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Abstract: The aim of this paper is to give several inequalities for posgries starting from a generalization of Young'’s inedyali
for sequences of complex numbers. Then some inequaliteisced from some variants of the arithmetic-geometric meaguality
will be given. Thus by Theorem 1, Theorem 2 and Theorem 3 aéxefinements of Young's inequality for functions definedpmyver
series with real coefficients are given and by Theorem 4 argération of a sharp Holder’s inequality for functionsfided by power
series with real coefficients is presented. Then a genataiz of Young's inequality fom pair of complex numbers in the case of
the functions defined by power series is given in Remark 1,aamdriant of Muirhead’s inequality for functions defined bywer
series with real coefficients is given in Proposition 3. Ehare a lot of examples related to some fundamental completifuns
such as the exponential, logarithm, trigonometric and Hyglee functions and also there are applications for sonezis functions
such as polylogarithm, hypergeometric and Bessel funstionthe first kind. Finally, we present an application retbto the average
information.

Keywords: Power series, Young'’s inequality, Muirhead’s inequakijthmetic-geometric mean inequality

1 Introduction with real coefficients and convergent on the disk
D(0,R), R > 0. As in [4] the weighted version of

Holder’s inequality can be stated as below:

Power series is a special type of series of a function. The 3

applications to power series can be found in mathematics, > n - n
computer science, physics and in information theory. We|f(xy)| - < (Z [anllx|” ) (Z()'a“”)('q )
will study the power series related to inequalities. Using a n=0 "~

refinement of the Cauchy-Bunyakovsky-Schwarz

inequality, Cerone and Dragomir inl%], established

some inequalities concerning functions defined by - f%, p f% q

convergent power series with real or nonnegative = T (X®) T (Y1)

coefficients. The technique to find other inequalities of

functions using power series was given by Ibrahim andfor anyx,y € C with xy, |x|P,|y|9 € D(0,R) and fa(z) is
Dragomir in [8], Mortici in [11] and lbrahim, Dragomir  a power series defined by, _g|a.|Z". The power series
and Darus in 4]. This method is important because can f5(z) have the same radius of convergence as the original
be improved and extended some of the knownpower series(z).

inequalities, which have applications in many fields.

1
q

> anxy"
n=0

In the case when all coefficients of the serf¢g) are
We consider an analytic function defined by the powerPositive we have (z) = fa(2).
series

f(2) = - an?’ Next, we present several results related to inequalities,
nZO that will be useful in our study.
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We consider the following inequality, which represents power series with real coefficients is given in Proposition

an improvement of Young’s inequality:
Lemma 1. ([8]) ForO< a,b <1 andA € (0,1) we have

r(v/a—vb)2+A(A )ablog? (g) <Aat(1-2)b—a‘bt

<(1-n(Va-vb?+

min{A,1—-A},A(A) =
1-r
N

B(A)ablog? (g)

A(1-2)

wherer = 5

A(1-2)
2

—zandB(A) =

If we take here\ = % and replace* by aandb* by
bthen 1- A =  and we obtain:
ap)
<

q
pbd
ba

q

aP

ab-+r(a? —b%)2+A(F1))apquog < .

<ab+(1-r)(af —b?)2+ B(—;)apbqlogz (Z-Z) . @)

We also need the inequality from below which is given
in [5], Lemma 2.

Lemma 2.Foraj; >0, p; >0, i€ {1,2,...
{1,2,...

,n}andj €
1.1 1
,m} such thats- + 5 + ..+ 5~ > 1 we have

iiauaaz...a;m< (Zq"f) : (Zﬁ?) ; (Iiaypn?y_%

Next inequality is given inZ], Proposition 5.1 and will
be used in Theorem 4.

Proposition 1. ([2]) Let ay, ...,
with 37, pj = 1 we have

n 1
.. P1 Pn ﬁ
Epa—a LA > nA Ea. a

with equality if and only if a;
A =min{p1,...,Pn}

an > 0andpy,...,pn >0

.. = an, where

Using the above results in this paper we give by
Theorem 1, Theorem 2 and Theorem 3 several

refinements of Young’s inequality presented #j for

functions defined by power series with real coefficients < fa(|al|b|P~*)ga(|al|b|9 1) +
and by Theorem 4 a generalization of a sharp Holder's

inequality for functions defined by power series with real

coefficients is presented. Then motivated by some resultgg|97 b9, |a|2 |b|

from [6,7], a generalization of Young's inequality fon

pair of complex numbers in the case of the functions

3.

These results are important due to their applications
for special functions such as polylogarithm,
hypergeometric and Bessel and modified Bessel functions
for the first kind. Moreover, in information sciences,
many applications of Holder’s inequality have also been
studied by many authors a2. In section 3 an
application related to the average information
presented.

is

2 Main results

The following three results were obtained using a
refinement of Young’s inequality given ir8] for two
positive numbers andb in (0,1) for power series with
real coefficients, and the same method agljnTheorem
1,2 and 3.

Theorem 1.Let f(z2) = Sph_oPnZ", 9(2) = ShoOnZ' be

the power series with real coefficients and convergent on
the open dislD(0,R), 0 < R< 1. If p,q are real numbers
with p > 1, %4—% =1 and ab e C, ab # 0,

laj < 1, |b| < 1 so thatlabl, |a?, a9 |b|P, |b9,
[al2[b|%, Jal?|b2, |alPblf, [alblP € D(O,R), then we
have

|f(ab)g(ab)|+ rM1+A(F—1))T1

1
< fa(labl)ga(|abl) + fM1+A(B)T1

< SiallaPoa(b) + iabYaa(a) @)
< fallallBhga(lallb) + (1= )M+ BT
and
[f (@bl 1)g(albl )| + M +A< )IogZ:Z: @)
< ta(al5P Sau(allo ) + M-+ A 5 ) log? 1T
SRR AN
(1—r)M2+B< )Iog }E}TL

if in this casda|<|b| and|a||b|p 1 jallbl9t, |alP, |al9,
, |a| |b|2 eD(O,R),where

My = fa(|a?)ga([b|?) + fa(|bl*)ga(lalh)—

defined by power series is given in Remark 1, and a

variant of Muirhead’s inequality for functions defined by

—2fa(|a2|bl2)ga(lal2|b|2),
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Mz = fa(lalP)ga(|bI%) + fa(|bIP)ga(lal%) - Denoting byP; the quantity

—2fa(al%|b|%)ga(lal2|b]2),

olal
|bj

p—kq

zo|p.| z o log? (ﬂbm kp) (IalPIbl )’ (2l b]P)¥

by computation we have,

T1 = ga(/al%b?)Sy(JalP|b|%)log

+fA(|a|p|blq)Sz(lalq|blp)logzﬁ —2[pq(log?|a| + log? |b|)— n n
Po="% Ipj| ) |ak|[(jp—kag)log|al—
—(p?+?) log|al log |b|]Sz(|alP|b|?)Ss(Jal%bP), J;) kZo

—(ja—kp)log|b|]*(|al?|b|%)’ (jal|b|P)* =

T, = pPoa(la®)Si(|alP) + g*fa(|a?) S (|al%) — n n _ _
2= Proansal) Faialan (et = 3 Iml 3. lal(ip—ka?log?lal+ (ja—kplog? -
= k=

~2pass(fal”)Su(lal"). |
S1(X) = XFa() +2TL (), S(X) = xga(X) +Pgax),  —2(iP—ka)(ja—kp)log|allog|bll(|al”lbl®)’(Jal*|b|) =
/ / n n ]
Ss(x) = xFa(X), Su(X) = XGa(X). = %ijI S lal[i*(plog|al —alog|b])*+
= k=0
Proof. ) — 5 5
In the first case we replace by |a)i[b%, andb by  +k°(dlog|a]— plog|b[)* — 2jk(pq(log”|a| + log”[b|)—
i
|a| |b| , ] ke {0 1 n} n (1) and then we have _(p2+q2) Iog|a| Iog|b|)](|a|p|b|q) (|a|q|b|p)
inlK alKik i iihky D K iy 372
2’ blM{al{b|? +r[(Jali[b])% — (Jab)’) 312+ _ 20“0” Z adl 2|ogzﬁ+k2|og ||b||p
1, o ([aPPY o ks karpia
= : <
HACR)log <|a|kq|b|lq [@l ™ bllalbl™ < ~2jk(pa(log?|a] + log? |b]) — (b + ¢?)log|al log b))
_ |a|J'p|b|kp+ jalalble _ -(|a[P[b|)’ (Ialqlblp)
- p q - All the series whose partial sums which appear here in
KKl D Kiiis 912 inequality @) are convergent on the digk(0,R) therefore
< lal’[b“|al*[b|’ + (1 —r)[(Ja'[bf*)2 — (af*|b|")2]"+ we can take the limit when tends tow in (4) and obtain
1 , ( |aliP|b|kP e the inequality ) taking into account that becau3g is
+B(B)|09 (|a|kq|b|jq) |a|'P|b|Pla]*Yb* the limit whenn tends ofe of Py.

. ) In the second case, if we replace i) & by ‘z‘l andb
for any j,k € {0,1,2,...,n}. We take into account that ak bl
|albakbl| = |albl||b*a"| = |a|/[b[*[a/¥|b| and if we by gy then we have
multiply the inequality with positive quantitief;||ax|
and sum ovej andk from 0 ton, we obtain lali[alk lalPl  |alok |a| |a|

[bibf< ™ [ B[P [bjak " By $

n n n n )
Ipillabl’ 3 Jallabl+r 3 Ipjl Y lakl(lal’PlbfP+
2P, 272,

1., ([aliP|plka [a]iPlaka
_ § _ <
TAlp)log <|lo|m|a|kq bliP[bfa <

1 < 4 2 ‘a‘jpfkq PIRI9Y i q|p Pk EM }ﬂ(
A 3 IPil3 1o log (w—,kp)ua\ bl ([albjP) < = p1bje g bk =

+|akb|19 - 2/a % |ak2 |b| % |b|12]+-

(5)

' ilalk Pj ak
|a/P|b[P [a]*d[b| ! CHE laP  |al IaI IaI

< < (4 < e T (A -+

zo|p il z (e ( + q < @) Ib[i|b[k ( ) Ib[PI " Jp|ok |b| |b|

1 |a/P|bJ*a |a/lP|al*
k. k - 2
+|a|kQ|b|Jq_2|a|17|a|kz|b|kz|b|12]+ forany|b|!, |b|#0, j, ke {0,1,2,...,n}.

. bk Simplifying (5) we get
1 :
= PiplaVi (1g/9]p|P)K . . ) .

B( p)J;“)]' Z |qk‘ (|b|Jq kp) (|a| |b| ) (‘a‘ ‘b‘ ) . |a|J|a|k|b|1(p—1)|b|k(q—1)+r[|a|pj|b|qk+ |a|qk|b|Jp_

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1826 rs 0

L. Ciurdariu, N. Minculete: Inequalities for Power Series

g g allpP—ka .
—2[al1 343 |p| 15 +k3 ]+A<p>log (:bl,—pkq> laf’P|ad <
1, 1 i
< —plallplblq"+alalq"|bl‘p < (6)

< b} P 2b{ 4 (11

q g L .
~2al 8 01+ B tog? ([ ) alPll

foranyj,ke {0,1,2,...,n}.

Now we multiply @ by |[pjlla/ > 0O,
i, k€ {0,1,2,...,n} and summing ovej andk from 0 to
n, we have

n n )
[pillakl(lal[b[P~4)T (jalb|9H) +
22"

n n
r3 2 Ipilladl (12l | + |al Kb P — 2/  8-+k3|p|15-+K3]+
j=0k=

1 lal ¢ ki
log® kg)2|alP|alka <
(p) g |b| Z}|p1||Qk| jp—ka)?|al’?|al

1 n . n 1 n n .
=3 il fallbl®™+ = fal[a®™ S [pjl[b| P
p Z) : kZO quo j; :
o (7)
< Z}Z [pjllad (Jal[b]P~ ) (Jalbl% 1)+ (1 —r)-
j=0k=0

n n . . .
'ZO > |pjllakl[al P [o| + [al b P — 2/ 8 +K3|p|13 k3] 4
J: :

2|a| k

pjllakl(jp — ka)?|al Plala.
|b|ZDZ)|J||| )%[a)'P|al
In this case

n

n .
P = |pjllak|(ip — ka)?|a|P|afd =
2,2,/P

= Z}ZJDJ”QH i2p? + K2q? — 2pajk)[a|’P|a .

)lla®![b|%+|al®|b| TP

2. 2 1
| f(ab)g([al?[bfa)|+ rM3+A(5)T3 <

2.2 1
< fA(IabI)gA(IaIprIQ)+rM3+A(5)T3 <

< %fA<|b|p>gA<|a|2> +§fA<|a|q>gA<|b|2> < @®

< fa(lallbl)ga(lal B[b]&) +
where
Ms = fa(a?)ga(|b]P) + fa([2|9)ga(|bI?)—
—zfA<|a|%|b|’5>gA<|a||b|>,

To = dlog2 2 |b| - fa(|a/9b|P)S1(|af?b]?)+

(1-r)Ms+ B(%)Tg,

+log? 2 cou(la?b2)Su([0P) +

2l
b

[blP
s

+4log— log —=Ss(|al9b|P)Su(lal*|bf?).

Proof. , o,
Now, we replaca by|a|kT3|b|J, andb by |a|J|b|k5 in

inequality (1), we multiply by |pj||ak| > 0 and then

summing ovetj andk from O ton we get

< K211 ali 1<
zoz | pjllo|al"P [b]* [a[b["a+
]=0k=0

n n

Z) pil k([ [b|1P+ [al 19]b[ — 2/ b| 2 [a] 12 |b["

3 S |p||q||og( a(biP )|a|2k|b|JP|a|i‘*|b|2k
G 20; ' PER

n

1 n
<= |Pj ||qk||a|2"|b|1p+ |pillallal bl
b 22, PHL

9)

n n
ZOZ) pjllakl[al™ bl [al'[b]
Taking into account that all the series whose partial sums ]=0k=

are involved in previous inequality are convergent on the

disk D(0,R), and lettingn to « in the inequality {), we

notice that the desired inequalitg)(takes place, because

T, is the limit whenn tends ofe of P>. [J.

Theorem2.Let f(2) = 3 o pnZ’, 9(2) =
p>1,%+%:1anda,bec, ab#0, |aj<1 |bj<1

such thaal[b], [al?, [al°, [b[, [b[?, [a2|b|2,
D(0,R), then we have

2. 2
lalp|bja e

S m—00nZ" be the
power series with real coefficients and convergent on the
open diskD(0,R), 0 < R< 1. If p,qare real numbers with

n n
= Z) S Ipillakl[la/®|bi’P -+ |a| b~
J :

iP i9
—2Jal*[b|i% a3 b+
|a?[b| P

ZOZ)IpJIIq | log® <|a|jq|b|2k) ERINIEERING

whereP; is the quantity

|a?[b| P

n n . .
> 5 Ipiladiog” (Spr ) b1 lao
j=0k=

(@© 2015 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.9, No. 4, 1823-1832 (2015)www.naturalspublishing.com/Journals.asp NS = 1827

: find 1102 ((1ZBIPY (12 pyaiy (1o (ke <
By computation, we find, +A(p) 9"\ | b/ (lal [b[*")(la]**[b[*") <
. R 1 1
Pi=3 5 Ipilodioc? s ) Il Pla — < Ljaf2ijoip s Laplia < 10
ZOEO j FERE *p|a| |b| +q|a| b < (10)

2 . 2 . .
< (lal®|bD)i(|bl|al @)% + (1 —r)[|al |b|PX + |a||b|i9—
_ 202|p1||‘31k| 2k|og:b: iqloglal + < ([a/r|bf)!(Ibl[a]a)* + (L —r)[|a]~|b|”*+ [a]*|b]
—2Jali[b* |aj¥|b|12)+

+iplog|b])?|aj?|b|P|a] 4|b[* = 1 gz<|a|2‘|b| PK

+B(=)lo 7) al?|b|9Y(|al2|b|<P).
0 8 g s o 5o ampm ) (2P0
= Pillq 0g J710g

2, 2, Pilla B

|a|q By the same method as in Theorem 1 we find the desired
inequality.C].
b
+aiklog ot tog ) bl P a* by
bl |a] Remark 1.Letrq,ry,...,Im # O be real numbers such that

Since all the series whose partial sums are involved in the- + iz + - + = = 1 and f(z) = 3§ opn2",
inequality ©) are convergent on the di§k(0,R), lettingn 9(z) = Yh_oanZ' be the power series with real
tend tow in (9), we deduce the desired inequality, becausecoefficients and convergent on the open disk
Tz is the limit whenn tends toeo of P. (. D(0,R), 0 < R If aj,ay,...,am,b1,by,....bm € C, such
that ajap...am, bibs..bm, |&|", |bi|" € D(O,R), i €

Theorem 3. Let f(2) and 9(2) be as in Theorem 1. If 11:2,....m} then we have

/a[2,b[P, bl [a? |b], |al b, al[b|2. al b} € D(O.R) | (a182...am)ga(b1by...bm)| <
then one has the following mequahty
< fa(laaf|az|...|am|)ga([b[[bz]...[bm|) <

2 2 1
f(lalPb)g(lalab)|+rMa+A(=)Ta < 1 1
[t(al*Rla((al®h)] +Ma+Al)Te < < - a(laa)ga(3") + - fallael")ga(|bel"?) + .ot

2 2 1
< fa(lal prI)gA(Ia|q|b|)+rM4+A(5)T4 < +rifA(|am|'m)gA(|bm|fm).
m

< —:J fa(|a)?)ga(|b|P) + é fa(|b|%ga(|a?) < Proof. We use the well-known inequality

2 ) 1 a1X1 + 02Xp + ... + QmXm > X7 1X92...Xqm
< fa(lal?[b)ga([al@[b]) + (1 —r)Ma+B(—)Ta, ,
p which takes place for anyxp,Xs,...Xxn > 0 and

where a1,0o,...,0m real numbers such that
1
M4 _ fA(|a|2)gA(|b|p) + fA(|b|q)gA(|a|2)— a1+ 02+ ...+ 0m = 1 and repIaCIngxl by andx by
Xj we obtain

g P

—2fa([al[b[2)ga(lal[b]2), 1, 1, 1.,

—Xt + r—x22+ vt r—an > X1X2... Xm.
2 m

;
T =og? (B0 anoPs (a0 + : |
Taking abovi x1 = lagl|bf%, X2 = |agli|by/¥,...
[b|P q 211(p Xm = |am|!|bm[* for j,k € {0,1,2,...,n} and using the
+log (W fa(lal"b")Sx(|al[b")+ same method like in Theorem 1 we find the desired
a? bjp inequality..
+2su(a b s(aPbP)tog () ioa (1 ). y
b lal Proposition 2. Let a; be complex numbers and

) . . ) . P2 pj >0, je{1,2,.. m}suchthat—+ s+ +—>1
Proof. Using again the inequalitylf with |a)' ? |b|¥ instead ©
If f(z) = zn:()pnzn is the power serles W|th real

K2 - . .
of a and[a/"a|b|! instead ofb we obtain for anyj,k € coefficients  and convergent on the open disk

{0,1,2,...,n} the following inequality D(O,R), 0 < R and a;a...am, |§1||a2|...|an|,
2 2 . . |ag|P1, |az|P2, ..., |am|P™ € D(O,R), and |p;| > 1 for all
(1al ?[b])! (|b[ala)* + r[|a |b[**+ |a*|b| 19— i € N then the following inequality holds:
i p ig
—2[a)’|b[*2 [a]“|b|)2] + |f(a182...am)| < fa(lazl[az]...[am|) (11)
(@© 2015 NSP
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L1 1 L
< Tt (J2a|™) Fa% (|ag]™2)... £ (fam] ™).

Sl
Proof. If we considera;; = |p;| " |a;|' with i € {1,...,n}

and j € {1,....m} in Lemma 2, seef] page 743, the

inequality
1 1 N
n n o1 P1 n . P2 n D Pm
3j18j2...am < ; - Pm
2,280 am={ pan | (285 ) | 28m
becomes:

AR S B R i
3 IbnfP P ol <
i=

B

<i§|pé|al|‘pl> ; (épé |azip2> " (iip; |am|‘pm)

< 1 LN I SRS SR R i
21|pi||a132---am| §21|pi|p1 P2 " Pm |ay || @ |am|
i= i=

<
or

IN

B

o NE(a o NE (a
< pillas|"P pillagl®2 | .. pillam|"Pm
(izl| il ) (.Z\ il |22 ) (Zl il |aml )

Taking into account that ajay...am,|a1l|az]...|aml,
|aa|P2, |az2|P2, ..., |am|P™ € D(O,R), whenn tends toco we
get inequality {1). .

Using a refinement of the
arithmetic-geometric mean inequality foreal numbers,
see P, we find the following:

Theorem 4. Let
p17p27"'7pn > 0

> 0,
and

ap,ay, ...,an,bl,bz, ...,bn

A = min{py,...pn}. If we assume that the multiplicity ¢

attainingA is 1, then we have the following inequality:

n
lei fa(@i)ga(bi) — |f(ar"a3”...af")g(bD*b3?...bf") | >
i=

> i pi fa(ai)ga(bi)—

—fa(al*ab?...al")ga(bihh2...0R) >
170 101 1
=M= zlfA(ai)gA(bi) — fa(a..af)ga(by ...
i=
wheref, g, fa andga are as in Theorem 1 araf*...af",
1 1 1 1
bP™...bf", a, bi, by...bf, al ...af € D(O,R).

Proof. We replace a > 0 by a1-j bk for
i ke {1,2,...,.m}, i € {1,...,n} in inequality from below
and write again this inequality

n 1 n 1 1
pia —aMal?. .afh>nA [ = F a—al..a}
i; I 102 ”izi '

from Proposition 5.1 (Proposition 1), seg pbtaining:
n . R .
zl piaij b!‘ _ aflj bflk.“aﬁnl bﬁ"k >
=

> nA[%(a{b§+...+a,Lb';)—

1ok 1 ko ik
nHNaNnpKHN nhHn
—apbrajbj...afbf]

which by multiplication by| p/j||qk| and summing ovej
and k will give the desired inequality from conclusion
whenmtend to infinity.[].

For finite sequences of real numbers we use the
majorization relation from]. Let a = (aj,ay,..,a,) and
b = (bs,by,...,by) two finite sequences of real numbers.
We say that the sequenaanajorizes the sequenteand
we write
a>>bor b<<a,

if after rearranging terms of the sequeracandb satisfy
the following three conditions:

a;>ay>...>apandby > by > ... > b,

art+ap+...+ax>by+bo+..+ by, foreachk, 1<k<n-1;
ait+a+..+ap=ar+bo+.. +bn

Asin [6], Definition 2, letF (X1, X2, ..., Xn) be a function

weighted in nnonnegative real variables. Define

I
ZF(xl,xz,...,xn)

as the sum ofl summands, obtained from the expression
F(Xq1,%2,...,Xn) as all the possible permutations of the
equence = (X)i_;.

Particularly, if for some sequence of nonnegative
exponentsa = (&) ;, the functionF is of the form

F(X1,X2, .., Xn) = X.1%57...x8 then instead of

!
Z F(X1,X2, ..., Xn)
we shall write also
T[ala a, ..., an] (X17X27 '~'7Xn)

orjustT [ag,ay, ..., an] if it is clear which is the sequence
used here.

Using the technique given in3] for Muirhead’s
theorem, we find the following inequality:

Proposition 3. If a<< b andy;,z €C, v,z #0, i€
{1,..,n} then

!
> Tallys®[y2l®... Iy *)ga(|ze|* |22]*...|2a[*") <
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!

<5 fallyal* vzl lynl™)gal|z 22| ... |2a|™),
where f, g,
Yo(1)|*Yo(2) 2 [Yom >
|Zo(1)|*|Zo(2)|P2...|Z5(n) /P € D(O,R) for any o, o being
an arbitrary permutation of the numbé€is 2,...,n}.
Proof. We consider in Muirhead'’s mequahty msteadng
villlz*, i € {1,2,...,n} we multiply by |pj|/a|, and
summing over j, k € {0,...m} we get the desired
inequality whemm tends to infinity .

3 Applications related to the average
information

fa and ga are as in Theorem 1,

messages afy are transmitted and(1 — p) messages of
mp are transmitted.
The information due to messagey will be

I1 =log, ( ) and the information due to messaggwill

be I, = log, (1 ) Then the total information carried
due to the sequence nfmessage will be

I =npli+n(l-p)l,=

=n[plog, (F—l)) +(1- p)log, <1T1p>]

Average informatioris the ratio betweeh andn, so is
represented by Shannon entrdiygiven by

H = plog, (%) (1-p)log, (1 ! p)

1. Next, we present an application related to the averagehis function denoted bg2(.) is also called aslorseshoe

information for two messages.

Forn=2in Theorem 4, withf (z) = ¥ ,>panZ", 9(2) =
Sn>0bnZ", @n,bn >0, for all n=1,2,..., we deduce the
following inequality:

Af(a)g(c)+ (1—A)f(b)g(d) — f(a*bt)g(crdt ) >

>min{A.1-A}[f(a)g(c)+ f(b)g(d) — 2f (Vab) f (Vcd)].
(12)

If we takeg(x) = 1 in inequality (2), we obtain the
inequality:

Af@)+(1—A)f(b)—f(@b) >
>min{A,1-A}[f(a)+ f(b)—2f(Vab)].  (13)
But, we have
= Zoana”+ > anb"= % an(a’+b") >
n> n>0 n>0
>2y (Vab)" =2f(Vab),
n>0
so we find the inequality
= Zoana”+ > anb= % an(a"+b") >
n> n>0 n>0
>2y (Vab)" = 2f(Vab).
n>0

ThereforeA f(a) + (1 —A)f(b) — f(a*b**) > 0 for all
A €[0,1]and0< a,b< 1,i.e.f is an GA-convex function.

function where

Q(p) = plog, (—;) +(1- p)log, (ﬁ) :

In inequality @3, we consider
f(x) =In(X;) =In2-log, 115, A =p, a=1-pand
b=np.
Therefore we obtain the following inequality
H=In2-Q(p) >
1 (1-/p(1-p))?
>1In +rin
1-(1—p)Ppt-P p(1—p)
1
> >N—— —
>1In - 1_prp? (14)
wherer = min{p,1— p}.

2. Using a similar method as in9,20] we present an
application of such inequalities in Information Theoryr Fo
that we consider the inequality

AB-+r(AP+BI— 2A2B2) <

—:JAP+ %Bq <AB+ (1—r)(AP+B9—

2A2BY),

wherer is as in B], inequality (1.5). In this inequality we

put, as in the proof of the classical Holder’s inequality,

A= —3% _ and B = B __  where
(a8 )T) (siybf)d

a, b >0,i € {1,2,...,n} (herep > 1) and summing over

i from 1 ton we get

SiL la.b|
) (Z 1bq)

+

Qi

(ZL.3

From Information Theory and Coding, let messages be
my and m, and they have probabilities of occurrence as
p and 1— p. Suppose that a sequencerofmessages is
transmitted. Ifn is sufficiently large, then we say thap

(Ein=1a1'g big
(zhqaf)? (zab)?

<1

+2r [1-
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Sie 1a+bl
(sh.af ) (3h,bf)a
(Zin:laiz bi2 ]
(31qa)? (3f,b)?

<iéﬁp> % <iibﬂ> % (1—2r[1—

~—{Eaah 1}>iabi
(shyaP)? (s b2 =

._iaabi > (_ie@ ' (ibﬂ) a {1-2(1-r)1—

N a7p?
_ (Titaa’h
1 1
(3t1a)? (3iebf)?
We will replace from now by ry in previous inequalities.
If & =h{t', b=t ", p=12, 1+ 1 =1 then by calculus

r’

1< +

+2(1—r) [1 -

or

(15)

we obtain:
ihiti{l—Zrl[l— zin:llziztiT 1]}% <
= (3qhiti)2 (31yt%)2
“(3x) (3¢) -
< ihiti{l— 2(1—-ry)[1— Ein:lTiztiT i ]}%,
- (5P hit)? (54t)2

whereO<r <1, s<0.

Let A be the utility information scheme, as in Remark

3.2, see 19,20] whereX = (xg,Xp, ..., Xn) is the alphabet;

PP = (p’f,pg,...,pﬁ) is the power probability
distribution;U = (uz,up, ...,un) is the utility distribution

uc>0forallk=1,23,..nB#1B>0 Y 1p =1

and the exponential "useful” mean lengths of codewords
weighted with the function of power probabilities and
utilities is defined as

1
n a —a
i () ot
k=1 EI 1p| Ui

The last inequality is a generalization of Shannon
inequality.

Theorem 5. Let a > 0, B > 0, a, B # 1,
p>0 k=123, .nandsl ,pf =1 letD(D >2)is

the size of the code alphabetljfk = 1,2 3,....n are the
lengths of the codewords satisfyirggle"k <1 then

for every uniquely decipherable code, the "usefal*
average length of codewords satisfies

1 1-a
n pBua DIkT a
-4 'o% Z | g1 emMPeuGa)
k= <Z| 1p| u')
Ba
log, Y i 1( b )
> Z|71piﬂui (16)
- (1—a)log,D
where
M (P, U; o) =
" pspfud
—1-21-r) [1- — 2 - Pe B |,
2
(570792 (37 PP u)
whena > 1.

a-1
a

1
a a1
hk = plgifpi 7Uk D7Ik
YilaU piﬁ

1
aB uk 1-a
b= p&fa < n 3)
Ei 1 Ui pl

Proof. Using the substitution= >0,s=1-a<0,

and

Then, for every uniquely decipherable code, Smgh et alin (15) and after suitable calculus we obtain inequalitg)(

[21] obtained

Ba
lo n Py Uk )
N gzikzl(zin:lpgui
(1—a)log,D

n B lekTa

Z <Z| 1b u')%

where a > 0, a # 1, D > 2, |l integers, px > 0,
k=12.,nandy" D <1 According to 1] the
"useful” information of orderxr for power distributiorPP

whena > 1.

4 Conclusions

This paper has proposed several inequalities concerning
functions defined by convergent power series with real or
nonnegative coefficients. This method is useful, because
many difficult inequalities can be easily solved and often
they can be extedded.

is defined as
|ogz< DL )
Z lpl Ui
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