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Abstract: In this paper we define a new fractional integral operator amplex z-plane C. We are also interested a fractional
integration operator to be compact and bounded, providee sommples in Bergmann spaces. By considering the propeiti@auss
hypergeometric function we study the univalence and catyéxr the new operator. Finally, we follow modification forl to ensure
existence for this operator to be in class of univalent fiamcin U.
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1 Introduction Definition 1.The fractional integral of ordem is defined,
for a functionf (z) by:
1 /‘Z _
(2= —— | f(Q)(z—0)*dZ; 1)
Fractional calculus is considered one of the importantZ ) I (a)Jo (O )

branches of mathematical analysis. Actually, in the recenfyhere 0< a < 1, and the functionf(z) is analytic in
years a lot of attention has been given to fractionalgimply-connected region of the complexplane C
integral and differential operators in geometric function containing the origin  and the  multiplicity
theory. There are several kinds of fractional integral andof (z— 7)a-1 is removed by requiring ldg— ) to be
differential operators, such as the familiar operators ofrea| when(z—¢) > 0.

Biernacki, Carlson, Ruscheweyh, Srivastava and Owa,

(see [], [8], [9], [10], [11], [17]). One of the important  Definition 2.The fractional derivative of ordem is
problem in the geometric function theory is univalent defined, for a functiorf (z), by

functions and how to construct a linear operators that 1 d sz

preserves the class of the univalent functions and some d?z f(2) := iz —/ f({)(z—{)"“d¢; 2
! . . i (1—a)dz /o

its subclasses. Biernacl8][claimed that a certain integral

operator maps class of univalent into itself, but laterwhere 0< a < 1, and the functionf(z) is analytic in
Krzyz and Lewandowski provided a counterexamplesimply-connected region of the complex-plane
in [6] that the claimed was not true. While, Libera containing the origin and the multiplicity dz— {)~“ is
considered another linear integral operator7h fvhich ~ removed by requiring lo@ — {) to be real when
maps each of the subclasses of the starlike, convex an®—{) > 0.

close-to-convex functions into itself, for more S~

information can be found inlf and [L5]. Among these Remarld-or the above two Definitionsand2, we have
operators in geometric function theory, two operators Fve)

were investigated by Srivastava and Owa (e[[L0Q]), af vy _ v v—a . _

which are defined as follows: bz{z'} = rv—oa-+ 1)Z »0<a<liv>-1-(3)

rv+1) _,iq

a Vvl - —
IZ{Z}_F(v+a+1) ;o O0<a; —1<v, (4)
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wherez # 0 and 2 Fractional calculus operators
DY f(2) = OI%Izl“”f(z). (5)  In this section, we provide some definitions and give

. . some related results in the present work. We prove some
For more information for those operators, can be foundproperties of the new fractional integral operator, for
in [13] and [12). In [18], Tremblay defined a fractional instance: the boundedness, compactness in the Bergman
differential operator in complexplaneC and defined as space and study two further examples.
the follows

FB) 1 8-ag.a The Bergman spac&P(U) for (0 < p < 1) is the set of
05 f(2) = %Zl Pog-Fz (6)  functions f analytic in the open unit diskl := {z: z ¢

C; |7 < 1} with the norm||f |5, < co defined by

whereD‘z’_B is the fractional derivative Riemann-Liouville

operator angB € N\ {0}, also (see19], [14]). Note that ||f|‘g[p = 7_11/ |f(2)|Pd2A < oo ze U,
in [20], we have Y

0%F{e&} = 1Fi(a,B,2). whered®l is known as Lebesgue measure oler
In [5] Ibrahim extended the operatd)(n unitdiskUand  pefinition 4.Let f(z) be analytic in a simple-connected
studied some univalence properties of this operator. region, for all z € U, containing the origin and

Definition 3.For all z € U, the Gauss hypergeometric (0 <a <1), (0 < <1) such that(0 < o —f <1).
function is denoted by ,Fi(a,b,c;z) (or simply  Then the fractional integral operatﬁf’ﬁ is given by:
F(a,b,c;2)) and is defined as follows

o B=1t(t)
(@)m(b)m 2" 0Btz = — D A [ et ®
Fi(ab,cz = § =20 = z : — — - :
2l ) n;o (©Om m rB)ra—p) 0 (z—t)l-a+p
— 14 a;ijL w.gjL_”’ (7y  Where the multiplicity of(z—t)?#~1 is removed by
lc 1.2.c(c+1) considering logz—t) to be real wheriz—t) > 0, and if

wherea,b € C, c € C\ Zy, and(a)m is thePochhammer ~ @ = B, thenwe have
symboldefined as: 299 f(2) = {(2).

(@o=1 (@)m=ala+1)---(a+m—-1), (meN).

Definition 5.Let f(z) be an analytic function in a

simple-connected region, for al € U, containing the
origin and (0 < a < 1), (0 < B < 1) such that

lhz4 2424 (Ogg a— B( < 1). The)n \(/ve dgﬁne 'Zhe fractional

In the following remark, we recall some properties of the gifferential operato?? as follows:

Gauss hypergeometrianction in unit disk which we need

In particular, ifa=1,b = c, then the series in Eq7)takes
the form

in the development of the work. 1-B z ta-1
I R L Ly L R
Remark[3], [4] For allze U anda,b € C,c€ C\ Z;", Mo)(1—a+p)dzJo (z—t)a-AR
then
(iyThe differential of functions?) defined as: similar to the definitior4 the multiplicity of (z—t)P ¢ is
ab removed by requiring log—t) to be real wheriz—t) > 0.
(2F1(a,b,c; z))/ — szl(gﬂ_ 1,b+1,c+1;2). In particular ifa = 8, we have
(ilThe Euler integral representation for functiof) ( T3 (2) = 1(2).
defined as i
In the present work, we apply the definitioh and
2F1(a,b,c;2) = definition 2 to define the operators in8 and ©);
I (c) 1 e B respectively. In the following theorerh we consider to
m/o (1 — )P Y1 - zt)Adt. show that the operato8) is bounded in the spac”(U).

Theorem 1(Boundedness) Lef € & on unit diskU.
The aim of this article is to obtain a new fractional integral Then the operatoﬁ?’p : 2P — 2P is a bounded operator
operator that involves the fractional integral of Sriveata  and
Owa operator and study some of properties in the open unit

disk. We also consider the Gauss hypergeometric function, |28 f @150 <IT(@150 (f e o)
and modified this operator to stay in the univalent class and

their subclasses. forallze U.
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Proof Suppose that(z) € 22, then it follows that

L
18P 1@ 15 = = [ 1281 @)IPa

Proposition 2Let f(z) € &/, 0 < a <1 and 0< B <1,
then

TIPelPt(2)=1(2) (12)

Sl (e a-p-1,8-1 P .

= E/U m/o (z-1) t f(t)dt’ d2 is hold true for aliz € U.

B 1/ 2797 (a) ProofFor proof Eq.L2), we use Dirichlet formula, we
T mJu|r(B) (a—B) obtain

(5P PYt(2)

= ,—(B)ZLB d B —aya—1a0.8
*md—z{/o (z—t)P-ata1g] f(t)dt}

. p
></ (1—Ez)ﬂfﬁflzafﬂfltﬁflf(t)dt’ daL.
0

Loy . .
By settingu = : and using Beta function

Z=B
Blac) = [ (-t = LT “raaipra p”
0 I(a+c) d 7 ba t 0 B 1sp1
then we obtain d_Z{/o (=) /{(t—f) ¢ f(E)dEdt}
1258 (2) |5 - f;r B
1y I (a) 1 ape1,p8-1 P _a,z -
il rEra—p f 40T ey e dﬂz{/o 6’3’1f(€)dé.l‘(1—a+ﬁ)l’(0—B)},
17 I (a) o Na-B-1 B P

< 7T/U 7,_@),_((1_@/0 (1—u) 1Pt (uzgdu| du —f(2).

Note, the inner integral is assessed by the same methods

gi/umm%m _
mJu as in Theoreni.

This completes the proof of the Theordm Proposition 3Let f (2) € 7, then

Theorem 2(Compactness) Leff(z) € & on U. Then
() 2Pt () = (B AP A (g

3P 9P — AP is compact.

Proof Assume that the functioh&)neN be a sequence in whereZ = %.
AP and thatf, — 0 uniformly onU asn — . Then

1
aBg P — - a.Bg (P
(v fnllmp—gglg{n/mmz fol dm}

- 1 r(a)z—¢
‘fé‘m?{ n/U F(B) (a—B)

z p
x/ (z—t)“ﬁltplfn(t)dt‘ dQl}
0

Ssuwp{;lr/uj\fn(f)\pd%}
ze
< || fnll5e- (11)

ProofFor proofing, we consider E&)in Remarkl.

Proposition 4Let f(z) € «/. For allze U and for some
0<a<1,0<B<1, wehave

(10) 2B eBat(z) = 1(2) (13)
and
LaPeBHE(2) = LT H(2). (14)

ProofThe proof is straightforward by following the
method as in the propositidh

Since f, — 0 on U, we obtain|| fy||ar — 0, and that
€ > 0, by puttingn — o in Eg.(10), we have that
Ain |\£‘Z’75fn|\§[p:0. Hence, the compactness of the

3 New operator and special functions

In this section we show that the operaﬂ:ﬁ’B represents
some special functions. In the next we consider one special
. functions in geometric function theory, that is also known
Now, we are ready to prove some properties ofas Gauss hypergeometric functi@md study some their
fractional integral operatdi:‘zm in open unit diskU. properties in the unit disk. First of all, let the class of all

" analytic functionsf (z) denoted bye7 andnormalizedas
Proposition 1Let f(z),9(z) € & anda,b € C, then the form:

operatore?? follows.

9B (af+bg) =acdPf 4 bedh <
27 ( 9) z 2" 9 f2) =2+ 3 am?", zeU (15)
forallze U. m=2
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and satisfyingf(0) = 0 and f/(0) = 1. Further, let us ProofBy assuming that the functiof(z) given by (L5) in
denote the subclasses of by . and 2 which are the class, then by using Exampl# we have
respectively, univalent and convex functionslinin [2],

we know that iff (z) is given by @5) which is a member MNa ©
in the class of univalent functions.”, then PP ):%Zl a7 ’3{ z amz"™P l} ap =
lam| <m, m={23,---}. Furthermore, iff (z) given by m=1
(15) is in the class of convex functions?, then _ (o) ¢ ’_(”HLB+1)am+ el
an| <1, M={1,2,3.--}. F(B) & (mratDmi?
i ; B < (B+Dm 1
Now, we consider to find the upper bounded of the Ll z amy ,
operator ) of univalent and convex functions. a &l (a+1)m
Theorem 3For extension the operatd)(in unit disk, let
f(z) = Smeoamz" belongs to class of analytic functions Subsequently,
o/, then B e (Bl
|29Bf(z) <r= (B+m (m+r™ |z =r
ra+1lm
9Pt (z) zsaﬁ{amzm} o =0
B @nlBi Ut
I(a) °° T a r(a+1)m m
=—— 5 B(a-B,+mamz". m=0
FEra—p & ) 0

ProofFor allze U, we obtain

a.B a.B RemarkWe note that, the series in Ed.G) is absolutely
£ 71 Z €77 {amz"} convergent for allz € U, so that represented as the
analytic functions and holds true for property of Gauss

1 o
_ (o) / (Z_S)G—B—lsﬁ—l z ans"ds hypergeometric function in open unit disK (see BJ;
r(Br(a—p) = p.28; Ch.1; Eq.(1.6.11)).
r(a)z¢ a—B-1p8-1
- (B (a— B)/ (1_2) ¢ Zoamsmds Next, we are interested to find the upper bound for
m inequality involving the hypergeometric function, which
— (B)r((a) B)/ (1—u) 2 F-u)p-1x is given in the following Theorem.
(B (a- 0
20Mdu Theorem 5(Convexity) Let the functiorf (z) belongs to
,;oam( ) class of convex functions”. Then

|£9PBt(2)| < %{ZF(LﬁH,aﬂ);r)}.

where we can change the order of integration and
summation since the seriei amz™u™ is uniformly

m=0
convergent in open unit diskl for 0 < u <1 and the  ProofBy imposing thatf (z) € .#, we obtain

1
integral/ |(1—u)?P~Yu)P~|duis convergent as long
0

as 0< a <1 and 0< B < 1, then we have 1£5P£(2) i ,—Ba++11m oz =r
10 g 2 a2, Tarnem
/01(1—u)afﬁfl(u)m+ﬁ*1du = rg{zF(l,B+1,a+1;r)} a7
:%éﬁ(a—ﬁ’m‘#maﬂm forallze U.
Hence, we arrive at the desired result. Theorem 6Let f(2) € 7, then

Theorem 4(Univalence) Letf (z) € .. Then

88812 < r(F(LB,air)) 1) < gy f, 9w s
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ProofSuppose thatf (z) € - onU, then we have In the next we provide some examples.
—
129B ¢ (2)] = Ilzggizl,alg,gzﬁ,lf(z) Example lLet f(z) =2z', forallze U, then
ra)r(v+

B T (Un(B+D R i i LU GO

- ango (@a+lm ~m

B " F(m+B+1)r(a+1) rml Solution. By consider the Equatio8)( we obtain

*an;, "r(m+a+Hr(B+1)" m 0 s r(a) I

FVRCR ) S S R / —— gt dt
() g(l) F(m+B+1) rmi r(B)ra—p) 0 (z—t)l-oth
rB) & '"r(m+a+1) m where 0< a <1,0<B<land0<a—-B<1landze
r(a) © r(m+B+1)r(a—p) rmt U,v € R. By using substitutiorw = !, we compute the
= mﬁgo(l)m FEimiail B m inner integral to get

Multiplying and dividing byl" (a — 3),

rr(a) hed
“TFBa—p) 20

1 m
Br1_ga-B-1gsl
x{/o $MB(1—s) ds}m!

where O< a —3,0< B+ m,soa > 3 > 0 and since

rarp [t  qp-1
o - p)_/osq (1-9Plds
then it follows that
2101 < e
! ap1f (rs)™
></0 P19 P l{nZO(l)m = }ds (18)
and the substitution
1 B I(a)
B(B,a—B) T (BI(a—B)
yields that we have

|20’ﬁf()|
,BBU B/sﬁl 97 P11 —rs) lds

Remarkizrom Theorenb and Theoremd, we can easily
conclude that the new operator B) {s a generalization of
Carlson-Shaffer operator (se) and it can be written in
the following form, if 3/a = 1 then we have:

L3Ptz = 2(B+1La+1)f(2), fed,zel,
where
ZB+1a+1)f(2 =p(B+1,a+1;2)*f(2)

andx stands for the convolution (or Hadamard product) of
two functions which is given byl),

(B+1)m1
(a+21)m1 7"
=R (1,B+1,a+1;z).

(19)

(B+1a+1z—z+z zeU

z tv+pil v+a—1
————dt=2"""""B(a - B,v+
A (a—B,v+p)
whereB(.,.) is the Beta function. Thus, we have

Farv+p) ,

= rgrvea”

(21)

Example et f(z) =" = 3 %z" forallze U, then
v=0 ""

1
) = i f, (-
=1R(B,a;2), (0<B<a).

Solution. In this example we follow same as methods in
Examplel and we obtain

20 () = (B - le /
= /0 (1— U)o+ B (uz -1y

)a-B—1tP-1ddt

I(a) /1 1-a+B, B-1
=’ 1-u uP~tefUdu
FBra—p Y
=1F1(B,0a;2).
RemarkVe note that iF(B,a;z) is confluent

hypergeometric function ( or Kummer function), for any
z € C this function is convergent and it has an integral
representation (se@j| p.29, Eq.1.6.15). In any case, may

be can represent the operaﬁbj"ﬁ in Example2 as the
following integral

S0P} — % /0 S u)t Ay
Or, by using the fact of the beta functi®@{,a — 3) =
)(7“’; yields
e P{e =

1

S p w0 p <o)

(@© 2016 NSP
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Example et0< a <1,0< B <1land|z <1, then

e8P {(1-2)7V) = oFi(v,B.a;2).

where

(1-27V =1+vz+ v+l o, VVEDVAD) 5

a 7 3
Solution. By direct calculations, we obtain

a

Zl a Y Sia_p_
/SB 1-97va -2) P-1lds

I'(or) / VP 1—-uwo P L1—-uzvds

T (B (a—pB)Jo
=Rk (v,B,0;2).

Therefore the proof is complete.

4 Some Applications of operatori)ﬁ"l3 in U

In this section, we modify the operatﬁf’ﬁ in unit disk,

in order to keep and ensure the existence in class of

univalent functions and their subclasses (skg}, [15]).
Further, we also discuss the distortion inequalities fer th
modified operatorg).

Definition 6.Forallze Uand some & a <1,0< 3 <1,
such that 0< a — B < 1. We define the modification of
fractional integral operato8j as follows:

L9Pt(2): o - o

LaBf(2) = (%) 29Bt(2), (few)

2 Ma+1)r(m+p)
Z+ZI‘B+1) r(m+a)

amz™

=z+ Z O(m)amz"
m=2
where F @t Drmep)
a m
oM = FErDrmra)

Note that ifa = B thenLy"? f(2) = f(2).

Remarlor all|zZ <1; ze C, then we have

=0

LBt (2) o

and

(LEP1@)| =

where O< a <land0O< 3 < 1.

1,

Theorem 71f f(z) € o/, thenforO<a <1,0<fB <1
and0<a-fB<1

LBz -z <M, |Z<1

(2-1r(B+1)
(1-12(a+1)

ProofBy assuming that thé € ., we obtain

whereM =

ILSPt(2)—7 = %Zl_alf_ﬁzﬁ_lf(z)_

2 MNa+21)r(m+p)
Z >, T (B+1)I (m+a)

o

"5

r(a+r (m+p)
F+ur(m+a)

where@(m) = (m>2).

Note that,

LBt 7 =| 5 P11 +1amzm‘

e a+1

B+1
a+1

B+1 _, m-2
< 22
<EHEEI M @)

= ww
(1-r)2(a+1)"" "

where the Eq42) used|z| <r and|am| < m.

3 lanlz"

5 Conclusion

In the present work we defined a new fractional integral
operator in a complex domaifi and then we prove that
this operator is in the class of univalent functions by using
some modifications. In addition, we also studied some
properties of this new operator and its representation by
Gauss hypergeometric function in the open unit disk
The topological properties of related operators are also
considered such as the boundedness and compactness.
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