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Abstract: This paper presents a regression model for a special casteofal type-2 fuzzy sets based on the least squares eistimat
technique. Unknown coefficients are assumed to be trianfutay numbers. The basic idea is to determine aggregatienvals for
triangular fuzzy numbers membership functions of whosel@asemembership function and upper membership function teriral
type-2 fuzzy set and to determine an affinity measure for tw@rval type-2 fuzzy sets based on these intervals.

Keywords: interval type-2 fuzzy sets, fuzzy regression, weightedrival.

1 Introduction fuzzy partitioned into ¢ clusters using fuzzy c-means
clustering (FCM) algorithm. Then, one regression
Currently, there are three different approaches in fuzzyfunction is calculated to model the behavior of each
regression analysis. Let us dwell briefly on each of them: partition. In [L3] linear regression function to estimate the
(@) Methods proposed by H. Tanakal] [ and parameters of each function is proposed. A new fuzzy
investigated by H. Tanaka, et aR,B,4], A. Celmins p, system modeling (FSM) approach that identifies the fuzzy
6], D. Savic and W. PedrycZ], Y.-H.O. Chang 8,9,10] functions using support vector machines (SVM) is
Y.-H.O. Chang and B.M. Ayyubl[l] in current literature, proposed in 15. This new approach is structurally
where the coefficients of input variables are assumed talifferent from the fuzzy rule base approaches and fuzzy
be fuzzy numbers. These fuzzy regression models areegression methods. Method SVM is applied to determine
based on the possibility theory instead of the probabilitythe support vectors for each fuzzy cluster obtained by
theory or they are based on both possibility andfuzzy c-means (FCM) clustering algorithm. Original
probability theories. input variables, the membership values obtained from the
(b) Method proposed by R.J. Hathaway and J.C.FCM together with their transformations form a new
Bezdek [L2) where first the fuzzy clusters determined by augmented set of input variables. Methods proposed in
an fuzzy c-means clustering (FCM) algorithm define how[13,14], were investigated inl[g].
many ordinary regressions are to be constructed, one for
each cluster. Next each fuzzy cluster is used essentially
for switching purposes to determine the most appropriate  The methods of fuzzy regression from group (a) have
ordinary regression that is to be applied for a new inputreceived a lot of developing in the past yeat2[3,4,17,
from amongst a number of ordinary regressions18,19,20,21] A major difference between fuzzy
determined in the first place. regression and ordinary regression is in dealing with
(c) Methods proposed by [.B.Turkseid and A. errors as fuzzy variables in fuzzy regression modeling,
Celikyilmaz [14], where the fuzzy functions (FFs) and in dealing with errors as random variables in ordinary
approach to system modeling was developed. The newegression modeling. The researchers have tried to
FFs approach augments the membership values togethertegrate both fuzziness and randomness into regression
with their transformations to form a new input variable to model. As a result of this the hybrid fuzzy least-squares
find local functions. First the given system domain is regressions were developet]9,10,11,22,23,24].
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However, the methods of fuzzy regression analysis are
limited by consideration of type-1 fuzzy sets (T1 FSs).
Moreover, the fuzzy regression analysis must provide a }(%;B_%)z(,da
way to model the observed fuzzy data such as words (forg = 2

example linguistic descriptions of the type: “good”, “very [2ada
0

1
= [ (B} +B3) ada =
0
good”, “excellent”) models of whose may be interval ;
type-2 fuzzy sets (IT2 FSs), proposed by L.Zadeh and [(b— (1—a)b +b+ (1—a)by) ada= b+%(br —by)
developed by J. M. MendePRp). IT2 FSs have enough ©
degrees of freedom to save individual data of subjects . ] o ]
about a word (“words mean different things to different ~ According to this definition, two normalized
collective model for this word. In order to include IT2 Widths are converted into one crisp number. For example,
FSs into a regression, a need for developing a new€t consider two triangular fuzzy numbeis:= (2,2,2),
method exists. The basic idea of this method is toB = (2,1,1). The weighted points for numbe&8 we
determine aggregation intervals for triangular fuzzy shall designate accordingly &sB, then:
numbers, membership functions of whose are low
membership function (LMF) and upper membership N
function (UMF) of IT2 FS, to determine an affinity
measure for two IT2 FSs based on these intervals and to A= /(4— 2(1-a)+2(1—-a))ada =2,
use the least squares estimation technique. 0

2 Weighted intervalsfor interval type-2 fuzzy

1
s B:0/(4—(1—a)+(1—a))ada:2.

Let us consider a special case of IT2&Shown in Fig. 1. While this may not present a problem to solve a
number of practical tasks, however, for example, in
decision-making problems and some other problems the
necessity arises to find aggregative indexes that will
possibly accumulate different bounds of input fuzzy

) numbers.

That is why we propose to use the definition of
weighted point for a triangular number in order to
determine a weighted interval for this number.

Let define the weighted set for the triangular | fuzzy
numberA = (a, &, a) as the set of weighted points of all
triangular numbersB = (b,by,by) that belong to the
numberA.

Proposition 1 26]. The weighted set for the triangular
fuzzy numbeA = (a,&,a) is an intervalA, Az], such as
Ar=a-ia,A,=a+ia.

x We shall call the intervelA1, Ao] the weighted interval

for the triangular fuzzy numbek = (a,a, a).
_ Let consider two triangular fuzzy numbers:

. A=(2,2,2), B=(2,1,1) again and define the weighted

Fig. 1. IT2 FSAwith LMF pz and UMF. intervals[Aq, Az],[B1, Bz] for numbers, B.

This IT2 FS is defined by LMF and UMF , which are
denoted byuz and iz respectively, uz = (a“, af-,af) | 1 1 9
M = (aV,a’,aY). The first parameter in bracket is A1=/(4—2(1—a))ada =2-2xg=13,
abscissa of the apex of the triangle that is a graph of the 0
corresponding membership function, while the last two
parameters are the lengths of the left and right triangle
wings correspondingly.

The definition of weighted poinB for a triangular Ay =
numbeB = (b, by, b;) was given in 1LQ]:

(4+2(1—a))ada =2+2x é :2%,

O\r—\
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Let us define an affinity measure for two 1T2 F&8

1 wi'ih ) U AU I_Weli_ghedu y intervals
B, = /(4_ (1—a))ada = 2_:_L — 127 [AL.A5] . [AL A3 ].[BE,BS]  [BY , B3]
0 2(A,B) = (AL —Bf)+ (A5 — BS)+

i (A —BY)"+ (A5 —B3)".

1 1
Z/(4+2(1—a))ada:2+é :26’
0

3 Problem formulation and solution

2 1 5 1 Let Yi = I,n are output IT2 FSs , defined by LMFs
(A, Ag] = [15725] ,[B1,B2) = [16 26] by = (y'L yHi o= In  and UMFs

hat th ioh o by, = (VU YY), YV —ylY >0i=1)n.

_ lItcan be obse.rved that the weig ted pointsAcdind Let X, j —Tm, i — Lninput IT2 FSs, defined by
Bare the same while the weighted intervals for these fuzzy ! e

numbers are different. The greater wings of the triangle LMFs Mg = (X“L,x|J X ) and UMFs

the greater the weighted interval. 0 “U i iU v [
The weighted intervals are suggested to be used g = (X“ X% ) XP =T >0j=1mi=1n

situations where it is necessary to accumulate morg¢ MFs and UMFs of output and input IT2 FSs are

information about fuzzy numbers than aggregative pointtriangular fuzzy numbers.

crisp indexes contain when there is no requirementto get  The linear fuzzy regression model relate%wnh

only aggregative %lé]mbﬁfs- e . A meaningsYii = 1,n) to Xj,j = I,m (with meaningsX,
Proposition 2 26]. The weighted interval for number ; _

A+ B can be obtained a$A;+Bi, Ax+By|, where j=1mi=1n)as follows:

[A1,A2],[B1,B] are weighted intervals for triangular

?:éo+élil+...+anim.

numbers, B. o

Proposition 3 26]. The boundaries of weighted g = (bl,bﬂ,bg),j = 0,m - unknown coefficients,
interval for numberD = A x B are defined by linear ich are defined’as triangular numbers (not necessarily
combinations of parameteﬁs B. symmetrical)

Let us consider nonnegativé = (a,a,a) and a
triangular numbea = (b,b;,b,).
Proposition 4 27]. Boundaries of the weighed interval

{GaiLA, GgA} of product of fuzzy numbera andA look like

The method of regression’s creation is based on the
transformation of the LMFs and UMFs of input and output
IT2 FSs into weighted intervals.

Let us determine the weighed mterva{@l'- 62'-}

1 1 1 {Glu GZU} for LMFs and UMFs of model output data
6z =b(a+(—1)%Zau, | — b ( za+(—1)% Sau
A 6 '\ 6 1277 ) Y = 8o+ &X] + ... + &nX, using propositions 1-4:

1L 0 1L i w pi
6} b——b JZeajx.(b‘,b,b#),
1 S

2L _ 0 0 2L j
- | 62 _b—6b|+126ax.(b’,b|,b2),
9= {2b+b <O’Mq_{r,q: '
2,b—b >0 _Jlp=
P= {1b+b <0,M _{r,p:
Let determine aggregation intervals

(AL AL, [Af,AU} for LMF iz = (a",afar) and UMF
;= (aV.aP.dY) of IT2 FSA:

@3S ).
1=

eﬁ“:b‘)—%b Zezu (bJ bl, b )

1,
AL a——qA'— a—|—af o
° eéjl_)zj (bj, b|J7 br!) =bl (X“L ( 1)q 1X|JVIII;)

1y . -
AliJ U a{ 2 _a -+ 6ar _bIJ (%XJ|L+( 1)q 12Xg\/||:)
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o2 (07,61, b0) = b (3 + (—1)P )

+b (GxJiL+ (—1° 54 ).

i1V}
ea X'

o/ (3

b, b}, bi) = bl (xiV 4+ (—1)LxY
q

jiu 1,JiU
x4 (—1)9 12qu)

62 (b1, ), bl) =i (xiV + (~1)° 13 )

ol (309 (17 0.
1Lb—b>0 ,, [lg=1

a= {2b+b <0’Mq_{r,q:2’
f2,b-b >0 ., [l,p=1

p_{l,b+br<0’Mp_{r,p:2'

LMFs and UMFs of model output data will not be
triangular fuzzy numbers. While multiplying fuzzy

numbers it is not always possible to set an analytical form r
for membership function of a fuzzy number which is a

result out of the multiplication. But we can always
determine model output data with the helpootuts.

For example ifa™= (b,bl,br) is a negative fuzzy
number (b+b, <0), A = (a,a,a) is a nonnegative
number (a—a > 0) then according to multiplication
operation for fuzzy numbers, the-cut of 8A looks like
[C},C3] . where:

Cl—ba+(1—a)ba, —(1—a)ba—(1—a)’ba,

C2 =ba+(1—a)ba +(1—a)ba— (1—a)?ba.

1 1
G%L:},:L_é lL’Q\%l_:y:LJréer’

ol =y — .60 =gV 4 g
Let us consider a functional

. f : n A o~
F (bja b|Jv b#) :iglfz(YiaYi) =

3 [(alL i)+ (62 - e%)z} i

n 2 2
U _ plu 20 _ pg2u ;
b {(a?i e ) + (e)Yi 62 ) } ,which
characterizes an affinity measure between initial and
model output data. It is easy to demonstrate that

F (bl, b}, bf) =

n [ .

3 R G bﬂ,br) +
|=1_

n L L0 il Lyl S a2l (i pi

3 [0+ ge0 -yt B 3 62 (0,6, b ) +
2 YU L 1GU . © A (ki

igl Y&+ 3y +jzleéj>?} (b,b, ) +
n [ . m

z 1b0 y|U 6yIrU+_z 92 (bj bj,bj)]
|:1_ j=1

The optimization problem is set as follows:

F (0,0}, bl) = _§ ( %) - min,
bJ >0,bl >0, ] ;
As ok (b0, b#), 625, (07, bf. bl).
G;L;(I (bj,blj,br) and G?L;(I (bj,blj,bé) are piecewise

linear functions in the fleldbJ >0,b! >0, j =0,m, then

If a= (b,b|,br) is a nonnegative fuzzy number
(b—b >0) andA = (a,a, &) is a nonnegative number
(a—a >0) then according to multiplication operation
for fuzzy numbers, ther-cut of A looks like [CY,C2] ,

F is piecewise differentiable function, and solutions of an
optimization problem are found by means of known
methods 28].

After obtaining the regression coefficients, it is of

where: interest to evaluate the hybrid regression equation. For
reliability evaluation, the standard deviatidgy), a hybrid
1 ) correlation coefficientR), a hybrid standard error of
Cq=ba—(1-a)bay —(1-a)ba+(1—a)ba, estimatesil S,) are defined as follows:
n .
- .2 Y
C2 =ba+ (1—a)ba, +(1—a)bat (1—a)ba. g = \/n_ ZfZ(Y.ﬂ vz
i ; : 1L p2L n =
Let us determine the weighed mtervaﬁe\?i ,6\?i } 3 £2 (¥ ﬂ
[ 6" GZU} for LMFs and UMFs of initial output data HRR =" —
Yi=1n gl P (Yi’YA)
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1 n n o~
HS= ./ — 2 (v 7
S= \/n—m—lzj= f (YHYI)'

Let Yii = I,n are model output IT2 FSs, defined by
LMFs ( vib vk vt i In and UMFs
g = (W v'U,v'U) i = 1,n. After obtainingY.,i=I,na
problem of identifying them with initial collect|0n of
wordsYk, k =1, p, that formalized with the help of IT2

FSs 1p p defined by LMFs
Mg, (yk YRyt ) , Ip and UMFs
= (Y, ylV yW) k=T pappears.

The weighted intervals for LMF and UMF of model
Y , i = 1,n are designated byCl-,C}], [ClL,ClH] i =
1,naccordingly. The weighted intervals for LMF and UMF
of Y, k=1, pare designated byD}-, D], [DI, D], k=
1, paccordingly.

Let
2 (%.%) = (CL —Dit)*+ (Ch — D)+
(CV —DVY)*4 (C¥ —DVY)? i =Tn k=T pThe
modeVis identified toYs, if
2 (%.%) = minf? (%, %) , k=Tp.

4 Conclusions

A method for a multiple fuzzy linear regression was

developed in this paper. The input and output data of the

[4] H. Tanaka, H. lIshibuchi, S. Yoshikawa, “Exponential
possibility regression analysis,” Fuzzy Sets and Systems,
1995, vol. 69, pp. 305 - 318.

[5] A. Celmins, “Least squares model fitting to fuzzy vector
data”, Fuzzy Sets and Systems, 1987, vol. 22, pp. 245-269.

[6] A. Celmins, “Multidimensional least-squares modelirfigt
of fuzzy models”, Math. Modeling, 1987, vol. 9, pp. 669-
690.

[7] D.A. Sabic, W. Pedrycr, “Evaluation on fuzzy linear
regression models,” Fuzzy Sets and Systems, 1991, vol. 39,
pp. 51 - 63.

[8] Y.-H.O. Chang, “Synthesize fuzzy-random data by hybrid
fuzzy least-squares regression analysis”, J. National
Kaohsiung Inst. Technol., 1997, vol. 28, pp. 1-14.

[9] Y.-H.O. Chang, “Hybrid fuzzy-random analysis for syste
modeling”, J. National Kaohsiung Inst. Technol., 1998, vol
29, pp. 1-9.

[10] Y.-H.O. Chang, “Hybrid fuzzy least-squares regressio
analysis and its reliabity measures”, Fuzzy Sets and
Systems, 2001, vol. 119, pp. 225-246.

[11] Y.-H.O. Chang, B.M. Ayyub, “Fuzzy regression methods —
a comparative assessment”, Fuzzy Sets and Systems, 2001,
vol. 119, pp. 187-203.

[12] R.J. Hathaway, J.C. Bezdek, “Switching regression emd
and fuzzy clustering”, IEEE Transactions on fuzzy systems,
vol. 1, 3, pp. 195-203, 1993.

[13] I.B. Turksen, “Fuzzy functions with LSE”, Applied Soft
Computing, vol. 8, 3, pp. 1178-1188, 2008.

[14] A. Celikyilmaz, “Fuzzy functions with support vector
machines”, M.A.Sc Thesis, Information Science, Induktria
Engineering Department, University of Toronto, 2005.

[15] A. Celikyilmaz, I.B. Turksen, “Fuzzy functions with pport

vector machines”, Information Sciences, 2007, vol. 177, pp

5163-5177.

regression model are interval type-2 fuzzy sets. The basigig] c.c. vao, P.T. Yu, “Fuzzy regression based on asymmetri

idea of this paper is to determine aggregation intervals for
triangular fuzzy numbers, membership functions of

whose are

support vector machines”, Applied Mathematics and
Computation, 2006, 182, pp. 175-193

low membership function and upper[17]P.-T. Chang, E.S. Lee, “Fuzzy linear regression witteaps
membership function of interval type-2 fuzzy sets, to
determine an affinity measure for two interval type-2

unrestricted in sign”, Comput. Math. Appl.,
61-71.

1994, 28, pp.

fuzzy sets based on these intervals and to use the leapt8] C.B. Cheng, E.S. Lee, Fuzzy regression with radial dasi

squares estimation technique. The proposed method
extends a group of initial data membership functions, as it

function network”, Fuzzy Sets and Systems, 2001, vol. 119,
pp. 291-301.

can be applied not only to type-1 fuzzy sets, but also to[19] C.C. Chuang, “Fuzzy weighted support vector regressio

are interval type-2 fuzzy sets. For reliability evaluation

the standard deviation, the hybrid correlation coeffigient

the hybrid standard error of estimates are defined.
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