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Abstract: A Hadamard code which is written via a Hadamard matrix2s,4n,n)_ code. In this study some special codes over
Fo+4uF, = {0, 1, u, 1+u} whereu? = 0 are written and it is shown that images of these codes un@eaymap correspond binary
Hadamard codes.

Keywords: Hadamard codes, Codes over rings, Linear codes.

1 Introduction linear codes and all elements of their generator matrix are
elements of the rin@» + uF, with u?> = 0.

Certain codes as cyclic codes over the ring were studied ~Since scalers used in the composition of these codes
before. For example, cyclic and constacyclic codes ove@re in the binary field, studying on this codes will be more
the ring were studied by Jian-Fa Qian, Li-Na Zhang andadvantage.

Shi-Xin Zhu in [5]. Again cyclic codes were studied over

more general ring by the same group in [6]. Then these

codes were studied over the most general finite chain rin@ Preliminaries

Fy + UF + ... + U"F i by P. Udomkavanich and S.

Jitman in [8]. It was shown that, the Gray image of a The ring Fz[u]/<u2>: {a0+a1.u+ (2 |ag,a; € Fy } is
linear negacyclic code ovéf, is a cyclic code in [3]. It isomorphic to the ringF, + UF, when 2 = 0. Binary

was proved that, the Gray image of a linear cyclic code . . -
over Z4 of lengthn (n is odd number) is equivalent to a operations on th.e fingz + ufz= {0, 1,u,1+u} are
defined as below:

binary cyclic code in [3].

Structures of certain codes over the riflg were + 0 1 u | 1+u
studied by D.S. Krotov in [1,2]. Especially Hadamard 0 0 1 u | 1I+u
codes ovefZ, were studied by him in [2]. 1 1 0 1+u u

Using a Gray mapping, some new codes over a Galois u u | 1I+u| O 1
field via codes oveF, + uF, and generally codes over a 1+u | 1+u| u 1 0
finite chain ring F x + uF « + ... + U"F x has been
obtained. It is known that the distance ov&r+ ulF, is O] 1 Jul 1+u
Lee distance (weight) and the distance over 0 O 0 |0 0
Foo + UF g + ... + um]Fpk is homogeneous distance 1 O 1T |ul I+u
(weight). Ft is shown that the new codes obtained by Gray u Ol u 10 u
map has the same minimum distance of the previous 1+u| 0| 1+u | u 1
codes.

In this study(n, 4n, n)_ codes oveF; + ulF, with u?> = 0 The ring R =F, 4 uF, has three ideals satisfied the

are defined and using these cod2s,4n,n)_ codes over inclusion; (0) C (u) C (1) = R Let C be a(n,M,d)_
IF, are obtained. These new codes which obtained by Gragode. It means tha has the lengtim , it hasM elements
map are Hadamard codes. Moreover these new codes aend its minimum distance .
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Lee weight ofr = (rq,r,...,rh) € R" is defined as
n

w(r) = _zle(ri) where w (0) = 0, w. (1) = 1,
&

Wi (u) =2w (14u) =1.

The minimum Lee weight of a code is defined as
d.(C) = min{d.(a,b) | a,b € C,a+# b} whered,(a,b) =
wi (a,b) is the distance betweenb € R", a#b.

The generator matrix of a codin the ringR =F;, +

uF,isG = [ G . HereG; is aky x n matrix which has

u.G,
elements irff, + uF, andG; is ak, x n matrix which has
elements irf,. Hence|C| = 2%atke,

The codeC written in this study is a'4.2%_ code and
it is written as

G
C={c=(cL,C). U.éz

A nx n matrix such that all components arel or 1
and M.M! = n.| is called Hadamard matrix. A x n

|ci e Re, e Fle}.

Certain examples for the matri?1-92 constructed
above are given below :

00 0o1_ |11 o2 1111
N9 =[1],N% = oul N*¥=]00uuy,
u
OuOu
11111111
NO3 — 000OQuuuu NLO — 111 1
OOuuOOuu |’ Olul+ul’
OuOuOuOu
111 1 111 1 111 1 1 1 1 1
Nzo_{ooo 0 111 1uuu u l+ul+ul+ul+u:|,
Olul+uO0Olul+u0O0lul4+u O 1 u 1+u

111111 1 1
0011uul+ul+u
OuOuOu O u
Define the code
Cof2 = {(c,c). N2 | ¢y € RH ¢y € F32 }

Nl’l _

matrix is called binary normalized Hadamard matrix if it which has a generator matriX?:%2 where a, a, are

is obtained fromM, n x n normalized Hadamard matrix

writing 0 instead of 1 and writing 1 instead ofl . LetA,

integers such that,a, > 0 . The lenght of this code is
n= 229119 Moreover the parameter of the cogé.22

be binary normalized Hadamard matrix of a binary overF,+ uF, are(n,4n,n) .

Hadamard matrixM,, . If each two rows ofA, are

Theorem 3.1 : Let @ : R" — F2" be Gray map.

orthogonal therj) elements are different for these rows of If C%:% s a code generated by the mathii1-92 over

Think that each row oA, is a vector. Then it is seen

that the distance between two row%is

F2 + UF», its image®(C?:92) under the Gray map is the
(2n,4n,n)_Hadamard code over the fiel} .
Proof : The codeC%:%2 generated by the matrix

Write each row in the matrix as a vector which has N?1.92 which has dimensiota; + a, + 1) x nis the form
length n. Adding themselves and their complements to C91:92 = { (c,c;).N91:%2 | cp € Ratl ¢, ng }. The
back of these vectors respectively, new vectors which ha$ength ofCo102 j5 n = 2201+02 |t is clear that the code
length 2 are obtained. Write these new vectors as a codgai.02 - R js g repetition code and it has &lements,
words. If completions of these code words join to this set,j ¢ co1.02 i5 g (n,4n,n)_ code. Hence®(C192) C F3"

it is obtained that a Hadamard code includedefements.
Thus the minimum distance of this codenis
Generally the Gray map is defined as :

@ R — F3"

(r1,r2,...;fn) = @ (rq,ra,....,rn) =
(b17b23 "'7bn7a1+b17a2+ b277an+bn)

wherer; = a; +uly € Rfor 1 <i < n. ThereforeCis
a code oveff; 4+ uF, which has lengthm , its image®(C)

and®(C9-%2) js a binary Hadamard code wit@n,4n,n)
parameter.

Corollary 3.2 : The dual code of(Co%)L is a
(n,j—2,4)_code and its imaged((C%-92)L) under the
Gray map is a(2n,j—;,4)_ code, in except the case
a;=a;=0.

Proof : The generator matrif91:%2 of C72:92 js the
parity-check matrix of the dual cod€°:92)+ . The dual
code of (C92)L contains elements of R satisfied

under the Gray map will be a binary code which has lengthN%2.cT = 0 . It is easily seen that the number of words

2n.
There is a relationd (a,b) = du(®(a), P (b)) for
a, b € R" between Lee distanak overR" and Hamming

distancedy over F3". This means that Gray map is an

isometry.

3 Construction

Choose that all elements of first row of the matk::92

from the sef{ 1}, choose that the elements of the otherrowC =
from the set{0,1,u,1+u} if a, =0 and from the set
{0,u} if a; = 0. Assume that colums of this matrix are

satisfied this condition i%"] and the minimum weight of
these words is 4 . ThU€%2) " is (n, 4° 4)_code . Also
it is seen thatp((C%1-92)+) has the parameté®n, 2—2,4) .

4 Cyclic codes and quasi-cyclic codes of
index 2

Let ¢ = (c1,Cp,...,cn) be an element of R
(c1,C2,...,n) is mapped one to one with

c(x) = élci X € R[x.

lexicographically ordered. This matrix constructed above

is a special matrix which has; + a, + 1 rows.
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Definition 4.1 : Let C%%2 C R" be a linear code ,
n= 2201+% gnd define the map

T: R R
(¢1,C2,...,Cn) = T(C1,C2,...,Cn) = (Cn,C1,...,Cn-1)

If 7(CY1.02) = C91:92 thenC:?2 js defined as cyclic code
overR.

Definition 4.2 : Let D91:92 C F,? is a linear code,
n= 2201+% gnd define the map

0%2 1 T2 5 20

(dla d27 LA dZn) — 0—®2(dla d27 (RS dZn) =
(0, dy, ..., An-1,02n,dn+1, ..02n-1)

If g®2(D%%2) = D992 then D% s defined as
quasi-cyclic code of index 2 ové, .

Proposition 4.3: 0%?® = @ 1.

Proof : Let ¢ = (c,C2,...,cn) € R" where

G =a+ub € Rfor 1<i<n If &) =
®(cy,Cp,...,Cn) =P(ag + ubg,ap + uby,...,an + uby)
= (by,by,....,bn,a1 + by,@ + by,....,an + by) then
8—@2)((D(C)) :(bn7b17"'7bn717an+ bn7a1+ blw“aanfl—’_
n-1) -

On the other handg (cg, ¢y, ...,Cn) = (Cn,C1,...,Cn—1)
.Then® t(c) =®(1(cCy,Cp, ...,Cn)) =P(Cp,C1,...,Cn—1) =
(bn7b17"'7bnflaan+bn7a1+bla"'7anfl+bnfl) .

Theorem 4.4 : Hadamard codes which are obtained

obtained. The code formed by these codewords(ig%?)
code which is a(4,8,2)_.Hadamard code. Moreover
(COHYL ={00,uu}, @((C®H)+) = {0000, 1111}.

C%! is a cyclic code as the equatianC®!) = C%1 is
provided. Smilarly®(C%1) is quasi-cyclic code of index 2
as the equatior®?((C%1)) = &(C%?) is provided.

Example 4.6 :Write the matrixN®2 to define the code
1111
0 0uu|. Then elements ot are of the
OuOu
form ¢ = (c1,¢2).N%2, wherec; € R, ¢, € F2.

C%2={0000,0u0u,00uu,0uu0,1111,11+ull

+u,1114+ul+u,114+ul+ul, uuuu,uOuO,uulO,

uOOu,1+ul+ul+ul+u,14+ull+ul,14+ul+

ull,14+ulll4u} CRA.

It is seen thatl (C%?) = 4 and |C%?| = 16 and then
this is a (4,164). code. Therefore
®(C%2) = {000000000101010100110011 01100110
0000111101011010001111000110100111111111
1010101011001100100110011111000010100101

110000111001011G C F$

CO’Z. NO’Z _

1 1 11
is a(8,16,4)_Hadamard code. Let; = i _i —} i
-1-1-11

with N91-92 are quasi-cyclic code of index 2, in except the pe a normalized Hadamard matrix. Writing 0 instead of 1

casea, =0.
Proof : It is seen that the length of the codg$-2

and 1 instead of-1, the vectors 0000, 1010, 1100 and
0110 are obtained. (Adding the complements of these

which are defined in third section by using different yectors the new vectors 0000, 1010, 1100, 0110,

matricesN9:92 js n = 229192 Therefore the length of

1111 0101,0011 and 1001 are obtained). Then using the

the all codesp(C?%2) overFFy is 2271*% 1 and they are  method given above, the new codewords
equal to the Hadamard codes that are obtained by usingop00000010101010011001101100110,

Hadamard matrices. Thus from the previous Proposition; 1111111 101010101100110010011001

the equalitions  00001111010110100011110001101001,
o“2(@(CM%2))=  @(1(CM%2))= @(C™) are  11110000101001011100001110010110 are
satisfied. Since @ is injeCtive, it follows that obtained. The code formed by these Codewords(@oaz)

092 (@(C92))= @(C%2) . Consequently Hadamard
codes®d(C-92) are quasi-cyclic code of index 2.
Example 4.5 : Write the matrixN%! to define the

codeCOl . NO1 = é

¢ = (c1,c2).N%1 | where ¢; € R,c; € F,Co =
{00,1,uu,1+ul+u,0u,114+u,u0u+11} CR?. It
is seen thatl (C%') =2 and |C%!| =8 and then this is a
(2,8,2)_code. Therefore oCcol) =
{0000,0011,1111,1100,0101,0110,1010,1001} <

F$ is a(4,8,2)_Hadamard code. LeA, = _11 i be a

&] Then elements of€%! are

code which is a(8,16,4)_.Hadamard code. Moreover
Cc%2)L = %2, %2 is a cyclic code such that the
equationt (C%?) = C%? is provided. Smilarly®(C%?) is
quasi-cyclic code of index 2 such that the equation
0®2(d(C%?)) = &(C%?) is provided.

5 Conclusion

Some special matrices are consturucted using the
elements of the rind» + uF, with u> = 0. New codes

normalized Hadamard matrix. Writing 0 instead of 1 and generating via these matrices are obtained. It is shown
1 instead of—1 , the vectors 00 and 10 are obtained. that the Gray images of these codes are Hadamard codes
(Adding the complements of these vectors the newover binary field. It is known that Hadamard codes are
vectors 0010,11,01 are obtained). Then using the obtained via Hadamard matrices. It is also seen that a
method given above, the new codewordsHadamard code can be obtained by using the construction
0000,0011,1111,1100,0101,0110,1010, 1001 are givenin this paper.
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The parameters of dual code and of Gray image of dual
code are obtained. Moreover it is seen that a Hadamard =
code is a quasi-cyclic code of index 2. .

Thanks to this paper, if we were to work on recurrent _
creations of Hadamard codes ov&r+ uF,, good codes
would be achieved.
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