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Abstract: The most popular measure of concentration, Gini coeffici@ntloes not show uniformly all the changes taking place
in a flow of goods between objects. This work presents altemandex of concentration IC that when used together wiihi Gidex
mitigate that inconvenience. Studies have shown that cteffiIC differs considerably from Gini index in sensitivib flow of "good”.
The coefficient IC is more sensitive because it depends are\aflchange quadratically while Gini index only linearl@. depends on
coordinates more properly than G as it depends on differanealues of coordinates opposite to G which depends onrdifiee in
positions of coordinate.
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1 Introduction salaries in a large department of a fiscal company and see
what the output of Gini coefficient is. The changes of
Measurement of concentration is one of key problems insalaries for full ime employees (FTE) in individual decile
economy. This measurement is done in research ofroups during the studied period are presented in Tab. 1
inequality of income as well as studies of concentration inand Tab. 2. These are values of a structure of an annual
individual markets. The literature in this field is abundant capital of salaries divided into decile groups. Under
It is worth noting, that the Gini coefficientd], [2]) isthe =~ normal conditions, the number of employees and, as a
most well known and most widely used coefficient in the result, the cardinality of a decile group is variable, which
studies of inequality of income3]. On the other hand, Wwas included in the second period of Table 1. Common
Herfindahl-Hirschman  index, sometimes called information systems in large corporations (when changes
Herfindahl index or simply abbreviated to HHf]fand [5] ~ to salaries are considered) are limited mostly to
is the most popular tool used in literature concerningjuxtaposing (on every level of the corporate hierarchy) the
studies of concentration in the market. For completenesgumber of employees and average salaries with Gini
see B, [7], [8], [9], [10] and [L1]. Gini coefficient is used  coefficient - for a period of a couple of years. Both Table
as a main measurement tool within information systemsl and Table 2, indicate that the structure of salaries in the
of large commercial institutions with international reach given department is degenerating. Meaning, the topmost
as well as public ones which collect data on levels of10% of employees in terms of earnings is absorbing an
differentiation in access to a specific good in individual increasing percentage of the capital of salaries (in the las
subpopulations. Moreover, it also allows to plot the trendperiod, this percentage was above 51%, see Table 2). At
of the process, whether the differentiation does not growthe same time, the value of Gini coefficient (see the
too quickly during predefined periods within a specific penultimate row of Table 2) for all periods remains the
group of objects (se€lp)). same. In the last row of Table 2 we have presented values
Our current research has shown that Gini coefficientof a different coefficient &, based on a geometrical
does not always precisely show the changes taking placéterpretation that uses radar charts (s&8)[ proposed
in the studied population. In order to present the problemin [3], which, in this case, visibly shows the changes and
let us consider an example of changes of the structure oindicates a substantial increase in concentration. This
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Table 1: Juxtaposition of average monthly salaries in de
groups within a large department of an international cory X3
in six one-year periods. Source: own research.

Decile Period 1 | Period 2| Period3| Period4 | Period5| Period 6
500.00 | 1365.00 | 2268.00 | 254520 | 3849.62 | 4554.46
1000.00 | 1365.00 | 2268.00 | 2545.20 [ 3849.62 | 4554.46
1500.00 | 1365.00 | 2268.00 | 2545.20 | 3849.62 | 4554.46
2000.00 | 2094.75| 2268.00 | 254520 | 3849.62 | 4554.46
4000.00 | 2625.00 | 2268.00 | 2545.20 | 3849.62 | 4554.46
5000.00 | 5074.13 | 3780.00 | 2545.20 | 3849.62 | 4554.46
7000.00 | 7350.00 | 8820.00 | 7635.60 | 3849.62 | 4554.46
8000.00 | 8400.00 | 10080.00 | 10180.80 | 7699.23 | 4554.46
9000.00 | 9450.00 | 11340.00 | 11453.40 | 9239.08 | 4554.46
12000.00 | 13411.13 | 17640.00 | 19089.00 [ 33106.69 [ 43699.87
AVG 5000.00 | 5250.00 | 6300.00 | 6363.00 | 7699.23 | 8469.15

=
Of ©| | N| | V| K| W[ N =

(0,1/2,1/2)

(1/2,0,1/2)

Table 2: Annual structures of salaries in decile groups bas¢
information from table 1. Source: own research.

Decile S1% S2% S3% S4% S5% S6 % X2

1 1.0 2.60 3.6 4.0 5.0 | 5.3778
2 2.0 2.60 3.6 4.0 50 | 5.3778
3 3.0 2.60 3.6 4.0 50 | 5.3778
4 4.0 3.99 3.6 4.0 5.02 | 5.3778 (1/2,1/2,0)
5 8.0 5.0 3.6 40 50 | 5.3778
6 10.0 9.665 6.0 4.0 502 | 5.3778
7 14.0 14.0 14.0 12.0 5.0 | 5.3778
8 16.0 16.0 16.0 16.0 10.0 | 5.3778
9 18.0 18.0 18.0 18.0 12.0 | 5.3778
10 240 | 25545 28.0 30.0 43.0 | 51.5998

[ Gini | 0416] 0416] 0.416] 0416] 0416 0.416 |

[ Gr | 0.51515| 0.52791| 0.54816 | 0.56188 | 0.61353 | 0.63768 | X4

Fig. 1: Q space in 3-dimensions.

example shows that in information systems that

synthetically present phenomenon of this kind, one

should not use a single indicator when compiling reportsis designated as agalitarian structurewhile the vertices
for senior management of large institutions. As such itof the space, which are the vectors of the form
appears that researching techniques to build alternative )

coefficients designed to support measurement of 0:=(0,...,1,..,0) ®)

concentration is still an important task. The goal of this represent aextremely concentrated structurés the case
paper is to propose a new concentration index which ispf n = 3 the spac® is shown in Fig. 1 witfrcharacteristic
more sensitive to changes of concentration than Ginigjrectionsfrom center to vertices and midpoints of edges.
index. The construction of a measure of concentration a
given structure is based on calculating how this structure
) o differs from the egalitarian one. This means that using
2 Notations and definitions common tools of multidimensional comparative analysis
one can construct many different coefficients by applying
For Creating measure Of Value IeVeIS Of Concentration Ofdiﬂ:erent measures Of S|m||ar|ty and d|ss|m||ar|ty QOur

a given good in a set of objects we choose the space oipproach is to apply aitility function U, that fulfils
positive normalized vectors as a space of multidimensionagondition

dataQ:
U(0) < U(x) < U(e) for anyx € Q. (4)

n
RY D Q:={x=(X1,....%n) € RT : le| =1,. () Then a coefficient of concentratio@ lcan be defined by
i= the following equation

Normalization follows from the fact that we can divide the U(x)
value of a good possessed by a single object by the total IC=1- Ul (5)
value of that good possessed by the whole set of objects.
The space is the (n-1)-dimensional convex subspace of A natural choice of a utility function is a "measure of
R . The center of the s&d : discrete autocorrelation”
n n
o= (1}) ) U(x) = XiX;. (6)
n’n i=1j=1F1
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Fig. 2: Sector of ordered vectors in 3-dimensions.

1. Zero value for an egalitarian structure:
IC(e) =0,
2. Maximum value for nodes (vertices) of the gt
normalized to 1:
IC(O,...,X,...,00 =1 forany x =1,
3. Independence of the order of features:
IC(x) = IC(permx)),
where pernix) is given by any permutation of the set
of indices{1,...,n},
4. Increase in value when differentiation of any pair
of coordinates increases:
X —Xj| =
(6 — &) = (xj+€)[ =[x —Xj| = IC(x') > IC(x),
5. Increase in value when differentiation of any pair
of coordinates in an ordered vector increases

1<i<j<n= IC(x;m) > IC(x*).

Proofs of the properties 1 — 5 of our coefficieGtdefined
in (5) are given below.

Re. 1 Value of 0 for an egalitarian structure follows
directly from the definition%),

Re. 2 Nodes (0,...,1,...0) are vectors with only one
coordinate not equal to 0 (and equal to 1), so every
product in definition §) of utility function U contains an
element equal to 0 . Thus the coefficie@Gtieaches 1 as

Let us define a vector that had any pair of coordinatesper definition B). It is interesting to calculate (&) as

modified
X'kl = (X1, eeey Xk — €5 o0y X + €, 0y Xn),s (7)

where 1< k< | <n, 0< & <X, and alscordered vector
X*=(X,....X,) , which we derive from vectot by means
of a permutation of its coordinates such that x5 < ... <
X, . The sector of ordered vectors in the caseef 3 is

shown in Fig. 2. An ordered vector with a modified pair of

consequent coordinates is designated as follows

Xz,i :(XI,...,X;k—€,Xi*+l+€,...,X:;), (8)

where 1<i <n, 1<i<n, ande¢ is such that it does

not spoil the orderingi” ; < X" —& < X' 1 +€ <X 5. In

well. In his case all products fron6) are equal to In.
The number of those products is equal to

<2> B 2!(nIni 20 n(nz_ -

and thus

(10)

Re. 3 This feature follows directly from definition6yj.
The value of a sum of elements is independent from the

general, an ordered vector with a pair of any coordinaterdering of elements, and ir6 one has all different

modified has the form
Xz,i,j = (X1, X — &, X €, XS 9)
where 1< i < j <n, 0< & <x and where is such that

it does not spoil the ordering_; < x"—& <X ;,Xj_1 <

* *
X+ €<%

3 Properties of the coefficientiC

A properly defined coefficient of correlatiol© Ishould
fulfill the following conditions:

(i # ) products of coordinates (each one appearing only
once).

Re. 4We calculate from ) the value of function U for
vectorx’ defined by {) and group products such that:

—the first group does not contaif) = (xc — €) norx =
(X +€),

-the second group contains productsxpf= (X — €)
multiplied byxj = x; with j # kI,

—the third group contains products af = (x + ¢)
multiplied byxj = x; with j # kI,

—the fourth group contains only the produgx| =
(X —&)(x +¢€),
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n

ZXH—
+1

j#k

21x.xJ (X— & Z (X|+£3

7k ik

n n n

XiXj+X Y Xj+X Z Xj+
=TH+1

_|Zi j=I+1 j
j#kl

7k
+XX +EX—X) —
n

= leixj +e—X—€)
j:1+1

g2 =

which means
U(x')

UX)+e(xx—X —&). (11)
Thus, the sign of the expressidm, — x — &) decides
which one of Ux’) or U(x) is greater. We encounter the
following cases:

X <x,0<e<x = UX)<U(X),
X > X, € <X—X = U(X)>U(x),
X > X, €=X—X = UX)=U(x),
X > X, €>X—X = UX) <U(Xx).

From that we have the following theorem for the
coefficient C.

Theorem 1. The following implications hold

/

Xk < X, 0<£<xk:>IC(x) U(x),
X >X, € <x—x = IC(X) <U(x),
Xk > X, E=X—X = IC(X)=U(x),
X > X, €>X—X = IC(X') > U(x).

The behavior of the coefficienClas described by this
theorem is expected and desired.

An increase in differentiation of any paik,l) of
coordinates means that

= max(x{o )
= maX(Xk7X|) -

min(X,X) > [x—x|=
min(xg, X )

X=X

so using Theorem 1 (first and last cases of the theorem ¢
be realized for all permissible 0 < &€ < x,) we obtain the
following

Corollary 1.
X=X = X~

which proves the feature 4.
Re. 5 This features follows from Theorerh as it is a
special case of feature 4. Further, for an ordered vector

X —2¢&| > X« — x| = IC(X') > U(x)

an

only the first implication (first line) of Theoren is
realized, regardless of changes @f\When=¢ is applied.

In special practical problems, additional features
which follow from actual applications are often added. In
particular, a special requirement in today’s globalized
economy should be increased sensitivity of the coefficient
to changes in allocation of the good that are interesting
for the researcher. In order to illustrate this problem we
will compare the popular Gini index and the proposed
coefficient IC. To this end we investigate the sensitivity of
these coefficients to value of coordinates change. Eor |
we have from {1) and (0)

IC(Xg k) —

= Ze((q -0+ 2).

OICe ki (x) = IC(x) =

(12)

In the case of ordered vectars we always havé > k =
X' > X SO we obtain

Theorem 2. Increase ofIC under F¢ operation for
ordered vector* is linearly dependent ofx’ — x;) and
guadraticallyon €.

Itis interesting to consider relative increase in value®f |
("speed” of changes ofl) according to various arguments

OICek)  2n g2
6(x|—xk)_n—1<8+x|—xk ’ (13)
6|Ck7|’g . 2n
e n_ 1((XI X) +€)
or better yet
OlCe ki
6(28) - m(()q _Xk) +£) (14)

because the total increase of a good is tied to the change

X — X — X=X | = (X — %) —

=(X—¢€)—

(X —%) =
(X +€&—X+x=2¢

as for ordered vectoog > xc > 0, X, >x >0, £€>0.

Let us now consider the behavior of the coefficigdt |
alongside chosen characteristic directions (see the)rig.1
1. Alongside a straight line passing through the center of
the set and any one of its verticés ..., x; = 1,...,0).

We are always interested in the knowledge of
dependance ofd on coordinates on x; this time which
measures the distance on projection of the above
mentioned line onto this coordinate. When we move
alongside the coordinatg = x € [0,1] then all other
coordinates are equal to

=

x

Xj = for j#i (15)

=]
[EEN
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and then the utility functiong) depends ox as follows and
n n
] ) U(x) = X|XJ+X|sz+XJZXk+ZXkXI—
U(X)—U(X|):ZX|XJ' +Zx,xk: k;éj k;él k;ﬁlj
E k'ikﬁ'l 1—2x 1 2I>f d
i ) =x24x (N—2) +x—=(n—2)+
. x(n_1)+(1—x) n C(n-1) n—2 n-—2
~n-1 (n—-1)2|\2 B (1-2x)2 (n—z)
+— =
_X(l_x)+(1—x)2(n—1)(n—2)_ (n—-2)2\ 2
- 12 2 2 (1-2x)? (n-2)(n-3)
= 2X(1—2x =
o n . 1 on-2 X2 =29+ 2
2(n—1) n-1" 2(n-1) LY 2 i n—-3
- n-2 n-2" 2(n-2)
Thus S0
2n? 4n
IC(X) = 2 X+
on ) (n—l)(n—Z) (n—=1)(n-2) (19)
2o, on 1 (16) (n—1)(n—2)’
" (n— 1)2X ~ (n— 1)2X+ (n—1)% IC(0) =2/(n—1)(n—2), in the centerC(e) = 0, and in

Formula (L6) describes a parabola opening upwards.IC(0) =
Minimum equal to zero is achieved for an egalitarian

structuree (center of the sef2) which corresponds to
x = 1/n. Naturally, for x = 1 coefficient C vanishes:
IC(1) = IC(0) = 0. Forx = 0 which corresponds to the
center of thgn — 2)-dimensional wall we have

Asymptotically

n— o = IC(X)~x2 (17)

with IC(0) — 0, while for a typical valuen = 10 (division
into deciles) C(0) = 1/81~ 0.012.

2. Alongside a line
e=(1/n,...,
verticesi and j = i+ 1. We look for dependance on
X = v/2x, wherex = x; = x; € [0,0.5] that is on distance
along diameter between axgsandx; (projection of the
above mentioned line on the plargx;). In this case all

other coordinates are equal to

straight passing

(18)

through
1/n) and the center of an edge connecting

the center of the edgeC(1/2) = (n—
Asymptotically n — o = IC(X) ~
Oand C(1/2)=1/2.

To compare dependanctd of IC with (16) we have
to change variable inl@): x — x' = v/2x. In this way we
compare values ofd in the same distances for each
direction in the planex,x;). For typical valuen = 10
(division into deciles) the result of this comparison is
depicted in Fig. 3.

2)/2(n — 1).
2x2, and then

4 Comparison of the concentration
coefficientIC and Gini index

Features of coefficient (especially 4 and 5), that were

discussed in section 2, wil be compared with
corresponding features of Gini index which is defined as
follows
Z X — X (20)
j=i+1
For ¢ operationsT) we have
G(X1) = — 1<Zi|xt XJ|+Z X —Xj| +
+
i#k,| j#
Tkl (21)
n
+ Z X =xj| + =] |-
j=T+1
The last term is simple
X—X| = [Xc— & =X+ €] = [Xc— X (22)
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n=10 This result can be formulated as the following theorem
1 . . .
: Theorem 3. Increase of Gini indef underF¢ operation
0.9} : for ordered vectorsc* is linearly dependent oa and on
the differencél — k) of positions of coordinates.
0.8f
: : ‘ One can also compare speed of change for in@ex |
0.7t : . and Gini index as defined by equations analogous to
06 equations13)—(14)
6Gs kI (X*)
O 0.5¢ — - =(I-k-1 26
0.4+
. 5Gs kil (X*)
3t : . - =¢. 27
03 (1 —K) @
0.2} As a result of the limitation caused by the constraints
o1l on the length of this article, we will present the behavior
’ of the coefficient IC compared to the changes in value of
0 AR S S i i i Gini coefficient only for a single family of models. We
0 01 02 03 04 05 06 07 08 09 1 will use this family to model the changes of income
In direction to the vertex - blue, o divided into decile groups. It is important to normalize the
In direction to the center of a edge - red (x=2""“x) values of the coefficient in the scope of changes

concerning concentration. In essence, a user wants to
operate on ranges of values that define small, medium or
large level of concentration. Normally, this is done via
Lorenz curves. In order to do so, let us define a family of
curves as

Fig. 3: Changes of coefficientd along two exemplary
characteristic directions: blue line - in the direction ofextex,
red line - in the direction of a center of an edge.

but values of modulesx, — xj| = |x — & — xj| and L(wa)=u?, uel0,1], ac [l x| (28)

IX —Xj| =[x —Xj + €| depend on the sign of inner N , .

expressions, which means that they depend on relations df'€Séntéd in Fig. 4 with the assumption that we possess
X to x; and of x to X;. So, generally, for unordered ata for decile groups in a similar fashion as income is
vectors it is impossible to define the behavior of Presented by GUS, Eurostat, etc. (compatd])[ The

coefficient IC as everything depends on actual values oF@/ue Of Gini index is equal to (a-1)(a+1). In Fig. 5 the

vector'sx coordinates. However for ordered vectarave  Volatility of Gini index in comparison to the volatility of
havex; —x: — & < 0 for j > k becausa" > x;, therefore coefficient C for the 14 distribution displayed in Fig. 4. is
i i =%

shown. Fig. 5 presents significant differences in

n n sensitivities of the two coefficients for deviations from an
Z X — X — €] = Z (Xj =% +€) = egalitarian structure. Gini index already takes a value of
J':J.#Tl J':J.?;lrl 0.5 for the fifth curve, while IC not until the eleventh.
n (23)  Which means that Gini index is more sensitive to changes
_ |XT —X|+e(n—k—1). in concentration when the distribution differs only
j:ZH slightly from an egalitarian one. This follows from the
j#l fact that the change of value of Gini index depends on the
o oo . " X position on the list of changes of a good, not the real
S:r;ularlwil —Xj+e<0forj>lbecause; +& <X, < change in the value of that good (equatid2b)( and
Xjfor] >1s0 Theorem3). This causes that even for slight changes of a
n n good we see an artificially increased change of the value
Z X =X+ €| = Z Xj—X—¢&= of Gini index. However, for large deviations from an
j=T+1 j=T+1 (24) egalitarian distribution, Gini index is less sensitivertha
n the coefficient C. This is because Gini index does not
= Z Xj =X —&(n—1). take into account the real change of value of a good and
=41 then a change of position is less significant.
From @1)-(24) it follows that for ordered vectors the Using the same formula for utility functions, we can
increase of Gini index as a result o€ operation is equal ~ construct, by means of simple modifications, coefficients
to of different sensitivities. One of the simplest being
OlCe k1 (X") = 1C(Xz ) — IC(x") = e(l —k—1). (25) IC*(x) = (IC(x))P, p€]0,1] (29)
(@© 2016 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 1, 11-19 (2016) www.naturalspublishing.com/Journals.asp NS = 17

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

0.0 0.2 0.4 0.6 0.8 1.0 1 2 3 4 5 6 7 8 9 10 1 12 13 14

Fig. 4: Lorenz curves given by equatio®8) for a=1,1.3, 1.5, Fig. 6: Comparison of Gini index and coefficient IC and

2,25 3,35 4. 5, 6, 810, 20, 50 to the nearest decile groupcoefficients defined by formula9), (30) and @1) for decile
Source: own research. structures of Fig. 4 for k=3 and p=0.25. Source: own research

Sample charts 0f29)—(31) for p = 0.25,k = 3 and decile
structure of Fig. 4 are compared with Gini index and the
coefficient Cin Fig. 6.

5 Conclusions

We proposed an alternative method of measuring
concentration based on the new coefficie@t which
fulfils all basic properties of a proper coefficient of
concentration, as mentioned in sectibirProperties ofC
were thoroughly examined and compared with properties
of Gini index. Studies have shown that coefficie@ |
differs considerably from Gini index G in sensitivity to
flow of "good” as it is concluded in Theorenisand 3.
The coefficientC is more sensitive because it depends on
value of changequadratically while Gini index only
"4 2 3 4 5 & 7 8 9 10 1 12 13 14 linearly. IC depends on coordinates more properly than G
as it depends on difference imalues of coordinates
Fig. 5: Gini index and coefficient IC corresponding to the 14 opposite to G which depends on differencesitionsof
distributions of a good defined by the depicted in Fig.4 Laren coordinate. This leads to an artificial amplifying of
curves. Source: own research. change of G in the case of small and medium deviations
from an egalitarian distribution when the difference in
positions is large and to weak reaction on big value of
good flow. The coefficientQ is better tuned to structure

or of good as it accounts for the real difference of "richness”
U(x) k in different groups. o
IC*(x)=1— (—) , ke{1,2,..}. (30) Further studies will concentrate on the applicability of
U(e) coefficient IC in analysis of various empirical data and on
Another possibility appears for cumulated structuresits usability in information systems. Based on coefficient
Xeum= (X1, X1 + X2, ..., X1 + X2+ ... +Xn_1,1) IC, one can construct new coefficients of concentration as
functions of them. This allows to tune the sensitivity of a
[Ceum(X) = IC(Xcum)- (31) coefficient to various kinds of distributions.
(© 2016 NSP
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In a situation when one needs to trace changes of
concentration of a good possessed by multiple groups
objects, an analyst needs to ponder deeplpat
coefficient (better a few different coefficients) should be
used. One should not unconditionally use popular
coefficients in their classical forms (e.g. a curious
modification of Gini coefficient has been presented in
[2]), as they may prove to be insensitive to changes tha
should be carefully studied. In a specific situation, it is
paramount for a coefficient to be especially sensitive to-
changes in precisely defined range of handpicked
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Coefficient IC seems like a good candidate to use in theWarsaw, Poland. The main field of his scientific activity is

former scenario.
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