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Abstract: This paper deals with exponential ratio-cum-ratio and pobaum-product type estimators using transformed aayili
variables under simple random sampling without replacéniére proposed estimators are useful for estimating theefpopulation
mean. The development of estimators is based on the infammat two transformed auxiliary variables. The generaliferm of the
proposed estimator has been developed and the speciabragsiscussed. The bias and mean square error expressibespodéposed
estimators are derived up to the first order of approximathm empirical study has been carried out to compare the effoyi of
proposed estimators with some available estimators iratiiee. An improvement has been reflected in terms of meaarsaarror
(MSE).
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1 Introduction sizeN. Let Y be the study variable with population mean
Y while X andZ are auxiliary variables with population

The role of auxiliary information is of prime importance mean X and Z, respectively. The sample means for

in sampling theory. In survey sampling auxiliary variables variables Y, X, and Z are denoted byx, and z

are commonly used in order to obtain improved designgespectively. The sample are drawn by the simple random

and to achieve higher precision in the estimates of som@&ampling without replacement (SRSWOR) of size n

population parameters such as population total,(N<N).

population mean, population proportion, population ratio

etc. In case when the relation between auxiliary and studyVe also have following assumptions:

variable is positive then ratio estimation is often

suggested. However, product method of estimation is

usually considered, when the correlation coefficient . y—-vY o — X—X .
between study and auxiliary variable is negative. In most &= Y’ XTox T
of the survey situations the auxiliary information is E(ey) =E &):O,E(eé)zeci,

always available. It may either be promptly available or

may be collected without much difficulty by averting a  E(€%) = 6C5 E(exgy) = 60yCyCx,
part of survey resources. Laplac&] [made use of E(egy) = 0py,C/C,
auxiliary information for the population census of France. 1 1 S C
The work of Neyman§] may be referred to as the initial 6 = — — N’ =— ,Kij=pj c
work where the use of auxiliary information has been ! J
established. The development is continue by using thevhere i =x,y,z, j=x,y,z and i # j
exponential form of the ratio and product type estimators 1)
such as Bahl and Tutej&]f Noor ul amin and Hanif 9]
and Sanaullah et al1p] etc . These notations are similar for the other auxiliary
Consider the finite populatio® = {x1,X2,...... XN} of variables.
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Cochran fi] and Robson11] proposed classical ratio Mean square error d§ andtg up to the first order of
and product estimators for estimating the population mearapproximation is
as B e
< MSE (ts) ~ Y*B(CJ + 2 — K], (12)
tl = y§7 (2) and
and S22, Co 2
MSE(tg) ~ Y e[Cy+Z+KyZCZ], (13)
_Z
b= yfv ®3) respectively, the exponential dual to ratio type estimator
. . roposed by Sharma and
respectively, the mean square error equations of th ailor [14] as
estimatorg; andt, are
—-X
MSE (t1) ~ Y20[C2+ C2(1— 2Ky)], (4) t7 = yex p[_* +x] (14)
and MSE (t7) ~ Y0 [cF+ gCX Kyx)]s (15)
MSE(tp) ~ Vze[c}% +C2(1+ 2Kyy)], (5)  the exponential dual to product type estimator is
respectively. tg = yexp[ Z*] (16)
Srivenkatramanalf3] suggested dual to ratio and product Z+7
estimatorstz and t4 by applying a transformation
x* = MX_% o quxiliary variables X and Z as MSE (t) ~ V0] ) +9C2 (5 + Kyz)). (17)
X 6 )
3=V ®) 2 proposed Estimators
and Letx* = NX=IX gngzs = NZ-2 thenys — (14 g)X — gv
7 andz" = (1+9)Z—gz, whereg = ¢+ . Using the
b=y, (7)  transformation X* and z* we propose exponential
ratio-cum-ratio and exponential product-cum-product
where X* = (1+ g)X — g%, z = (1+g)Z —gz and  estimators in generalized form, given by
9= RN'r X gz
X" — X z-Z
. toc = yexpla(o—=) +b(z—=)), (18)
Mean square error of; andts up to the first order of X"+ X Z+Z
approximation is
and Tz 7
V212 2 X=X Z—7
MSE(ts) ~ Y"0[Cy + 9Ci (9 — 2Ky, 8 t0c = Yexp[c(= d=—= 19
S yx 106 = yexple(sro ) T (5 50)) (19)
and respectively, wherae, b, c andd are positive real numbers.
2 5 In order to obtain the bias and mean square error of the
MSE(ta) =~ Y“6[C; +9Cx (g + 2Kyz)], (9)  proposed estimators, using the notations (1), the proposed

exponential ratio-cum-ratio type estimator may be written
respectively . Bahl and Tutej&][proposed the following as
exponential ratio and product type estimators . The

exponential estimators are preferable on classical ratio toc =Y(1+ e),)exp[—@( —%)*1
and product estimators, when the linear relationship 2 2 (20)
between study variable and auxiliary variable is not very _bg_ez(l_ @) Y
strong. 2 2 ’

Opening the exponential function in (20) and ignoring

X —x i
ts = yexp[ ul (10) the terms with power three or greater, we get
and a 2202 b b2g2e
2_7 tgeNY[ey—g—a‘Jr %éﬁ—%Jr %eg
to = yexp[>—], (11) o (21)
+z gabee, gae®  ghes
Tz 2 2 )
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Taking expectation on both sides of (21) and afterc =

simplifications, the bias dbg is obtained as

V—Se [0%(C2(2abKy, + b%) + a°C?2)
—49(aKyCf + bKyCF)],

For the derivation of mean square errortgf, we again

Bi a.S(tgG) = (22)

use (20), ignoring the terms with power two or higher, we

get

- agex bge
tgezY(lﬂLéy)eXp[—ﬁ—ﬁ]a

2 2 (23)

—2Cy (Pyx—PyzPz) _ —20y(Pyz—PyxPxz)
oCx(1-p%) andd = 9Cz(1-p%)

respectively, after substituting the valuescaindd in
mean square error dfps, the minimum MSE oft o is
denoted by(tioc)min, and is given by

MSE (tio6)min = Y 6C2[1+

3(pix+ Pl — 2PpPsaPyz)
(1-p2)

2.1 Special Cases of Proposed Estimators

(29)

The several estimators may be obtained for the

Expanding exponential terms, ignoring higher order gjfferent values of,b,c andd.

terms, we get

0o, gbe,

tog—Y = Y| — Y5 % s (24)

Taking square and expectations on the both sides of (24),

we get

2
MSE (toc) ~ Y20]C2 + %(ach
+bCZ(b+ 2aKyz) — g(aKyCk + bKy,CF))].

Partially differentiating (25) w.r.ta andb, equating to
zero, the optimal values @fandb are obtained as

(25)

_ 25y (Pyx—PyzPx) _ 2Cy(Pyz—PyxPx)
a= "y andb==p

respectively, after substituting the valuesacdndb in
mean square error dhs the minimum MSE oftgg is
denoted bytgs)min, and is given by

MSE (toG)min = Y-6C2[1—
(Pgx + Pz — 2PyxPraPyz)
(1-p2) '

Likewise, the mean square error and biagig§ may be
obtained as

(26)

MSE (tios) ~ Y2 0[C2 + %2(02C3+
dCZ(d + 2cKyz) 4 g(CKCZ + dKy,C2))].

(27)

. Yo
Bias(tios) ~ —- [0%(C2(2cdKy, + d?)
+CC2) — 4g(cKyxC2 4 dK,C2)],
Partially differentiating (27) w.r.tc and d, equating to

(28)

1. Fora=1 andb=1, the following exponential ratio-
cum-ratio type estimator may be obtained from proposed
estimator(tog).

X—-X z-Z

>—<*+X+z*+z]’ (30)

to = yexp[

2. For c=1 and d=1, the following exponential
product-cum-product type estimator may be obtained
from proposed estimatdt; o).

+Z—7*]
Z+7"

. X=x
tio= yexp[Y_H_(*

(31)

Note that various estimators may be obtained in the
family of ratio-cum-ratio type estimator and
product-cum-product type estimator for the different
values ofa,b andc,d respectively.

3 Efficiency Comparison

This section provides theoretical comparison between
some existing estimators of population mean and the
proposed estimator with respect to mean square error. The
comparison of exponential ratio-cum-ratio type estimator
is made with y,t,t3,t5 and t; and exponential
product-cum-product  estimator is made  with
V.to.t4,ts and tg. In simple random sampling without
replacement the variance of sample mg&WV (y) = 6532,.
Reddy [LQ] has proved that in repetitive survels; is
stable so, we obtained the conditions (32) - (41) in terms
of Kyz . Grover et al. p] has noticed thaky; has range
(—o,0) when both variables have positive values and
negative correlation coefficiefipy,) . SimilarlyKy, has
range(0, «) for positive correlation coefficier{py,).
Keeping this in mind we can define the preference region
of proposed estimators

MSE(tg) < V (y)if

zero, the optimal values @fandd are obtained as 2Ky, 1. Cg 2Ky, 1
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MSE (tg) < MSE(ty) if

K, 1. C?
Ke € (Oa(Tyz_i)‘F@
2K, 1, 22
(7—5)4'@(1—2@0)
MSE (tg) < MSE(ts) if
1 2Ky, C2
Ke € (O’(_E—’_T)_@
1 1. 2CKy,, 1

1 2K c?
Ke € (O’(_TLTYZ)_Z_C?Z_
KpCf . 2
2 (1 g))
MSE (tg) < MSE(ty) if
e & (0.(~5+22)
MSE(ti0) < V(y) if
e & ((~5+25)-
C2 1 2K
S5+ 0)
MSE (t10) < MSE(ty) if
K € ((—%—F&)—C&;
1 2k 2
(§+?W)—@(2ny 1),0))

MSE (t10) < MSE(ty) if

1, 1, 2Ke ., 1

K € (—5(1—@) 9 ( —a)
2
SG+22.0

MSE (t10) < MSE(tg) if

2
K € ((—Kﬂ—%+g+%),0)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

MSE (t10) < MSE(tg) if

Ke € (-55(5——-),0) (41)

When the condition (32) to (41) is fulfilled, the suggested
ratio-cum-ratio and product-cum- product exponential
estimator will be more competent in comparison with
available estimators.

4 Empirical Study

This section includes empirical study for suggested
estimators. This study has been performed using three
real populations (see appendix for parameters). The
description of the populations is given by

Population | [Ahmed [1]]

y : No of literate persons

x : No of cultivators

z : Total population

Population Il [Population census report of Multan
district in 1998, Pakistan]

y : Population matric and above

X : Primary but below matric

z : Population of both sexes

Population Il [Gujarati[ 6]]

y : Average miles per gallon

X : Top speed, miles per

z : Cubic feet of Cab space

The optimum values for the constants, MSE and relative
efficiencies are given in Table 4.1- 4.3. The comparison of
each estimator has been done with mean per unit
estimator.

Table 4.1: Optimum Values of the Constants

Population a b c d
1 1.23 1.32 * *
2 0.028 3.07 * *
3 4.87 1.53

*Data is not applicable

For the evaluation, the classical ratio and product
estimator, dual to classical ratio-type estimator progdose
by Srivenkatramanalf], dual to classical product-type
estimator by Bandyopadhyag][ exponential ratio-type
estimators and product-type estimators proposed by
Bahl-Tuteja P], exponential dual to ratio type estimator
by Sharma and Tailor14] and Bahl-Tuteja 2] using
transformed auxiliary variables have been considered.
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Table 4.2: Mean Square error exponential ratio-cum-ratio type estimator is efficient on
(MSE) for the Estimators comparison with all considered estimators. Further for
Estimators 1 2 3 population 3, proposed generalized form of exponential
v 21696 338392 1.82 product-cum-product type estimator hgs shown improved
t 4439 231056 * performance as compare to all considered product type
t3 65.71 2178.14 * estimators.
ts 39.62 207434 *
t7 93.41 243525 *
to 32.77 132529 * Acknowledgement
to 23.92 600.018 *
to * * 1.85 The authors are grateful to the anonymous referee for a
ty * * 157 careful checking of the details and for helpful comments
te * * 1.61 that improved this paper.
tg * * 1.59
tio * * 1.26 _
tioG * * 0.66 Appendix:
The percentage relative efficiencies have been )
calculated by applying the following formula: Table A: Parameters of Populations
_ Population
VAR(Y)
PRE = MSE(t,) x 100 (42) Parameter 1 2 3
N 376 424 81
Table 4.3: Percentage Relative Efficiencies for the n 159 169 33
Estimators Y 316.65 646.215 33.8345
Estimators 1 2 3 X 141.13 4533.981 112.4568
y 100 100 100 z 1075.31 325.0325 98.7654
ty 488.77 146.45 * G 0.7721 1.509 0.2972
t3 330.18 155.36 * Cx 0.845 1.342 0.1256
ts 547.58 163.14 * G 0.7746 1.335 0.2258
tz 232.26 138.96 * Pyx 0.9106 0.623 -0.6908
tg 662.11 255.34 * Pyz 0.9094 0.907 -0.3683
to 907.16 563.97 * Pxz 0.8614 0.682 -0.0427
) * 98.27
ty * * 115.68
ts * * 112.61
* *
ttlgo X « ﬂjég References
ti0G * * 274.51
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