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In recent years several generalizations and extensionSheorem 1([1,18,23]). Let f be a convex function on
of the classical notion of convex function have been|a,b|, witha<b. Then
introduced and the theory of inequalities has produce
important contributions in that respect. This researchf (ﬂ)) < L/bf(x)dxg M, (1)
deals with some inequalities related to the renowned (b—a)Ja 2
works, on classical convexity, of Charles Hermitel]| In [9], Fejér gives a generalization df)(as follows:
Jaques Hadamard1®?] and Lipdt Fejéer 9]. The )
inequalities of Hermite-Hadamard and Fejér have beenheorem 2Let f:I C R — R be a convex function and let
object of intense investigation and have produce many® P € | witha<b. Then
applications. Proofs of them can be found in the literature /34 p\ /b b
(see e.g.2,3,4,16,23,24,31] and references therein). In f (T)/ g(x)dxg/ f(x)g(x)dx
this paper we establish some results related with these a fa(

. » : b
inequalities for stronglys, m)-convex functions. < a)erf(b)/a g(x)dx, @)
Definition 1.Let | be arealinterval and let fl cR —R. ~ Where g: [a,b] — R is non negative, integrable and
If symmetric with respect to(a + b)/2, that s,

g(a+b—x)=g(x).
f(tx+ (1-t)y) <tf(x)+ (1-t)f(y), o .
RemarkClearly a 1-convex function is a convex function
for all x,y € | and t [0,1] then f is said to beonvex on N the ordinary sense. The-@onvex functions are the
| ’ ’ "starshaped” functions; that s, those functions thaségati
' the inequality f(tx) <tf(x), fort € [0,1].

The Hermite-Hadamard inequality gives us an estimatdn 1984, G. Toaderd9] introduces the concept of function
of the (integral) mean value of a convex function; more m-convex. Several papers have been written on functions
precisely: m-convex and we refer some of them below.
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Definition 2([4,5,29]). A function f: [0,b] —» R issaidto  Definition 4.[7,8] A function f: [0,b] — R, b> 0, is said

be m-convex, where m(0, 1], if for every xy € [0,b] and  to be(s, m)-convex, wherés, m) < (0,1]?, if

t € [0,1], we have: ftx+m(1—t)y) < t5f(x) + m(1—t)3f(y) for all x,y €
ftx+m(l—t)y) <tf(x)+m(1—1t)f(y). [0,b] and te [0, 1].

It is importan'g to no'ge that fom € (Oa 1)_there a_re It is readily seen that fO(S, m) S {(0,0),(1, 1),(17 m)}
continuous and differentiabl®—convex functions which respective|y' one obtains the fo||owing classes of

are not convex in the classical sense (3)[ functions: increasing, convex anai-convex functions
In [8], S.S. Dragomir and G. Toader demostrated therespectively.
following Hermite-Hadamard type inequality:

Theorem 3Let f: [0,4) — R be an m-convex function, TheoremSLet f: [ab] —» R, [ab] € [0,+) be a

with me (0,1]. If 0< a< b < +w and f e L1[a,b] then dil/‘fe_rentiable function orfa,b) such that f € L[a,b]. If
b |f'| is (s,m)—convex in the second sense fmb] for
bi/ f (x)dx (3) (s;m) € (0,1]?, then the following inequality holds:
—aJa
b 8 atby 1
s min{ f(a) +2mf(m)7 f(b) +2mf(m) } @ ‘f ( . ) oo [ oo

P42 [ram ()

b—a , (b
In [15] the reader may find some others generalizations ofS 4(s+2) { f (r_n) m ’
this inequality.
Another result of this type which holds for convex gpq

functions is embodied in the following theorem, 8},

. a+b 1 b

Theorem 4Let f: [0,0) — R be a m-convex function f — ) b—/ f(x)dx

with me (0,1] and that0 < a < b. If f € L1[a,b], then N —ala

one has the inequalities < —a / £ (b

N P S LY S = 252(s1 2) [t @)+ [ (b))

(—2 ) < opa J, (fO+mf(2) LM 513) ( (2] f,<g>m
me1[f@+fp) F(@+1(2) s+1 m m
< 7 5 +m 5 . (5

RemarkiNotice that if we maken= 1 in (5) we get the left

hand side of inequalityl]; that is: 1 Some basic properties

a+b 1 b For the reader’s convenience, we recall here the definitions
(257) <= / f(x)dx
- a

+o00
2 of the Gamma functiorf” (x) := / e 't*"1dt and the
0

In the year 1966, B.T. Polyak in2f] studied the _ 1o -
concept of strongly convex function modules> 0,  Beta functionB(x,y) 52/0 (1) dt
which is defined as follows:

Definition 3([26]). Let C be a nonempty convex subset of 1 B(x y) = rery)

the normed spacgX, || - ||). A real valued function f is said r(x+y)’

to be strongly convex, modulus ¢, on C if for each& C 2l (x+1) =xr (x), and

andte [0,1] 3r(n)=(n-1)"!, neN.

ftx+(1-1)y) < tFX)+ (L= F(y) —ctL-t)[x-y|*. (6) In this paper we combine the notions (@fm)-convex
Clearly forc=0in (6), f is just a convex function. function and strongly convex function to define the
If the inequality in @) is reversed, therf is said to be ~ concept of stronglys, m)-convex functions with modulus

strongly concave, modulus ¢, in second sense.

The notion of strongly convex function has many Definition 5.A function f: [0,+c) — R is said to be
applications in optimization theory and economics (Seestrongly (s, m)-convex functions with modulus ¢ in second
for example 4,19, 20,23, 25,27,30)). sense, wherés,m) € (0,1)?, if

More recently N. Eftekhari, ing], establishes several
inequalities for functions whose first derivative in
absolute value args,m)-convex function. Some estimate holds for all xy € [0,+) and te [0,1].
to the left hand side of the Hermite-Hadamard type
inequality for (s,m)—convex functions in the second Remark. 1.If s=1, f is stronglym-convex with modulus
sense are given. c (see [L7)).

f(tx+m(1—t)y) <t3F(x)+m(1—t)Sf(y) —ct(1—t)|x—y[?
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21f m=1 andh(t) =t5, f strongly h-convex with  Prooflf x,y € [0,+c) andt € [0, 1],
modulusc, have been introduced b¥(). fi(tx+ m(1—t)y)
In  this article we  prove  some < tfi(X)+m(L—t)*fi(y)—ct(l-t)[x—y]

Hermite-Hadamard-Fejér type inequalities for strongly < t° ._max {fix)} +m(1—
n

(s, m) convex functions, modulus in the second sense,
using similar technics as those used 28][ For the sake
of brevity we will omit the the wordth the second sense

throughout the rest of this paper. Likewise we will assume = t>f (x )+ m( —t)5f(y) —

thatc is a positive real number.

Proposition 1Let f: [0,4) — R be a strongly(s,m)-
convex function of modulus ¢ , wherers= (0,1], and let
a,b € [0,+) be, with a< b. Then for any x [a, b] there
ist € [0,1] such that

f(a+b—x)
< t5(F(b)+ f (8) +m(1—t)° <f (%) +f (%)) —f(x)
b
a_l

—ct(1-1t) (‘%—b‘er > 2) .

ProofSince anyx € [a,b] can be represented as-ta+
(1-t)b,t €[0,1], then

f(at+b—x)
= f(a+b—(ta+(1-t)b)) =

- f(tb+m(lft)%)

f((1—t)a-+tb)

< t5F(b) + m(1—t)f (%) —ct(1-t) |ni1 7b‘2

= tsf(b)+m(17t)5f(

Sle

)7t5f(a)+t5f(a)+m(lft)sf (n%)

a- %‘27t<17t)c|% —b|2

—m(1—t)°f (%) —ct(1-t)

b 2

+ct(l-t)|a— m
— t5(F(b)+ f (8)) + m(1—t)° (f (%) +f (%)) —t5f (a)

—m(1—t)5f (%) —ct(1-t)

2

a— n%‘z—t(l—t)cL% —b|2

Fet(1-t)
< ts(f(b)+f(a))+m(1ft)s<f (%) +f (r%))
,f (ta+m(17t)n%> 7t(17t)c<’% 7b‘27 ‘af %D

— t5(f(b)+ f(a))+m(17t)s<f (%) +f (r%)) ™

—ot1-t) (’% 7b‘27 ‘af b 2) .

m
Proposition 2If fj : [0,4o) — R, i =1,...,n are strongly
(s,m)-convex functions, modulus; ¢ 0 , where
(sm) € (0,1?, then the function given by
fi= max {f} is also strongly(s, m)-convex functions,
1=

a— —
m

modulus c= 1rr12|n {ci} >0.
i=12,..n

t)Si mzax n{ fi(y)}

3&yeeny 111

— m|n {c,}t( —t)[x—y?

I=1z,...,

ct(1—t)|x—yf%

Proposition 3Let f, : [0,4o) — R be is a sequence of
functions. If f is strongly(s,m)-convex function, modulus

cnh >0, foralln >k, fo(x) — f(x) (on[0,+)) and G, —
c, then f is stronglys, m)-convex functions, modulus c .

Prooflf x,y € [0,+c0) andt € [0,
fa(tx+m(1—t)y)
< () +m(L—t)%fn(y) — cat(L—t)[x—y[%,

If we haven — o on both sides of the inequality, we
obtain that

f(tx+m(L—t)y) < t35F(x)+m(L—t)Sf(y) —ct(L—t)|x—y?,
which completes the proof.

Proposition4Let f: [0,40) — [0,+) be a strongly
(s1,m)—convex function, modulusic> 0 and let
g : [0,+») — [0,+) be a strongly (s, m)-convex
function, modulus £> 0, where g,s;,m € (0,1]. Then

f + g is strongly (s,m)-convex function, modulus
C1+c2 > 0, where s=min{s;, s, }.

1], we have, fon > k.

Proof.
(f+g)(tx+m(1-t)y)
= f(tx+m(1—t)y) +g(tx+m(1—-t)y)
<t (x)+m(L— ) f(y) - cit(1—t)x— yi?
+2g(x) + m(1—1)%g(y) — cat (1 —t)[x— y|?
< S (X) +m(L—t)Sf(y) —cat(1—t)[x—y|?
+159(X) +m(1—1)3g(y) — cat(1—t)x—yf?
= t5(f (%) +9(x)) + M1 - 1)3(f (x) + g(x))
—(C1+C)t(1—t)[x—y|?
= t5(f+9) () +m(1-t)(f +g)(y)
—(cr+c)t(L—t)[x—yJ2
Proposition 5Let f: [0,4+0) — R be a strongly(s, m)-
convex function, modulus>e 0, where(s,m) € (0,1)2. If

A >0, thenA f is strongly(s, m)-convex function, modulus
Ac>0.

ProofForx,y € [0,4) andt € [0, 1], then
Af(tx+m(1-t)y)

< A (3F () +m(1—1)%F(y) —ct(1—t)[x—y|?)

=t5(A £)(x) +m(1—1)3(A f)(y) — cAt(1—t)[x—y|%

Theorem 6Let f: [a,b] C [0,+) — R be a function,

s,me (0,1] and ce ((O ,+00). If the function g [a,b] — R,

defined by ¢x) = f(x) —cx? is (s,m)—convex then f is
strongly (s, m)—convex with modulus c.

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2048 %N S\ M. Bracamonte et al. : HHF type inequalities for strongly...

ProofLetx,y € [0,+) andt € [0, 1]. 2 Inequalities for strongly (s, m)-convex

_ , function, modulusc > 0
Suppose without loss of generality< y

flty+m1-1t)x) (") The following results generalize results 2f].
= g(ty+m(1—t)x) +c(ty+m(1—t)x)?
< t3g(y) +m(1—t)° ( ) c(ty+m(1—t)x)? Theorem 7Let f : [0,+) — R be a strongly
s (s,m)-convex function, modulus ¢ , wherean(0,1] and
= t%9(y) + M1 -1)°g0) + ¢ (t(1- 1+ )y* let a,b € [0,+) with a < b. Suppose that & L;[a,b]
omt(1— t)xy+m2(1 £)(1—t)x ) and that g: [a,b] = R is a nonnegatgli,bintegrable
S function which is symmetric with respectte—. Then
= t5(y) + m(1—t)3 +c<ty2—t1 t)y? 2
+2mt(1—t)xy+m2(1—t)x —t(1- )x) b
= t5g(y) + cty? -+ m(1—1)5g(x) + cnP(1—t)x2 /f(x)g(x)dx
a
—Ct 1 t (y2 2mxy+m2)() f(b)+f(a) b X—a S d
<
< t5g(y) 4 ct8y? +m(1—1)Sg(x) +cm(1—t)Sx? B 2 a/(b—a) (odx
—ct(1—t) (y? -2 nPx? a b
e et D e
=t [g(y)+cy2} +m(1—t) [g(x)-i—cxz} —ct(1—t) (y—mx)? 2 J \b-a d
__ ¢S _+\S _ _ _ 2 2 b _ .
= t2f(y) +m(L—t)>f (x) —ct(1—t) (y—mx)*. ®) ¢ [’b_i 2+ a2 ]/ﬁ ug(x)dx
It is easy to check that, i <y, then 2 m m| |/ b-a b-a
2 2
(y—my= 2 (y—x)°. ©)  PproofLet f andg as in the statement of the theorem. Then
By replacing in ), we obtain that X
Fty+m(1—t)x) < 5 (y) +m(L—1)%F (x) —ct(1-t) (y—x)*. [ 109g00x
This complete is proof. a ) )
Example 1(See [13]) Let 0 < s < 1 anda,b,d € R. _1 /f dx+/f (a+b—x)g(a+b—x4d
Defining, forx € [0, +), 2 B a
a ifx=0 [
g(x) = 1 /f( ) dx+/ (a+b—x)g( )dx]
. 2
bx®+d, if x> 0. La
Ll
If b> 0 andc < athenf is (s, 1)—convex. =5 /(f(X)+ f(a+b—X))9(X)dX]
Hence, by Theoreri, we have thag: [0, +®) — R, La
defined by f(x) = g(x) + ¢ is strongly (s,1)—convex 12w ans b—x\S ,a
function with modulus > 0. <z /(—) f(b)+m(—) f(—)
2 ] b—a —a m
Example 2The functiong : [0,+) — R, given by - «_a b_x 212 /% a\s
1 sl m (—) f@)
g(x):l—z(x4—5x3+9x2—5x) —a b-al mib\b-a
b—x\*, /b x—a b—x|_bf?
is (1, 1—7> -convex.
b S S
Hence, by Theorems, we get thatf : [0,+) — R, _! /(E) (f(b)+f(a))+m<u> <3>
defined by 21y \b-a b-a m
1 9 b-x\*¢ (b
f(x):g(x)+cx2:1—2(x4—5x3—5x)+<12+c> ™ 5= f(m)
x—a b—x a b2
is strongly(l 1—673) -convex function with modulus > 0. “ b ab-a “b_ m ‘ m H g(x)dx
(@© 2016 NSP
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b S
= f(b);f(a)/(g_a> g(x)dx Theorem 9Let f,g: [0,+») — [0,4+) be such that
o \078 fg € Li([a,b]), where 0 < a < b < . If f is
a b (s1,my)-strongly convex function, modulug end g is
m<f<*)+f(a)> D b_x\S (sp,mp)-strongly convex function, modulusan [a, b], for
+ 5 /<b—a) g(x)dx some fixed mmy, 51, € (0,1], then
a
c a2 b|? bx a b—x
—Z|lb—-=| +la- = } — 2. Zg(x)dx b
2 [‘ m m Zb‘a -a b—la/ F(x)g(x)dx < min{Mz, Mz},
- a

Theorem8lLet f : [0,+») — R be a  strongly
(s,m)-convex function, modulus ¢ , whererse (0, 1],
and let ab € [0,+%) with a < b. Suppose that where
f € L1[a,b], and that g: [a,b] — R is a nonnegative,

integrable function which is symmetric with respect to M 1 b b
%). Then T st tl ( (@)a(@) +mymf (ﬁ) g(@)
at+b\ [ 2 x s +8211512)Z§131+);()5ﬁ)(31+32)wf(a)g %
1
25 (T)/g(x)dx— m [ () gbodx sl (SUT () .y (3) o)
b a (st+s2+1)(s1+9)l (s1+ %) m
+25*2c/‘a+b—x—i‘zg(x)dx S S 2(f(a)+m f<3)>
J m (s +3)(s1+2) 2|7 me tm
;i L S P 2(9(ﬁ)+ng(b)
< /f(x)g(x)dx (2+3)(%+2) *° m mp
b
a
-5-("102§J a_ﬁ i
Prooflin this case we have
X and
a+b\ r 1
f (—) g(x)dx . 7( (i) (i)
)] Mo i= o (g +mumet (2 ) g2
b sil (1)l (2) mof (b)g (3
= [ (BEREX L MXY dx (S1+S2+1)(s1+%)0 (s1+5) m;
% (st+s+lE+)r (+s) 1
1 m, /X c X |2 N 1
3/(?(6‘“‘”*?(5)‘1 arbe g )W)dx 2lm, " mra@ o) (f(b”m”( 1)>
’ ol 2o 2 CORLTES)
b b -1 =
1 m X m (232+3)(92+2) my
_ §/ f(a+b—x)g(x)dx+§/f<r—n> g(x)dx oo 7_b‘ a1
a a rn2 o
b
C
—Z/‘a+b—x——’ g(x)dx
a
17 m 7. /x Proofwe h
_ 1 B 3 m X roof We have
Zsa/ f(a+b—x)g(a+b—x)dx+ zsa/ (2 ) godx
. f(tx+ (1—t)y) < t5F(x)+my(1—t)%f <ml)
—E/‘a+b—x——’ g(x)dx y1 2
4 —et(1—t) [x— =
a m
1 o m 0 X d
= — — - an
. / F(Xg00dx-+ o / t(2) atx
RN : g(tx+ (1-1)y) < t2g(x) +mp(1-t)%g (y)
c X |2 m
—= a+b—x——’ g(x)dx, y
4/’ m —Cot(1—t) | x— =1 ,
a mp
thus obtaining the required inequality. forallt € [0,1]. f andg are nonnegative, hence
(@© 2016 NSP
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f(tat (1—t)b)-g(ta+ (1—t)b)
<t f (a)ga) + Mt (1 1) f (a)g (%)

2
—ct2t(1—t)f(a) +my(1-t)%f <m£)tszg(a)
i

Ay (1-t)%f (%) mp(1-1)%g (%)

2

b
a— —

b b
—mycot(1—t)t1f (—) a— —
1Cot(1—t) m P~ i
—t2t(1-t)|la— —| g(a)
b |? b
_ _t)etl|g —_
cit(l—t) a m mgg(
i i 2 b 2
+cicote(1—t —| |la——
16t (1-1) m

Integrating both sides of the above inequality over
[0,1], we obtain

b
A (0l )
@ a)/o t%+szdt+m2f(a)g(%> (1

—Cof( )

1
x)dx:/o f(ta— (1-t)b)g(tat (1—t)b)dt

IN

t51+1(1 t)dt

a) / (1—t)%t%2dt

(= )

a_i

+m f

+mmy ( t)ST%2dt

(
o
—mlczf )

(1-
t(1—t)S*dt

tSz+l 1—t)dt

a_i

b 2
ng(@)/o t(1—t)2 1 dt

m

2 2 1

ac 2| lac B t2(1—t)2dt
m my
~ f(a)g@B(s+ 2+ L1) + mpf(a)g @) Blsi+ 15 +1)
2

B(s1+2,2)

+C1Co

b
a— —
m

b
+mf{ — Jg(@)B(sz+1,5+1)
m
b b
+m f(_) (_)Bl, bstl
1My — g — (Lsi+s+1)

—mcof 3 ’
1C2 My
b

B(2,5+2)

—Cla-—| g(@B(2+2,2)
b |2 b
—C1|la— — — |B(2,5,+2
LA o ng(mz (2,%2+2)
2 b 2
+cC1Cp|la— —| |a——| B(3,3),
1C2 - m (3,3)

whereB is Eulers Beta-function.

Then,

IN

%a/:f(x)g(x)dx

MNsi+s+1)r(1)

f(a)g(a)’_%51+—32(+2)) ( |
Flsi4+ D (41

smet@s (0 ) SR VG T

b
a— —

) ata

b b [2r (2)r (s;+2)
_mlczf(ﬁ) ’a_ﬁ (s +4)

2r(s;+2)r(2)
(st +4)

M+l (s1+1)
rsi+s+2)

—cof(a)

+m1f <

b? I(+2)r(2
—aja- Zg(a)w
b b\ rr(s+2)
—C1|a— H]_ WQ(E) W
2 b PPrere)
toca- ( E)r( I'(6))
S1+S S+
@9 (o st s+ )T (14 2)
sl (s1)%f (s2)
+myf(a)g (E) (s1t+s2+1)(s1+92)l (s1+%2)
b |2 (s1+1)s1l (s1)
—cof(a) a—@ (s1+3)(s1+2)(sp+1)s17 (s1)

b Sl (sp)s1l (s1)
mf (ﬁ) 9 s s s ) (511 %)

b (s1+)l (s1+%)
| (m >g<mz) (31+SQ+1)(31+32) (s1+)

e f ’ (st+1)sil (s1)
1Co (s1+3)(s1+2) (51 +1)s1F (s1)
ola (2+1)sl (s2)
Sz+3)(52+2)(82+1)52 (s2)
b 2 b (24+ 1)l ()
—c1la— Hl ng(ﬁ) (2+3)(2+2)(s2+ 1)l (S2)
b |221.21
+C1C2 a—ﬁ‘ ‘a‘_ 51

(@© 2016 NSP
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By interchanginga andb, in the same way we obtain

1

b
5= L 1009090 < Mz,

hence

lea/ab f(x)g(x)dx < min{Mz, Mz}.

3 Applications

As immediate consequences of theorefrend8, we get
the following result.

Proposition6Let f : [0,4o) — R be a strongly
(s,1)-convex function, modulus c , and letae [0, +)
with a < b. Suppose that fe Lifa,b] and that

. L a+b
is symmetric with respect te;—. Then

b
/ f(x)g(x)dx

s ' (2 o

b
—c/(x— a)(b—x)g(x)dx

Proposition 7Let f: [0,+») — R be a strongly(1,1)-
convex function, modulus ¢ , and letbac [0, +c0) with
a<b. Then

f(b)+ f(a)

b
1 7 c 2
b_aZf(x)dxg ~S(b-a?

Proposition8Let f : [0,4o) — R be a strongly
(s,m)-convex function, modulus ¢ , wherarse (0,1],
and let ab € [0,+») with a < b. Suppose that
f € L1([a,b]), and that g: [a,b] — R is a nonnegative,
integrable function which is symmetric with respect to

a+b

—5 The b
25¢ (%b) /g(x)dx—m/f (%) gixdx
4—252c/b ’a+ b—x— —‘Zg(x)dx

m(f (%);f (n%)) /p(s::)sg(x)dx
R “b—a 2, a_:f] /bgj:.bjggwx

4 Comments

The main contributions of this paper has been the
introduction of a new class of function of generalized
convexity, we have shown that these classes contain some
previously known classes as special cases as well as
Hermite-Hadamard type inequalities for these functions.
We expect that the ideas and techniques used in this paper
may inspire interested readers to explore some new
applications of these newly introduced functions in

g:[a,b] — R is a nonnegative, integrable function which various fields of pure and applied sciences.
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