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Abstract: A Hadamard code which is written via a Hadamard matrix is(2n,4n,n) code. In this study some special codes over
F2+uF2 = {0, 1, u, 1+u} whereu2 = 0 are written and it is shown that images of these codes under aGray map correspond binary
Hadamard codes.
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1 Introduction

Certain codes as cyclic codes over the ring were studied
before. For example, cyclic and constacyclic codes over
the ring were studied by Jian-Fa Qian, Li-Na Zhang and
Shi-Xin Zhu in [5]. Again cyclic codes were studied over
more general ring by the same group in [6]. Then these
codes were studied over the most general finite chain ring
Fpk + uFpk + ... + um

Fpk by P. Udomkavanich and S.
Jitman in [8]. It was shown that, the Gray image of a
linear negacyclic code overZ4 is a cyclic code in [3]. It
was proved that, the Gray image of a linear cyclic code
overZ4 of lengthn (n is odd number) is equivalent to a
binary cyclic code in [3].

Structures of certain codes over the ringZ4 were
studied by D.S. Krotov in [1,2]. Especially Hadamard
codes overZ4 were studied by him in [2].

Using a Gray mapping, some new codes over a Galois
field via codes overF2+ uF2 and generally codes over a
finite chain ring Fpk + uFpk + ... + um

Fpk has been
obtained. It is known that the distance overF2 + uF2 is
Lee distance (weight) and the distance over
Fpk + uFpk + ... + um

Fpk is homogeneous distance
(weight). It is shown that the new codes obtained by Gray
map has the same minimum distance of the previous
codes.

In this study(n,4n,n) codes overF2+uF2 with u2=0
are defined and using these codes(2n,4n,n) codes over
F2 are obtained. These new codes which obtained by Gray
map are Hadamard codes. Moreover these new codes are

linear codes and all elements of their generator matrix are
elements of the ringF2+uF2 with u2 = 0.

Since scalers used in the composition of these codes
are in the binary field, studying on this codes will be more
advantage.

2 Preliminaries

The ring F2[u]
/

〈u2〉=
{

a0+a1.u+ 〈u2〉 | a0,a1 ∈ F2
}

is

isomorphic to the ringF2 + uF2 when u2 = 0. Binary
operations on the ringF2 + uF2= {0, 1, u, 1+u} are
defined as below:

+ 0 1 u 1+u
0 0 1 u 1+u
1 1 0 1+u u
u u 1+u 0 1
1+u 1+u u 1 0

. 0 1 u 1+u
0 0 0 0 0
1 0 1 u 1+u
u 0 u 0 u
1+u 0 1+u u 1

The ring R =F2 + uF2 has three ideals satisfied the
inclusion; 〈0〉 ⊆ 〈u〉 ⊆ 〈1〉 = R. Let C be a (n,M,d)
code. It means thatC has the lengthn , it hasM elements
and its minimum distance isd .
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Lee weight of r = (r1, r2, ..., rn) ∈ Rn is defined as

wL(r) :=
n
∑

i=1
wL(r i) where wL(0) = 0, wL(1) = 1,

wL(u) = 2,wL(1+u) = 1.
The minimum Lee weight of a codeC is defined as

dL(C) = min{dL(a,b) | a,b∈C,a 6= b} wheredL(a,b) =
wL(a,b) is the distance betweena,b∈ Rn

, a 6= b.
The generator matrix of a codeC in the ringR=F2+

uF2 is G=

[

G1
u.G2

]

. HereG1 is ak1×n matrix which has

elements inF2+uF2 andG2 is ak2×n matrix which has
elements inF2. Hence|C|= 22k1+k2.

The codeC written in this study is a 4k1
.2k2 code and

it is written as

C= { c= (c1,c2).

[

G1
u.G2

]

∣

∣ c1 ∈ Rk1
, c2 ∈ F2

k2 } .

A n×n matrix such that all components are−1 or 1
and M.Mt = n.I is called Hadamard matrix. An× n
matrix is called binary normalized Hadamard matrix if it
is obtained fromMn n× n normalized Hadamard matrix
writing 0 instead of 1 and writing 1 instead of−1 . LetAn
be binary normalized Hadamard matrix of a binary
Hadamard matrixMn . If each two rows ofAn are
orthogonal thenn2 elements are different for these rows of
An .

Think that each row ofAn is a vector. Then it is seen
that the distance between two rows isn

2 .
Write each row in the matrix as a vector which has

length n. Adding themselves and their complements to
back of these vectors respectively, new vectors which has
length 2n are obtained. Write these new vectors as a code
words. If completions of these code words join to this set,
it is obtained that a Hadamard code included 4n elements.
Thus the minimum distance of this code isn.

Generally the Gray map is defined as :

Φ : Rn −→ F
2n
2

(r1, r2, ..., rn) 7→ Φ (r1, r2, ..., rn) =
(b1,b2, ...,bn,a1+b1,a2+b2, ...,an+bn)

wherer i = ai +ubi ∈ R for 16 i 6 n . ThereforeC is
a code overF2+uF2 which has lengthn , its imageΦ(C)
under the Gray map will be a binary code which has length
2n.

There is a relationdL(a,b) = dH(Φ(a),Φ(b)) for
a, b ∈ Rn between Lee distancedL overRn and Hamming
distancedH over F2n

2 . This means that Gray map is an
isometry.

3 Construction

Choose that all elements of first row of the matrixNα1,α2

from the set{1}, choose that the elements of the other row
from the set{0, 1, u, 1+ u} if α2 = 0 and from the set
{0,u} if α1 = 0. Assume that colums of this matrix are
lexicographically ordered. This matrix constructed above
is a special matrix which hasα1+α2+1 rows.

Certain examples for the matrixNα1,α2 constructed
above are given below :

N0,0 = [1] , N0,1 =

[

1 1
0 u

]

, N0,2 =





1 1 1 1
0 0 u u
0 u 0 u



 ,

N0,3 =







1 1 1 1 1 1 1 1
0 0 0 0u u u u
0 0 u u 0 0 u u
0 u 0 u 0 u 0 u






, N1,0 =

[

1 1 1 1
0 1 u 1+u

]

,

N2,0 =

[

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 1 1 1 1 u u u u 1+u 1+u 1+u 1+u
0 1 u 1+u 0 1 u 1+u 0 1 u 1+u 0 1 u 1+u

]

,

N1,1 =





1 1 1 1 1 1 1 1
0 0 1 1u u 1+u 1+u
0 u 0 u 0 u 0 u



.

Define the code
Cα1,α2 = { (c1,c2).Nα1,α2

∣

∣ c1 ∈ Rα1+1
, c2 ∈ F

α2
2 }

which has a generator matrixNα1,α2 where α1, α2 are
integers such thatα1,α2 > 0 . The lenght of this code is
n= 22α1+α2 . Moreover the parameter of the codeCα1,α2

overF2+uF2 are(n,4n,n) .
Theorem 3.1 : Let Φ : Rn −→ F

2n
2 be Gray map.

If Cα1,α2 is a code generated by the matrixNα1,α2 over
F2+uF2, its imageΦ(Cα1,α2) under the Gray map is the
(2n,4n,n) Hadamard code over the fieldF2 .

Proof : The codeCα1,α2 generated by the matrix
Nα1,α2 which has dimension(α1+α2+1) ×n is the form
Cα1,α2 = { (c1,c2).Nα1,α2

∣

∣ c1 ∈ Rα1+1
, c2 ∈ F

α2
2 }. The

length ofCα1,α2 is n = 22α1+α2 . It is clear that the code
Cα1,α2 ⊆ Rn is a repetition code and it has 4n elements,
i.e. Cα1,α2 is a (n,4n,n) code. HenceΦ(Cα1,α2) ⊆ F

2n
2

andΦ(Cα1,α2) is a binary Hadamard code with(2n,4n,n)
parameter.

Corollary 3.2 : The dual code of(Cα1,α2)⊥ is a
(n, 4n

4n,4) code and its imageΦ((Cα1,α2)⊥) under the
Gray map is a(2n, 4n

4n,4) code, in except the case
α1 = α2 = 0.

Proof : The generator matrixNα1,α2 of Cα1,α2 is the
parity-check matrix of the dual code(Cα1,α2)⊥ . The dual
code of (Cα1,α2)⊥ contains elementsc of Rn satisfied
Nα1,α2

.cT = 0 . It is easily seen that the number of words
satisfied this condition is4

n

4n and the minimum weight of
these words is 4 . Thus(Cα1,α2)⊥ is (n, 4n

4n,4) code . Also
it is seen thatΦ((Cα1,α2)⊥) has the parameter(2n, 4n

4n,4) .

4 Cyclic codes and quasi-cyclic codes of
index 2

Let c = (c1,c2, ...,cn) be an element of Rn .
c = (c1,c2, ...,cn) is mapped one to one with

c(x) =
n
∑

i=1
ci xi ∈ R[x].
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Definition 4.1 : Let Cα1,α2 ⊆ Rn be a linear code ,
n= 22α1+α2 and define the map

τ : Rn −→ Rn

(c1,c2, ...,cn) 7→ τ (c1,c2, ...,cn) = (cn,c1, ...,cn−1)

If τ(Cα1,α2) =Cα1,α2 thenCα1,α2 is defined as cyclic code
overR .

Definition 4.2 : Let Dα1,α2 ⊆ F2
2n is a linear code,

n= 22α1+α2 and define the map

σ⊗2 : F2
2n −→ F2

2n

(d1,d2, ...,d2n) 7→ σ⊗2(d1,d2, ...,d2n) =
(dn,d1, ...,dn−1,d2n,dn+1, ...d2n−1)

If σ⊗2(Dα1,α2) = Dα1,α2 then Dα1,α2 is defined as
quasi-cyclic code of index 2 overF2 .

Proposition 4.3 : σ⊗2Φ = Φ τ.
Proof : Let c = (c1,c2, ...,cn) ∈ Rn where

ci = ai + ubi ∈ R for 1 6 i 6 n. If Φ(c) =
Φ(c1,c2, ...,cn) =Φ(a1 + ub1,a2 + ub2, ...,an + ubn)
= (b1,b2, ...,bn,a1 + b1,a2 + b2, ...,an + bn) then
σ⊗2 (Φ(c)) =(bn,b1, ...,bn−1,an + bn,a1 + b1, ...,an−1 +
bn−1) .

On the other hand,τ (c1,c2, ...,cn) = (cn,c1, ...,cn−1)
.ThenΦ τ(c) =Φ(τ(c1,c2, ...,cn)) =Φ(cn,c1, ...,cn−1) =
(bn,b1, ...,bn−1,an+bn,a1+b1, ...,an−1+bn−1) .

Theorem 4.4 : Hadamard codes which are obtained
with Nα1,α2 are quasi-cyclic code of index 2, in except the
caseα2 = 0 .

Proof : It is seen that the length of the codesCα1,α2

which are defined in third section by using different
matricesNα1,α2 is n = 22α1+α2. Therefore the length of
the all codesΦ(Cα1,α2) overF2 is 22α1+α2+1 and they are
equal to the Hadamard codes that are obtained by using
Hadamard matrices. Thus from the previous Proposition
the equalitions
σ⊗2 (Φ(Cα1,α2))= Φ(τ(Cα1,α2))= Φ(Cα1,α2) are
satisfied. Since Φ is injective, it follows that
σ⊗2 (Φ(Cα1,α2))= Φ(Cα1,α2) . Consequently Hadamard
codesΦ(Cα1,α2) are quasi-cyclic code of index 2.

Example 4.5 : Write the matrixN0,1 to define the

code C0,1 . N0,1 =

[

1 1
0 u

]

. Then elements ofC0,1 are

c = (c1,c2).N0,1 , where c1 ∈ R, c2 ∈ F2.C0,1 =

{00,11,uu,1+ u1+ u,0u, 11+ u,u0u+ 11} ⊆ R2 . It
is seen thatdL(C0,1 ) = 2 and

∣

∣C0,1
∣

∣ = 8 and then this is a
(2,8,2) code. Therefore Φ(C0,1) =
{0000, 0011, 1111, 1100, 0101, 0110, 1010, 1001} ⊆

F
4
2 is a (4,8,2) Hadamard code. LetA2 =

[

1 1
−1 1

]

be a

normalized Hadamard matrix. Writing 0 instead of 1 and
1 instead of−1 , the vectors 00 and 10 are obtained.
(Adding the complements of these vectors the new
vectors 00, 10,11,01 are obtained). Then using the
method given above, the new codewords
0000, 0011, 1111, 1100, 0101, 0110, 1010, 1001 are

obtained. The code formed by these codewords isΦ(C0,1)
code which is a (4,8,2) Hadamard code. Moreover
(C0,1)⊥ = {00, uu} , Φ((C0,1)⊥) = {0000, 1111}.

C0,1 is a cyclic code as the equationτ(C0,1) = C0,1 is
provided. SmilarlyΦ(C0,1) is quasi-cyclic code of index 2
as the equationσ⊗2(Φ(C0,1)) = Φ(C0,1) is provided.

Example 4.6 :Write the matrixN0,2 to define the code

C0,2. N0,2 =





1 1 1 1
0 0 u u
0 u 0 u



. Then elements ofC0,2 are of the

form c= (c1,c2).N0,2, wherec1 ∈ R, c2 ∈ F
2
2.

C0,2 = { 0000, 0u0u, 00uu, 0uu0, 1111, 11+u11

+u, 111+u1+u, 11+u1+u1, uuuu,u0u0, uu00,

u00u, 1+u1+u1+u1+u,1+u11+u1,1+u1+

u11,1+u111+u} ⊆ R4
.

It is seen thatdL(C0,2 ) = 4 and
∣

∣C0,2
∣

∣ = 16 and then
this is a (4,16,4) code. Therefore
Φ(C0,2) = {00000000, 01010101, 00110011, 01100110,

00001111, 01011010, 00111100, 01101001, 11111111,

10101010, 11001100, 10011001, 11110000, 10100101,

11000011, 10010110} ⊆ F
8
2

is a(8,16,4) Hadamard code. LetA4 =







1 1 1 1
−1 1−1 1
−1 −1 1 1
−1 −1 −1 1







be a normalized Hadamard matrix. Writing 0 instead of 1
and 1 instead of−1, the vectors 0000, 1010, 1100 and
0110 are obtained. (Adding the complements of these
vectors the new vectors 0000, 1010, 1100, 0110,
1111, 0101, 0011 and 1001 are obtained). Then using the
method given above, the new codewords
00000000, 01010101, 00110011, 01100110,
11111111, 10101010, 11001100, 10011001,
00001111, 01011010, 00111100, 01101001,
11110000, 10100101, 11000011, 10010110 are
obtained. The code formed by these codewords isΦ(C0,2)
code which is a(8,16,4) Hadamard code. Moreover
(C0,2)⊥ = C0,2. C0,2 is a cyclic code such that the
equationτ(C0,2) = C0,2 is provided. SmilarlyΦ(C0,2) is
quasi-cyclic code of index 2 such that the equation
σ⊗2(Φ(C0,2)) = Φ(C0,2) is provided.

5 Conclusion

Some special matrices are consturucted using the
elements of the ringF2 + uF2 with u2 = 0. New codes
generating via these matrices are obtained. It is shown
that the Gray images of these codes are Hadamard codes
over binary field. It is known that Hadamard codes are
obtained via Hadamard matrices. It is also seen that a
Hadamard code can be obtained by using the construction
given in this paper.
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The parameters of dual code and of Gray image of dual
code are obtained. Moreover it is seen that a Hadamard
code is a quasi-cyclic code of index 2.

Thanks to this paper, if we were to work on recurrent
creations of Hadamard codes overF2 +uF2, good codes
would be achieved.
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