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Abstract: In this paper, shear waves propagation in a non-homogerausstropic incompressible medium under influence of the
electromagnetic field, gravity field, rotation and initjaditressed medium has been studied. Analytical analyséalgthat the velocity

of propagation of the shear waves depends upon the direstipropagation, the anisotropy, magnetic field, rotatiamvidy field,
non-homogeneity of the medium, and the initial stress. Téguency equation that determines the velocity of the sheees has been
obtained. The dispersion equations have been obtainechaestigated for different cases. In fact, these equatioasua agreement
with the corresponding classical results when the mediusotsopic. The results obtained are discussed and presgraphically. The
results indicate that the effects of gravity field, initidess, magnetic field, electric field, non-homogeneousodrtipy and rotation
are very pronounced.
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1 Introduction an inhomogeneous elastic medium under the influence of
gravity has been discussed b$3[. [10] discussed the

The studv of sh tion i . ; tinfluence of gravity on propagation of waves in a
€ study of shear wave propagation IS very importan omposite layer. Rayleigh waves in granular medium over

bepause ofits extensive applicat.ion in various pranches %n initially stressed elastic half-space is investigatgd b
Science and Technology, especially, Geophysics, Plasmay 1 “Effect of anisotropy on surface wave under the

Physics, _Earthquake science, and Optics. Shear wav fluence of gravity is pointed out byLf]. [23] mentioned
propagation over the surface of homogeneous anif
r

! ) at initial stresses have remark able effect on the
inhomogeneous elastic half-spaces are a well known an

inent feat f th Effect of th tati opagation of elastic waves in a medium. Shear waves in
prominent teature of wave theory. Elfect of the rotation 5 ., tic anisotropic media is studied 9] Effect of
on propagation of thermoelastic waves in a

non-homogeneous infinite cylinder of isotropic material the non- homogenity on the composite infinite cylinder of
by studied by 2]. Magneto-thermoelastic problem in isotropic material is explained by6]. Propagation of

. ; ~ . S-wave in a non-homogeneous  anisotropic
rotating non-homogeneous orthotropic hollow cylindrical

. X incompressible and initially stressed medium under
under the hyperbolic heat conduction model has beer?nfluence of gravity field is studied by]. Effect of initial

!nygstlgated by 3]. Rayle!gh waves in a magneto—.elasuc stress and magnetic field on shear wave propagation
initially stresses conducting medium with the gravity field discussed by 18. Propagation of shear wave in
is pointed out by 17]. Some observations on interactions anisotropic medium is pointed out bgd]. Shear waves

of Rayleigh waves in an elastic solid medium with the propagation in an irregular magnetoelastic monoclinic

gravity field invgstigate;d byld]. Surface waves in the layer sandwiched between two isotropic half-spaces is
influence of gravity is discussed by4]. Surface waves in
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investigated by 12]. Propagation of S-waves in a Where,li.:(7><§)_.

non-homogeneous  anisotropic  incompressible and  \ypere, Fc and Ky 'are components of the magnetic
initially stressed medium is discussed 3], Influences  ge1q in x and y directions, respectively. Initial stress

of rotgtion, magngtic field, initial stress, and gravity ONp _ g, s, , the rotational components about z- axis
Rayleigh waves in a homogeneous orthotropic elastic 1/(ov  ou )
half-space has been discussed . [1] investigated =2 (0_x_d_y)’ p represents the density of the
propagation of Rayleigh waves in generalized magnetomedium, g is the acceleration due to gravity, (u, v) are
thermoelastic orthotropic material under initial stressl a jncremental deformation, anE is the angular rotation.
gravity field. 9] investigated effects of voids and rotation For slowly moving medium, the variation of magnetic
on plane waves in generalized thermoelasticity. Recentlyfield and electric field are given by Maxwell’'s equation as
[7,8,22], investigated a new features on different wavesthe following form:
propagation under influence of multi parameters.

In this work, the effects of gravity field, rotation, o
electromagnetic field, and initial stress on the propagatio crlh=7 + Eoﬁ, curl E = Lie ,divﬁ _ O,divﬁ -0,
of S-waves in a nonhomogeneous anisotropic
incompressible and initially stressed medium have been 3)
discussed using the wave equations which satisfied by th% ToE — o —
displacement potential$. The frequency equation that = = ue(u X )’ h = curl ( X HO)’
determines the velocity of shear waves have been
obtained. The dispersion equations have been obtainegyhere, H — Hy+ h (x,y.t), Ho — (Ho,0,0). Where,
Some' special cases are mvespgated. In fact, th.es@ is a magnetic induction vecto? is electric intensity
equations are in agreement with the correspondin i , — .
classical results when the medium is isotropic. The result¥€Ctor, F is Lorentz's body forces vectai, is the
obtained are calculated numerically and presented/elocity vector,h is pegurbed magnetic field vectet,is
graphically. magnetic field vectorHg is primary constant magnetic

field vector,Hp is the absolute magnetic fieltﬁ is an
electric current density vector, ange is magnetic

2 Formulation of the problem permeability, is the electric permeability. The increnant
stress-strain relations for an incompressible medium may
Most materials behave as incompressible media and thBe taken as:

velocities of longitudinal waves in them are very high.

The varieties of hard rocks present in the earth are also

almost incompressible. Due to the factors like external S11 = 2Nex+5, S2=2Ney +s and 12 = 2Qey (4)
pressure, slow process of creep, difference in temperature 1150 . )
manufacturing processes, nitriding, pointing etc., the Where, s = =52, @q; are incremental strain
medium stay under high stresses. These stresses af@mponents, antl andQ are rigidities of medium.
regarded as initial stresses. Owing to the variation of ~Maxwell’s stress equation

elastic properties and the presence of these initial gisess

the medium becomes isotropic as well. We consider an Tij = Me[Hihj + Hjhi — Hch & 5)
unbounded incompressible anisotropic medium under . o N . o
initial Stressessll and 2 a|0ng thex_’y_directions The IncompreSSIblhty Cond|t|oﬂ(x+% = 0 is satisfied
respectively. When the medium is slightly distribute, (u, BY

v), the incremental stresses state becemes;» and sy

are developed, and the equations of motion in incremental U= _do Ve ‘9_§0 6)
state become ay’ ax
Substituting from Egs. (3) and (4) into Egs. (1) and (2),

dsi1  O0sip  _0ws ov
ox "oy oy P9

—p [u+ (3 <0 xﬁ)x+ (zﬁx_u*)x} o

+ Ry we get

3 2 2
2ol 8 lo(e52)

ax = 9xedy  dy 92 dy2
dsi, 0% _O0ws _ du PJ (0240 02@)
R — - - - - _— - + -
ax © dy ax P9 TH 20y \ 0x2 ' 9y?
. - - ’p %@ ,00 %
—p [v+ (BXB xﬁ)y+ (23>< u)y] . © . {gﬁ— 3y 2 a—y—zgm] @)
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Fig. 1: Variation of velocityC; with respect to the depth with variation of
gs + 9 2Nﬂ +Q ﬁo - ﬂ Substituting from Eg. (9) into Egs. (7) and (8) we get:
ay ' ady oxdy 3 9xay? ' ' '
P/d3p 3% 4
_ (2% P 7]
2 (dx?’ + dxdyz) [Qo(l+a)’) -5 IJeH(ﬂ d—x(f + [4No(1+ by)
HePo | 553 XAy oHe 5xat2 —2Q0(1+a)’)]d—q)
02(p 03(0 20¢ 02(0 0X20y2
:p{g—+ —Q*ZE 2021 |. (8) 93 P11 0%
axdy ' oxotZ ax dydt} _ ¢ Floe
+[4Nob — 28Q0] == oy Qo(1+ay) + oy
¢ 21,2, 0"
. . 04(p (92(0 qu) 02(0 03(0
Assuming non-homogeneties as o - B AT o § D Zr_
+ ayeoe ¢ (0x2 oy >] PCl952 ~ aizay
¢ %@
27¥ ol ¥
+Q dy zgaxﬁt]' (10)
Q=Qo(1+ay),
N = No(1-+by), )
P = po(1+cy) 3 Method of solution

For propagation of sinusoided waves in any arbitrary
direction, we take the solution of Eq. (10) as

where,Qo, Ng andpg are rigidities and is the density of the )
medium at the surfacg = 0). d(x, y, t) = Aelk (Px+ P2y —cat) (11)
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Fig. 2: Variation of velocityC; with respect to the depth with variation of ¢&@nd (b)2 .

where, p1 and p, are cosine of angles made by
direction of propagation witk— andy— axes, ana; and

k are the velocity of propagation and the wave numberghown that the velocny a

respectively.
Substituting from Eq. (11) into Eq. (10) and equating

real and imaginary parts separately, we get

Eq. (13) gives the velocity of propagation of sheqr

wave and Eq. (12) gives the damping. From Eq. (13) itis

depends much on the

rotation, magnetic field, amsotropy factor, and the ihitia
stress factor, also on the direction of propagation denoted

by (p1, p2)-

1 cQ 1 P HE

[E(Cl"'mpl)] A [(1+ay—6+“g )Pl ]
P P 4 Particular cases
P UeH 0 gc 4Ny
+(1 —— - 1+b
+(1+ay 2Qo * Qo ) kg2t (Q (1+by) In order to gain more insight information the following
LieH o 202 02 cases have been discussed: Analysis of Eq. (12) obtained
—2(1+ay) o )p1p2B2k4/\ pf — (1+Cy)k2—[32] by equating the real part of equation of motion.
12 Case I: In case Q is homogeneous — 0), i.e
(12) rigidity along vertical direction is constant
and
2 2 2 2
—_ = — _— _—_— — —_— = — 1— _—
(5) =2l o) stretgam| w9 [5(o k2/\p'o1 A2 T | P
4N P
1 0 IJe Hellg 2 4
3 + 1+hb } + [1+ }

where, 3 = (%) 2 is the velocity of shear waves in [ Qo (+by)- PiP2 2Qo
homogeneous isotropic medium. And gc c2Q? Q2
Np= (1+Cy)+% ) kZBZ p1+ B2K4A, pl (1+cy) k2p2 (14)
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Fig. 4: Variation of velocityC; with respect to the depth with variation of (@and (b)g .
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Fig. 5: Variation of velocityC; with respect to the anglé with variation of (a)c and (b)a.

2 2
ci\? 4Ngb , O
(5) = &¥ e 4o
The velocity on x- direction is
(p1=1, p2=0, c1=cu)
1 Qoo 1, P peHS
Btiea T A g Ty
gc  c?Q? Q2
~ g2 I<4B—2/\_(1+Cy)k2—[32] (16)
2 2
C11 4N0b Q
(%) - = -

(P—0,c— 0) andcy; = .
Similarly the velocity of propagation alony—
direction(p; =0, p2 =1, ¢ = Cyy), is obtained as

A P1o Q2
2= Ty [1+2QJ 1+ )z

(18)

Substracting Eg. (18) from Eq. (16) we get

2
C%z_ (Cll-l- %)

BZ
C 1P g peHF o2 Q?
B (Qo+k2ﬁ32 o kA ) Tieg, 19

22
Where A = (14—cy)—|rM

Po

which a function of initial stress, gravity, magnetic

field, initial stress, rotation and density, this may also be
observed that ifP = 50 — 511 > 0, the effect of initial
stresses on the body is compressive along x- direction and
In case the medium is free from initial stress tensile along y- direction. The compressive initial stress
reduces while tensile stress increases the velocity of shea
wave along x- direction. A reverse effect is obtained
along directiony.

Case Il In case N is homogeneou® — 0), i.e.,

rigidity along horizontal direction is constant.
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Fig. 6: Variation of velocityC; with respect to the depth with variation of (d)and (b)g .
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Fig. 7: Variation of velocityC; with respect to the depth with variation of @gand (b)H .
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Fig. 8: Variation of velocityC; with respect to(b, T) and (6, b).

Fig. 9: Variation of velocityC; with respect to(b, @) and(p, b).

1 cQ 1 P ueH?
1 cQ 1 P HZ Z(ept =)= [(l+ay— — + 120
Flot Pl = rltray- oo+ gt [glentigp =7l 50+ g,
4No p 2 P B el E VA
+(§—2(1+ay)+“50°)p%p%+(1+ay+ 0, P2 k2B2 " KA k22
2 2 which depends on the depth y magnetic field, rotation,
— S’CZ p§+ (;Zk? p%— Q (itcy)] (20) gravity and the wave is dispersive, the velocity along y-
kB Bk p kB directionis(p1 =0, p2 = 1,1 = Cp)
the velocity along x- directioips =1, p, =0, ¢y = C11) Coo 2 1 P Q2
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Fig. 11: Variation of velocityC; with respect tN, b) and(Q, b).

22 2
for P > 0, the velocity along y- direction may increase whereAp, =1+ %

considerably at distance y from free surface and the wave Case IV:

becomes dispersive. _ If th_e initial stress is absence (i.€.;— 0), the velocity
Case Il In case N, Q and c are homogeneous i.e.,iS Obtained as
a—0,b—0,c—0) 1 0 L LoH?
(g et iap PP = 4 [ +ay =5 )t
o, 1 P uHZ H2
(B = a1 55, F JPL + (11 by) 201+ ay)+ H0) 22+ (14 ay)
B L Q Qo Qo Qo
4No HeHE . 5 P., 02 © , 02 , 0%(ltg)
— -2 1+ —)p5— 5=5] (2 - - 24
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Fig. 13: Variation of velocityC; with respect tqa, 6) and(8, T).

in x- direction (py = 1, p» = 0,¢1 = ¢11) EQ. (22)
reduces to

and along y- directiorip; = 0, p2 = 1,c = ¢z2) Eq.
(27) tends to

2 2
c2\*_1ltay 0° 26)
B l1+cy kB2
1 cQ 1 peHE c
(5 (en+ )P = Sl +ay+ ) - 22 Case V:
B keA A Q = KB T .
202 02(1 In the absence of gravity field, magnetic field and
_ ( +cy)] (25) rotation, the velocity is obtained from the following
kA k2p? equation
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 Velocity ci

Fig. 14: Variation of velocityC; with respect toN, 6) and (P, 6).

Velocity EI *Iv"elucily cy

Fig. 15: Variation of velocityC; with respect tqg, 6) and(h, 6).

Case I:In case Q is homogeneo(s— 0) i.e, rigidity
along vertical direction is constant, one may obtain

G, 1 P, No <01>2 <2No b) , Q2

=) =——-A{1+ay—=—=—)p1+22=—(1+b =) =2(—=- - 28
—(14ay)] pip3+ (1+ay+ i) Py (27) this shows that the velocity of shear wave is always
2Qo damped. The velocity of wave along x- directiép; =
1, p2 =0,c=cy3) is obtained as
Analysis of Eq. (13)In absence oP in equation (13), C11 2 _5 ZNO b Q2 29
following three cases to have been analyzed as follows: B) Qc/) kB2 (29)
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Fig. 16: Variation of velocityC; with respect to(?, 6).

this shows that actual velocity in x- direction is
damped by :(%—“?%) and nodamping takes place along

direction.
Case II: In case N is homogeneou® — 0) i.e,
rigidity along horizontal direction is constant

(5) =2 Dz oo

the velocity of wave along x- directiofp; = 1, p2 =
0, c=c11) is given by:

(3D o

5 Numerical results and discussion

To get numerical information on the velocity of shear
waves in the non-homogeneous initially stressed medium
we introduce the following non-dimensional parameters:

- a - — C = C = No — Py
b T TR Q' 2Q

— by . e, . =_%b > -
9= k2B’ H @HO’ :@, ¢ = B“Ueto.
(34)

Using these parameters in equation (12) after
neglecting the term includes the high degree oflkand
Q we obtain:

H
1 _
:m{ } pt + [4N(1+D)

~2(1+3b) +H°| pip3+ [1+3b+P] pj—cop}

2 ~2
__C—Q_z—zp%} . (39)
(1+th)+H"Cpy

The numerical values of; has been calculated for
different values ot ,.a,N, P ,g,H, Q, band6 respect
b and6 respectively, and the results are presented in Figs.
1 and 2 for constant values

t=8 a=3, N=25 P=08, g=0.3, H=0.3,
Q =05, b=0.3and = g

Fig. 1 displays the variation of velocii®; respect to
the depth with a variation of if 6 = § and6 = 7 with
and without rotation, it obvious th&; increases with an
increasing of depth, decreases with an increasirgeasfd

Existence of negative sign shows that damping doesn’takes the largest values in the absence of rotation compared

takes place along x- direction fdb — 0) , the velocity

along direction is given by

() -2(0)-8 e

indicating damping of magnitud{s(z—:‘) takes place

along y- direction.

with its values in the presence of rotation, also, it seeh tha
increases with an increasing of the anfleFig. 2 plots
the variation of velocityC; with respect to the depth with
variation ofc andQ . From Fig. 2a, it clears tha; takes
the largest values with the largest value®dhat indicate
to the influence of the angl@ on the velocity, from Fig.
2D, it appears that; decreases with an increasing of the
rotationQ.

Fig. 3 clears the influence of the parame&asidN on

Case lll: In case N and Q are homogeneous buts.waves velocity with respect to the depth, it shown that

density is linearly varying with depth

2
§-& e

i.e; no damping takes place.

C, increases with an increasing@andN. Fig. 4 displays

the variation of wave velocity with with variation @fand

0, it appears tha€; increasing with an increasing @

if & = T but decreases with the increasing value$ af

6 = I (see, Fig. 4a) and decreases with an increasing of
the gravityg .

(@© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 1, 363-376 (2016)Wwww.naturalspublishing.com/Journals.asp NS = 375

Fig. 5 plots the variation of velocity with respect to obtained with absence of the rotation that indicate to

angle 8 with variation ofc anda , respectively, it clears the influence of rotation in aircrafts and planes has
that S-waves velocity decreases with an increasing of utilitarian aspects in Geophysics, Geology, Biology,
angle@ arrive to its minimum values i8 = 7 and then Acoustics, and, Plasma.

increasing iff < 68 < 7, also, it shown that it decreases ~ —All parameters affect strongly on the waves velocity,
with an increasing oft, vice versa, respect to the expect{ decreases slightly dB; .

influence ofa. From Fig. 6, we can conclude th@
increases with an increasing Nfbut decreases with the
increased values of. Fig. 7 appears the variation of
velocity C; with respect to the anglé with varies values
of ¢ and H, it obvious thatC; decreases with an
increasing o but increases with an increasingtf.

Fig. 8 shows the variation of velocity; with respect
to (b, ©) and (6, b), it seens tha€; increases with the
increased values ob and 6 but decreases with an
increasing of. Fig. 9 displays the variation of veloci§y ~ References
with respect to(b, @) and (p, b), it concludes thaC;
influence positively with the increasing of all parameters.[1] A. M. Abd-Alla, H. S. Hammad and S. M. Abo-Dahab,
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