j—cl(V) C U. It leads to thatA C
V,B=X-U=X-j—cl(V)andVNX—j—cl(V)=0.
Then,Xis (i, j)j-normal.

Theorem 6Let (X, 11, T2) be (i, j)-regular, (i, j)j-normal
and j-P-space. If X igi, j)-pairwise paralindelof, then X
is (i, j)-collectionwise normal.

Proof. Take any discrete family? = {Aq : 0 € A} of
i-closed sets inX. For everyx € X, pick Oy asi-open
neighborhood such thate Ox andOy meets at most one
element of«Z. Now, the family&’ = {Oy : x € X} forms
i-open cover of X. Since X is (i,])-regular and
(i, ])-paralindelof space, byheorem 1, & hasj-closure
preservingj-closed refinemen?” such that anyw € *
intersects at most one member of/. Let
Ug = X = (U{V € ¥ : VNAs = 0}), hence for every
o € A, Uq is j-open set such th#ty C Ug.

Now, the collectionz = {Uq : a € A} is disjoint. If
a # B andx € Ug NUg, then pick any € 7 with x e V
and using the definition &4, Ug it follows thatV N Aq #
0#V N Ag which leads to contradiction with the definition
of «7. SinceXis (i, j)j-normal, theniA= | J{Aq : a € A},
using Theorend, we can selecj-open seW such that
ACWC j—cl(W) C{Ug;aeA}=U.

For everya € A, if Us W =Wy € 1. Now, 7 =
{Wy : a € A} is a family of disjointj-open subsets of
such thatAy C W, for eacha € A. It suffices to prove that
# is discrete family. Lek € X. Assume thax ¢ U. Thus,
X-j-cl(W) is j-open neighborhood ofthat does not meet
any element of#". But if x € %, x € U, for somea € A.
HencelUq is j-open neighborhood ofwhich intersects at
most one element o# which means tha?” is discrete.
Therefore X is (i, j)-collectionwise normal.

According to Theoren, we can state the following
theorem.

Theorem 7Let (X,11,7T2) be (i,]j)-regular, pairwise
Hausdorff and j-P-space. If X is(i,])-pairwise
paralindelof, then X igi, j)-collectionwise Hausdorff.

Proposition 4Every i-locally countable family of
non-empty subsets of i-Lindélspace X is countable.

Proof. Let % be i-locally countable family of
non-empty subsets ofLindeldf spaceX. For eachx € X,
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choose i-open neighborhoodv, of x meeting only Proposition 5If a bitopological space X is i-regular
countably many members d¥. By Lindelofness ofX, space, i P-space, and satisfies the i-DCCC, then every
i-open cover? = {Vx: x € X} of X has a countable i-locally countable collection of i-open sets of X is

subcover ¥'. Since eachU € % meets aV € ¥'.  countable.
Therefore |%| < Og, in words, the collectionZ is .
countable.| = Ho Proof. Let 2 = {Ugy : o € A} bei-locally countable

collection ofi-open sets oK. Suppose that a bitopological

spaceX is well order. For eack € X. setz ={U :U €
Theorem 8Let a hitopological space(X,71,1,) be % andXis the; first element itV }. Since? is i-locally
(i,j)-regular and j— P-space. If X is(i, j)-paralindelof countableZ4 is a countable set that may be empty. So,
and contains j-dense subspace Y which is j-Lindelof,every member ir?/ is contained in one and only or#
then it is i-Lindelof. and

Proof. LetY be j-Lindelof and j-dense subspace and y <ximpliesy ¢ U forU € %.

let % = {Uq : a € A} bei-open cover oK. By regularity Now, we shall show that the collection
of X, there is-open cover/’ = {Vx: x € X} of X suchthat {24 : % # 0,x € X} is countable.
{i—cl(V) :x€ X} refines%. Let# = {W; : B € B} be Let Uy be a set from each nonemp®. Thus the

a j-locally countably family ofj-open sets which refines  collection{Uy : x € X} is i-locally countable since is.
7" and coverX. By Proposition 4, the seBo = {3 € B: By regularity of X, there isi-open neighborhootl of x

YNW; # 0} is countable. Sinc& is j-P-space and = such thai € Vi C i —cl(Vx) € Uyx. The collection{Vy} is
Upeg,(YNW3), we have i-locally countable. For eacl # 0, let construct a
nonemptyi-open set as following:
X=j—cl(Y)=]j—cl(Uper,(YNWp)) = Wi = Vi — U{i — cl (V) |x,y € X, andx < y}.
Upgego (1 = Cl(YNWp)) € Upeg, (i —cl(Wp)) € The collection {W} consists of disjoint nonempty
Ugeg, (1 —€l(Vxg))) € Upesy(Va(g)) i-open sets since it contairsSince the collectiogVx} is

. i-locally countable, the collection{\W} is i-locally
thus % has a countable subcover. Therefob¢, is countable.
i-Lindelof space. Again, sinceX is i-regular space, we havee Hy C
i —cl(Hx) € Wk. The collection{Hx} isi-locally countable
and thei-closure of its elements are disjoint. Her{déy }
is a discrete collection X satisfiedi-DCCC, thus it is
countable.

Definition 7.[1] A bitopological space X, 11,12) is said

to be(i, j)-Lindelof if for every i-open cover of X can be
reduce to a countable j-open cover. X is called pairwise
Lindelof (or B-Lindelof) if it is both(1,2)-Lindelof and
(2,1)-Lindelof. Theorem 9Let (X, 11, T2) is j-regular space, j- P-space,
and satisfies the j-DCCC. Then, evéryj)-paralindelof

RemarkClearly, every (i,]j)-Lindelof space is space if and only if it igi, j )-Lindelof.

(i, j)-paralindelof, but the converse is not true in general
as the following example explains. Proof. Let X is (i, j)-paralindelof space and lg¥ be
i-open cover ofX. Then, there exist$-locally countable
family ¥ of j-open sets irK which coversX and refines
7 . Using Proposition 5, ¥ is countable. ThereforX is
(i,])-Lindelof. Conversely, it is clear since every
(i, j)-Lindelof space igi, j)-paralindelof.

Example Z.et X be an uncountable set. For a fixed point
p € X, the family{U C X : p € U} {0} of subsets oK

is open sets of the first topology defined &nhcalled
particular point topology denotedpp. Consider the
discrete topology onX as 1,. Then the bitopological
space (X, Tpp, Tais) IS (Tpp, Tais)-paralindelof since the pefinition 9.[2] A bitopological space X is said to be
Tpp-Open sets is alstyis-open sets iX (see f]), butitis  (j j)-almost Lindelof if for every i-open cover
not (Tpp, Tis)-Lindelof since{{x, p} : x € X} is Tpp-open (U, : a € A} of X, there exists a countable subset
cover ofX has no countableyis-open subcover. {an: ne N} such that X=Jpcy j — ¢l (Ug, ). X is called

. . pairwise almost Lindelof if it is both(1,2)-almost
We extend the property of discrete countable chainjj,qelof and(2, 1)-almost Lindelof.

condition in bitopological setting as the following
definition shown. Theorem 10Let (X,71,72) be (i,j)-almost Lindelof
space. X is (i,j)-Lindel6f if and only if it is

Definition 8.A bitopological space X is said to be (i, j)-paralindeb.

satisfied i-discrete countable chain condition for short
i-DCCC if the topological spacéX, 1) satisfies discrete

countable chain condition. X satisfies discrete countable prgof. Let % = {Uq : @ € A} bei-open cover ofX.
chain condition if it is i-discrete countable chain By paraLindebfness of X, the collection % admits
condition for i= 1,2. j-locally countable family#” = {Wj : B € B} of j-open
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sets which refines%. For eachx € X we fix a
j-neighborhoodVx which intersects at most countably
many sets belonging t# . The j-open coveKVy : x € X}
contains a countable family{Vy, : n € N} such that
X = Uneni — ¢l(Vx,). Since each set fron# intersects
someV,, it follows that the family’# is countable (i.e.,
|#| < Op). Therefore X is (i,])-Lindelof space.
Conversely, it is clear since evefy j)-Lindelof space is
(i, ])-paralindelof.

Example 3.et X be a set whose cardinality i§,2vhere
c=cardR). Let 1y = {0} J{U C X: |[X—-U| <c} and1,
be a cofinite topology onX. Then, (X,13,T2) is a
bitopological space. Since is not11-Lindeldf, thenX is
not (1,2)-Lindeldf. But X is (2,1)-almost Lindedf.
Therefore, by applying TheoremlO, X is not
(1,2)-paralindelof.

4 Pairwise Param-Lindelof Bitopological
Space

Pareek and Kaul have introduced and studied the concep

of m-Lindelof and paran-Lindelof in generality, wheren
denotes an infinite cardinal. Now, we shall extend an
introduce the notions of m-Lindelofness and

param-Lindelofness in bitopological space in sense of

Pareek and Kaul's definitions.

Definition 10.A bitopological spaceX,1,12) is called

Proposition 6.n (i, j)-m-Lindelof (or (j,i)-m-Lindelof)
space X, every subset A of cardinality m hascpmplete
accumulation point.

Proof. Let A be a subset ofX of cardinality m.
Suppose does not have;-complete accumulation point
in X. Then for eachx € X there exists-open (orj-open)
neighborhood Uy such that |[UxNA| < |A|, i.e.,
|UxNA] < m. Consider thei-open (or j-open) cover
% = {Uyx:x e X} of X. SinceX is (i, j)-m-Lindelof (or
(j,i)-m-Lindelof) there isj-open (ori-open) subcover’
of X such that|¥| < m. But, then|A| < || <m, a
contradiction from the fact thdf\| > m. This completes
our proof.

Definition 13.A collection7 of subsets of a bitopological
space(X, 11, 1) is called i-locally-m if each point x X
has i-neighborhood intersecting at most m membex of

Remarkf m = O, theni-locally-m collection will be
calledi-locally countable.

t'F'heorem 11Let a bitopological space X be i-Lindelof.
dThen, each a i-locally m collection of non-empty i-open

subsets is of cardinality at most m.

Proof. Let % bei-locally m collection of nhon-empty
i-open subsets of and letA be the image set of a choice
function on % . Assume thati%/| > m which leads to

(i, j)-m-Lindelof if each i-open cover of X has a j-open contradiction. By hypothesis, for axy= Athere isi-open

subcover of cardinality at most m. X is said to be neighbourhood

B-m-Lindelof if it is
(2,1)-m-Lindelof.

(1,2)-m-Lindelof  and

Remarkf m= Oy, then(i, j)-Oo-Lindelofis simply(i, j)-
Lindelof space. Then, every, j)-Lindelof space igi, j)-
m-Lindelof. But the converse is not always true.

Example 4.et X be a set with cardinalityn = 2° where

¢ = card(R). It is clear that the bitopological space
(X, Tpp, Tdis) iS NOt (Tpp, Tgis)-Lindelof since tp-open
cover {{x,p} : x € X} gas no countabletyis-open
subcover. But it is (Tpp, Tgis)-m-Lindelof since any
Tpp-open cover of X has a 1gis-open subcover of
cardinality at mosin.

Definition 11.Let (X, 11, 72) be a bitopological space and
let A be a subset of X. Then a point x of X is called p
complete accumulation point of ARNU | = |A| for each
11-0pen (ortp-open) neighborhood U of X, in words, the
set A and A\U have the same cardinality.

From Definition11, we shall redefinéi, j)-m-Lindelof

Uy of X such that
[{a € A:UxNUqg # 0} <m.

Again, for anya € A, there exists a pointin A such
thatUyNUq #0. Thus|{a € A :UyNUqg #0:x€ A}| =
A and we obtainA| < mwhich implies thafA| < m. But
by assuming thdt” | > mwe have/A| > mwhich leads to
a contradiction with tha#z must bei-locally m. Therefore

|7 <m.

Proposition 7.Let (X, 11,T2) be a bitopological space. If
% is i-locally-m i-open cover of X and Y is i-dense i-m-
Lindelof subspace, thew has a subcover of cardinality
at most m.

Proof. Set¥ = {UNY :U € Z} so that? is also
i-locally m collection. Thug?| < mby Theorem 11 and
sinceY isi-dense inX,U Y #£ 0 forallU € %, therefore,
|| < m. The proof completes.

Definition 14.A bitopological spaceX,11,12) is called
(i, J)-para-m-Lindelof if each i-open cover of X has a
j-locally-m j-open refinement. X is called pairwise

space in sense of a complete accumulation point conceptPara-m-Lindelof if it is both(1,2)-para-m-Lindelof and

Definition 12.A bitopological spaceX,11,12) is called

(2,1)-para-m-Lindelof.

(i, ])-m-Lindelof in the sense of complete accumulationTheorem 12Let Y be j-dense j-m-Lindelof subspace of
point if each subset of X of cardinality m has completethe bitopological spacéX,11,12). Then X is(i, j)-para-

accumulation point.

m-Lindelof if and only if it i(i, j)-m-Lindelof.
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Proof. Let X be(i, j)-param-Lindelof andZ = {Uq :
a € A} bei-open cover oX. Hence?/ admits j-locally
mfamily 7 = {V, : A € A} of j-open sets iX covering
X and refiningZ . SinceY is j-dense,” = {YNV, #
0:forallA € A} is j-locally m family , because” is a
subfamily of j-locally m family ", of non-emptyj-open
sets inj-Lindelof subspac¥. UsingProposition 7, | #| <
m, in words,”” has a cardinality at most. ThereforeX is
(i, j)-m-Lindelof. Conversely, it is clear since evefiyj)-
m-Lindelof is (i, j)-param-Lindelof.

Theorem 13If a bitopological space (X,11,72) is
j-m-Lindelof and (Y,01,072) is j-m-separable, then if
(X xY,p1,p2) is (i,])-para-m-Lindelof if and only if
(X xY,p1,p2) is (i, j)-m-Lindelof whergo; = 1; x G;.

Proof. Let D be j-dense subset o such that
ID| < m. SetXp = X x D which is j-homeomorphic toX
and henceXp is j-dense andj-m-Lindelof subspace of
X xY. Then, byTheorem 12, X x Y is (i, j)-m-Lindelof.
Conversely, it is clear since every, j)-m-Lindelof is
(i, j)-param-Lindelof.

References

[1]A. Kiligman and Z. Salleh,On pairwise Lindedf
bitopological spaces Topology and its Appl.,154 (8)
(2007), 1600-1607.

[2] A. Kiligman and Z. SallehOn Pairwise Almost Regular-
Lindeloff SpacesScientiae Mathematicae Japonicae.
No. 3(2009), 285-298:€2009, 481-494.

[3] Dvalishvili, Bitopological spaces: Theory, relations with
generalized algebraic structures, and applicatiohorth-
Holland Math. Stud. 199, Elsevier, 2005.

[4] J. C. Kelly, Bitopological Spacesroc. London Math. Soc.,
13(3)(1963), pp. 71-89.

[5] J. Ewert and S. P. Ponomar&@n the Generalized Lindelof
Property, Real Analysis Exchange, Vol.(26), No.1(2000),
177-194.

[6]L. A. Steen and J. A. Seebach JEounterexamples in
Topology 2" Edition, Springer-Verlag, New York, 1978.

[7] Pareek, C. M. Kaul, S .KSome Generalizations of Lindél
and Paracompact spacedMonatshefte dii Mathematik,
Springer-Verlag, 79, pp. 131-137 (1975).

[8] A. Kiligman and H. BouselianaMappings on pairwise
paralindelof bitopological spaceslournal of the Egyptian
Mathematical Society, to appear.

Hend Bouseliana
received the Master degree
in  approximation theory
at Tripoli University (Libya).

Her research interests are

in the areas of bitopology and
approximation theory. She
has published some research
articles in the International
Journals of Mathematical
Sciences. She has presented some papers at international
conferences. She is a PhD student at University Putra
Malaysia (Malaysia).

Adem Kiligman is full
Professor in the Department
of Mathematics at University
Putra Malaysia. He received
his Bachelor and Master
degrees from Hacettepe
University in 1989 and
1991 respectively, Turkey.
He obtained his PhD from
University of Leicester in
1995, UK. He has been actively involved several
academic activities in the Faculty of Science and Institute
of Mathematical Research (INSPEM). Adem Kilicman is
also member of some Associations; PERSAMA, SIAM,
IAENG, AMS. His research areas include Differential

70, Equations, Functional Analysis and Topology.

(@© 2015 NSP
Natural Sciences Publishing Cor.



	Introduction
	Preliminaries
	Pairwise Paralindelof Spaces
	Pairwise Para-m-Lindelof Bitopological Space

