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Abstract: In ordered metric space, the results on coincidence point of the mappings satisfying generalized rational contractions are
investigated. Also discussed the integral contractions of the mappings in the same context to obtain the coincidence points. Two
numerical examples are presented to justify the results obtained. Apart from in view of an application, the existence and the unique
solution of an integral equation is discussed.

Keywords: Monotone g-nondecreasing, rational contraction, coincidence point, compatable and weakly compatiable mappings,
ordered metric spaces.

1 Introduction

First, Banach [1] introduced the contraction condition for a self-mapping in complete metric space for the existence of a
fixed point. It has many applications in nonlinear analysis, applied mathematics and also in sciences. Later, it has been
enhanced by many researcher in several directions by considering weaker conditions on either a space or on the mappings.
Some generalizations and extensions of the Banach’s contraction principle can be found from the works of [2,3,4,5,6,7,
8,9,10,11].

Ran and Reurings [12] investigated a result on a fixed point of the mapping in partial order set and also provided some
applications in matrix algebra. While Nieto et al. [13, 14] generalized the results of [12] in partially ordered sets and also
explored applications on ordinary differential equations. In the same context, several authors have developed important
results in different spaces which have many applications in applied sciences and nonlinear analysis. On various ordered
spaces, fixed point results have been obtained by considering different contraction conditions, some of such works can be
found from [15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44], which
creates natural interest to work more on it.

The work in this paper presents the results on coincidence point for the mappings satisfying rational contractions in
partially ordered metric spaces. These results extended the results of [13,14,23,24,32]and other well known results in
literature. Also discussed integral contractions of the mappings in the same context for the similar conclusions. Further,
some numerical illustrations and the existence of a unique solution of an integral equation are discussed.

2 Main Results

This section starts with the following theorem in partially ordered metric spaces.

Theorem 217he two continuous self-mappings 9% and g defined in a complete partially ordered metric space (c.p.o.m.s)
& have a coincidence point if

(i).B is a monotone g non-decreasing,
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(i) B(G) C ¢(9),
(iii).
Q(g0,89) Q(g8,BE)
Q(g%,4¢)
+4[Q2(g0, BY) +Q2(g8, BE) (1)
+¢[Q(g0,BE)+Q(g8, BY)]
+dR2(g%,48),

Q(BY,BE) <

SJorall 0,8 € € with g(8) # ¢(&) are comparable and 0 < & +2(6+¢)+ & < 1 for0< w,b,¢,d < 1,
(iv).g ¥y =X By, for certain Oy € & and g, B are compatible.

Proof If certain ¥y € & with gy =X By, then there is a point ¥ € & such that g¥; = By by the hypotheses. Since
BV € g(Z), then there exists another point % € & such that g% = %BV;. Repeating the same process, we obtain a
sequence {¥,} C & such that g, | = B0,,n > 0.

As we know from the hypothesis that g9y < By = g ;. Hence from the condition (1), we obtained that By <
BY. Consequently, we have

By = B < ... < By < Byt < ...

Now, the remaining proof will be discussed in the following two cases.

Case:(i): If for certain n € N, Q (B0, BVy41) =0, then BY,| = BV,. Therefore, B and g have a coincidence point
19,,“ .

Case:(ii): Suppose that Q (B, BY,.1) # 0,Vn € N. Then equation (1) becomes

-Q(g?ﬁnﬂ 5%19}1)
@Q(gﬁnﬂw%ﬁnﬂ) Q (g0, BVy)
Q(gOui1,g20)
+8[Q(g 011, BVn11) + 2(g 0, BY)]
+¢[Q2(g Vi1, BOn) + (g0, Bi1)]
+AQ2(gVn11,920n),

which implies that

Q(@ﬁn+1,%ﬁn)

< 2 Q(BVy, BOys1)
+ﬁ[9(%ﬁm<%jﬁn+l) “I‘Q(ggﬁnflw%ﬁn)]
+ ¢ [Q(By, BO) + Q(BBu 1, BOi1)]
+ A Q( By, B_1).

Thus we have

1 a
Q(BO1, B0 < (2222 ) (B9, B0, ).
l—a—-06—-v¢
Finally, we arrive by induction that
Q(BOyi1,B0) <I'"Q(BV1, Bh), 2

_ _lhetd
where I' = e — <1.

For m > n, and then by the triangular inequality of a metric, we have
Q(BOw, B,
< Q(BO, BOn—1)+ Q2(BVOn_1,BV0m—_2)
+on. +Q(BGy11,BY,)
<IN T+ 4T (B, B)

n

< Q(BV, B),

1-I
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as m,n — +oo, Q(BVy,, BY,) — 0, which implies that {FB3,} is a Cauchy sequence. Hence by the completeness of &
there exists i € & such that B9, — u.
Moreover from the continuity property of &, we have

lim B(%,) g;< lim gm,,) = BU.
n—r—+oo n—r+-o0

Therefore, ]il}rl g1 =M as gl = BU,.
n—s-+oo
Also from the condition (iv), we have

lim Q(Bho,, g BV,) =0.

n——+oo
Therefore, the metric triangular inequality suggest that

Q(BU,gl) = Q(BU, BgOn) + Q(Bg O, g RB0)

3
(g B g1). ©)

By letting n — +o0 in (3) and the continuity of & and g, we obtained that Q (%, g ) = 0. Therefore, By = g 1. Hence
the result.

From Theorem 21, we have the following corollary by setting ¢ = 0 and # = 0 in equation (1)

Corollary 22A coincidence point exists for the continuous self-mappings B and g defined on &, where G is c.p.o.m.s
with the following assumptions:

(i).B(9) € g(%),

(ii). B is a monotone g non-decreasing,

(iii). (a).
Q(gd,BY) Q(g8,BE)
Q(RBY,HBC) <
( S Q(g0,48)
+4[Q(g0,BY)+ (g, BL)]
+dQ(g0,40),
for0< .t d <1with0< ae+20+d& <1,
(b).

Qg BY) Q(g8,BE)
Q(g¥,¢¢)

+¢[Q(g9,%BE) +Q2(g8,%BY))

+dQ(g9,40),

Q(BY,BE) <

for0< c.,c,d <1suchthat0 < ¢ +2¢c+d <1,
SJorall 8,8 € & with ¢g(0) # ¢(&) are comparable and
(iv).g By X By, for certain O € E and g and B are compatible.

Corollary 23A continuous self-mapping & defined on a comparable set & has a fixed point in Theorem 21 and Corollary
22, if B(BY) X BY,0 € Z and By = By for certain ¥y € G.

Proof.The proof can be obtained by letting ¢ = I in Theorem 21.

Relaxing the continuity property of 98 and & and satisfy the following condition still have the same conclusion of the
mappings in Theorem 21:

A sequence {9} in € is non decrasing with 9, — ¥ then @
Y, 29, (n>0).

Theorem 241f & has the property of (4) in Theorem 21, then
(a).A coincidence point for B and g exists, if g(¥) C & is complete,

© 2023 NSP
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(b).A common fixed point for B and g exists, if B and g are weakly compatible,
(c).%B and g have only one common fixed point if B and ¢ have well ordered common fixed points set.

ProofIf ¢(%) is complete then from Theorem 21, there exists a Cauchy sequence { g8, } such that

lim B9, = ngrfwgﬁn = gu, for gu € ¢(9). 5)

n—r—+oo

Since {%#V,} and {gV,} are non-decreasing sequences then as a result we obtained that B9, < gu and g9, <X gu.
Therefore, B9, < Bu, (n > 0) by the monotone property of %. As by limiting case, we arrive at gu < JBu.

Assume that gu < Bu. Let up = u and define a sequence {u,} in € by gu, 1 = Bu,, (n > 0). Hence, by Theorem 21
there exists a convergent non-decreasing Cauchy sequence { gu, } such that HETOQQ(M,,) = ”ETw%u” = gv,v € &. Hence,

we have sup gu, = ¢v and sup Bu, < ¢gv, n > 0 from the hypotheses.
Thus,
g0 [gu=gup 2 ... S gu, 2. < hv (6)

The conclusions will see from the following cases:
Case:(a) Suppose ¢ U, = gy, for certain ng > 1. Then

g0, = qu = qup, = gui = Bu. @)
From (7), % and ¢ have a coincidence point u.

Case:(b) Suppose ¢ ¥, 7 Zin,, Vn € N then from (1), we have

Q(gOui1,guni1) = QL(B0,, Buy)
- @Q(gﬁn,%ﬁn) Q(gqun, Buy,)
B Q (g, gun)

(®)
+8[Q (g0, BO) + Q(guy, Buy)]
+ ¢ [Q(gV, Buy) + Q(gun, BY,))
+ dQ (g0, gun).
Letting n — +o0 in (8), we get
Q(gqu,gv) < (2¢+2)Q(gu, gv) ©)
< Q(gu,gv), since 2¢+ & < 1.
Therefore,
gu=gv=ygu =RBu,
Hence, the mappings & and ¢ have a coincidence point.
Suppose that ¢ is a coincidence point and, 98 and ¢ are weakly compatible mappings, then
Bqg =RBgr=gRBz= gy, since ¢ = Bz = gz, for some
Z€7.
Therefore (1) becomes,
Q Bz) Q B
O(BeBg) < (g2, %B2) Q(g99,B9)
Q(gz.29)
+6(Q2(gz,%2) + Q(g 9. %B9)] (10)

+¢[Q(gz,Bq)+Q(gq,Bz)]

+dQ(gz,99)
< (2c+d)Q(Bz, Bg).

Finally we arrive at Q(%Bz,%B¢) =0 as 2¢ + < < 1 from (10). Hence, Bz = B¢ = g¢ = ¢ and suggest that ¢ is a
common fixed point of % and ¢.

© 2023 NSP
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Next, suppose that % and ¢ have well ordered common fixed point set. For uniqueness, let # and v be any two distinct
common fixed points. Then from (1),

Q(gu,Bu) Q(gv,Bv)
Q(gu,gv)
+4[Q(gu,Bu)+ Q(gv,Bv)]
+ ¢ [R2(qu, Bv) + Q(gv, Bu)| + dQ(gqu, gv)
<(2e¢+)Q(u,v)
< Q(u,v), since 2¢+ & < 1.

Qu,v)<a

(1D

This is a contradiction in (11). Conversely, suppose that 9% and ¢ have only one common fixed point. Therefore, the set
of common fixed points of % and ¢ being a singleton. Hence it is well ordered set.

One can have the same conclusions as of Theorem 21 and Corollary 22 by omitting the continuity property of a
mapping & and implementing the condition (4) on .

Corollary 25A self-mapping B defined on c.p.o.m.s & has a fixed point, if it satisfies the contraction condition (1),
RB(BY) = BY NG € &, for any non-decreasing sequence {0, } with §, — ¥ € € such that ¥, < ¥, (n > 0) and ¥ <
By, for certain ¥y € .

Proof.Setting ¢ = Iz in Theorem 24, the required proof can be obtained.

Remark 26 (i).Theorems 2.1 & 2.3 of Chandok [23] can be obtained by replacing & = ¢ = 0 in Theorems 21 & 24.
(ii).Theorems 2.1 & 2.3 of Harjani et al. [24] will be getting by letting & = ¢ = 0 and ¢ = I in Theorems 21& 24

The following is a consequence of Theorem 21, which comprise an integral contraction.
A self-mapping v(r) defined on [0, 4-o°) be such that

(a).fg v(t)dt > 0, for € > 0.t € [0, +c0) and
(b).v is Lebesgue integrable on any compact subset of [0, +oc0).

Denote all such functions defined above by ©.

Corollary 27A coincidence point exists for the continuous self-mappings 9B and g on c.p.o.m.s. & with the following
assumptions:

(i).B(%) C ¢(9),
(ii). B is a monotone g non-decreasing,
(iii).
Q(@ﬁ,@g) Q(g9.BY) Qg8 BE)
/ v(t)dt < a/ SIBID (1t
0 0

Q(g9,%0)+2(g¢.B0)
+ ﬁ/ v(t)dt
0 (12)

Q(g0.BE)+2(g8.BY)
—I—c/

0
Q(g9,28)
+d/ v(t)dt,
Jo

Sorall ©,§ € G with g(©) # g(&) are comparable and 0 < o +2(6+¢)+ & <1for0< «,l,¢,d <1,V €0,
(iv).g By =X By, for certain O € € and, g and B are compatible.

v(t)dt

Remark 28(i). One can acquire the same conclusions as in Corollary 27 by setting ¢ = 0 and & = 0 in (12).
(ii). By putting & = ¢ = 0 in Corollary 27, we get Corollary 2.5 of [23].

We illustrate few examples for Theorem 21.

Example 29A coincidence point for the self-mappings % and g exists on & = [0, 1] with B0 = %2, g9 = % by a
metric Q(0,8) = |8 —{|.

© 2023 NSP
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Proof.By definition of the mappings and a metric, the assumptions (i), (ii) and (iv) of Theorem 21 are fulfilled with
¥y = 0 € €. For condition (iii), let % < &, for ¥,{ € €. Then

(89,8) = 510°~ (2| = 50+ Q)Ip ¢
2(04+ ¢+ 00)
(SRRl
20 |p-3)¢-3)
E+C+o0) 00
8201+ Ol 3]+ (14 )¢ -3
(1+9)(1+¢)
(1491482 201+ D)) + (1 +9)4g2— 921 + )
20+9)(14 &)

<

IN

7
4

N
2

£4

2(04+ 6+ 08)

S (EaT il

which implies that

029-3| {2[¢-3|
_Q(ggﬁ %C) <4 2(1+9) " 2(1+0)

O4+L+08
219 = Clarayneg

90 -3]  §*¢-3)
+ﬁ[2(1+19) 2(1+§)]

192 CZ ZCZ 192
”H(ms)? +}<1+c>ﬂ
+42(19+C+19§)|197C|

(1+9)(1+98)
@Q(ﬁﬁv%’ﬁ)-@(gc,%’@

- Q(g9,20)
+2(Q(g%, BY)+2(g8,BE)]
+¢[Q(g9,BE) +Q2(g8, BY)]

+dQ(g0,40).

Hence the condition (iii) holds in Theorem 21 for 0 < «,#, ¢, < < 1. Therefore, 0 is a coincidence point of the mappings
HBand gin&.

Example 210The self-mappings B and g defined on & = [0,1] are such that B = 0> and g = ¥* have two
coincidence points 0,1 with 9 = } from the metric d(9,) = |9 — | on @.

3 Applications

Consider the integral equation below:

% ~
i(9)= [ u(®.LAO)C+5(9). 9 €0.7].7 >0, (13
Let € = C[0,7'] be the set of all continuous functions defined on [0, 7]. Define a function Q : &€ x € — R™ by
Q(u,v) = sup {[u(®) —v(d)[}

¥€[0,7]

and & = C[0, 7] denote the set of all continuous functions on [0, 7"]. Thus with usual order <, (¢, <) is a partially ordered
set.

Now, we discuss the solution of (13) in the following theorem.

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 7, 2951-2959 (2023) / www.naturalspublishing.com/Journals.asp N S 2957

Theorem 31Assume the following:
(a).i: 0, 7] x[0,7] x R" — R* and g : R — R are continuous,
(b).for ©,¢ € [0,77],

4 . R
B38| n(.2h@)dz +g(9)) < H(9.8,H(E)),
(¢).there is a continuous function N : [0, 7] x [0, 7] — [0, 40| with
|u(19,§,a) —[,L(L(}, va)| S N(67C)|a_b| and
(iv). o

sup N(%,8)df < ¢
v€(0,7]/0

where ¢ < 1. Then, for a € C[0,7], (13) has a solution.
Proof:Define B : C[0,7'] — C[0,7'] by
v
Bw(®) = [ 1(3.5w(8))dd +5(), ® €[0.7]

Now, we have

v
B(Bw(V)) = / u(, 8, Bw(9))dv +g(9)
:/0% (8,8, / (0,z,w(z))dz+g(1))dd + g(V)

< [ uo.¢ @)z g(0)
= Bw(D).
Therefore, we have B(#19) < B9 for any ¥ € C[0,7]. Let 9* < * for 9*,{* € C[0,7] then,
Q(BY", BE") = sup [BY() - B (O]

%€(0,7]
— sup |/ (3,8, (9)) - u(®,{,5*(9))dd)|
19€07
< sup |/ (9,£,9%(8)) — u(8, 8,8 (9))|dd
1960"7

< sup |/ N(9,8)|07 () — £ (D)[dD

9€[0,7]

7
< sup [97°(F)—C"(P)] sup N(8,8)dv
9€(0,7] v€(0,7]7/0

v
=Q(0*.¢") sup | N(®,0)dd
v¥€(0,77]/0

< cd(9*, ).

Also the sequence {9} is a non-decreasing in C[0, 7] with ¥,,— ¥* and suggest that 9,7 < ¥*,(n > 0). Hence from
Corollary 25, the equation (13) has a solution for some a € [0,7].

4 Conclusion

In this work, some coincidence point results of the self mappings satisfying generalized rational contractions with/without
continuity property of the mappings are discussed. In obtaining the coincidence point of these results some topological
properties are assumed on the space as well as on the self mappings. Few suitable numerical examples are given to support
the findings. These results generalize and extend the well known results in the literature. Furthermore, the existence and
the uniqueness of a solution of an integral equation is discussed at the end in view of an application of these obtained
results.
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