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Abstract: In this paper, we consider thggextensions of Boole polynomials. From those polynomials, derive some new and
interesting properties and identities related to speablmmials.

Keywords. g-Boole numberg-Boole polynomialg-Euler numberg-Euler polynomial

1 Introduction

Let p be a fixed odd prime number. Throughout this

paper, Zp,Qp and C, will denote the ring of p-adic

integers, the field op-adic numbers and the completion

of algebraic closure ofQ,. The p-adic norm|-|; is

normalized as|p|, = 1/p. The space of continuous

functions onZp is denoted byC(Zp). Let g be an
indeterminate inCp with |1 —ql, < p~Y/P~L The
g-number of x is defined by [x|q = 11—‘2]. Note that

limg1[Xj|q=x For f € C(Zp), the fermionic p-adic
g-integral onZp, is defined by Kim to be

"1
= [, 109k = fim, 5 H09(-1)

1- (=9

where[x]_q = 11 g

(see[1-9)).
(1.1)
From (1.1), we note that
q"lq(fn) + (=1)" Hq(f) = [2]qTZ;L(—1)”‘1"Q' f(l),
wherefy(x) = f(x+n),(n> 1) (seef4]).
(1.2)
In particular, fom=1,

al-q(f1) +1-g(f) =24 (0). (1.3)

As is well known, the Boole polynomials are defined by

the generating function to be
Bln( x|)\

I= (1 2

When A = 1,2Bly(X|1) = Chy(x)
polynomials which are defined by

By

The Euler polynomials of ordea are defined by the
generating function to be

(50) &= g5

Whenx = 0,E\%) =
of ordera.

In particular, fora = 1,En(X) = Ergl)(x) are called the
ordinary Euler polynomials.

The Stirling number of the first kind is given by the
generating function to be

——— (1+1)% (see[2,12).

(1.4)
are Changhee

(L+t)*

[2,3,13,14]
t+2 (see[2,3,13/14)).

(1.5)

(see[2 11]). (1.6)

E\“ )(O) are called the Euler numbers

00 |
0g(1+)"=m ¥ Si(lm (m>0),  (L7)
l=m :
and the Stirling number of the second kind is defined by
the generating function to be

) |
m! Z Sz(lym)f—', (see[11,12)).

I=m

(¢ -1)"= (1.8)
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In this paper, we consider thg-extensions of Boole Thus, by (2.6), we get
polynomials. From those polynomials, we derive new and

interesting properties and identities related to special / (x+y)"dp_g(y) = Eng(X),(n > 0). (2.7)
polynomials. Zp ' -

From (2.1), (2.4) and (2.7), we have

| @+ M q(y)
Z

p

2 g-analogue of Boole polynomials

_ c ) < t"
In this section, we assume that Cp, with [t|, < pFT and = { > /z (X+Ay)"dp—q(y)S(n, m)} ]
A € Zpwith A # 0. From (1.3), we note that :
n

wr B EeG)sem)E

(2.8)

1+q
14+t)™Mdy o(y) = —— "2
/zp( ) H-aly) 1+q(1+t)"
tn (2.1) Therefore, by (2.1), (2.3) and (2.8), we obtain the
= z aBlng X|/\ following theorem.

, . Theorem 1For n > 0, we have
whereBlh4(x|A) are theg-Boole polynomials which are

defined by Blyq(xA) = 1 z ATEng ()\ ) Si(n.m).
ﬁ Zoslnq x|)\ (2.2) g
From (2.1), we can derive the following equation : /Z <x+n)\y) du_q(y) = [ ]qunq(XM)
p
/zp <X+n)\y> d-qly) = [ ]qunq( XA)- (2:3) From (2.3), we note that

Whenx = 0,Blnq(A) = Blng(0|A) are called the-Boole _ i/
numbers. Blg(x(A) 2] zp(x+/\y)"d“7qw)'
Now, we observe that

WhenA =1, we have
(1+ t)x+)\y _ e(x+)\y) log(1+t)

1

m=0 !

® Ay ® tn As is known,g-Changhee polynomials are defined by the
= z %m! z Sl(n,m)ﬁ (24) generating function to be

m=0 : n=m .

c ) < m t" 12g (141)* = S Ch, (x)ﬂ. (2.10)
= 3 | 2 AYSIm) Fatai T = 2 Chalo

n= m=0 :

The g-Euler polynomials are defined by the generatingThus’ by (2.10), we get

function to be

Py o S J (rvraugty) - o ZDC“‘

C]é +1€xI = %En,q(X)H. (2-5) (2 11)
n= From (2.11), we have

Note that limy_.1 Eng(X) = En(X).
Whenx = 0,Enq = Enq(0) are called the-Euler numbers. /Z (X+Y)ndH_g(y) = Chng(x),
p

By (1.3), we easily get (2.12)
wheréx), = x(X—1)---(X—n+1).
x+ytd _ [Z]q
/Zp e d-a) = qa i 1 By (2.9) and (2.12), we get
o n (2.6)
t
=3 By Blng(x/1) = icm,q(x). (2.13)
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By replacing by —1in (2.2), we see that Thus, by (2.18), we get
qu+1 = zDBlnq XA) 2 (€ -1y Jap Jap(Xa X X)L g(0) -+ At = ENG ().
tm (k) (k)
=[2 Blng(X|A S(mn)— (2.14 Whenx = 0,En ¢ = Eng(0) are called the-Euler numbers
Ja 20 ng(X|A) Z (mn)— (2.14) of orderk.
o tm From (2.16), we note that
= z Z Blan|/\ ( )m|7
=011=0 [2BInG(A)
and :
= [ o [ e x0)ndigx) - dHglx0)
[2]11 et — [2]11 (§)At Zp Zp
t - t n
A @15) =3 SN[ [ Noat g gbn)- - du o)
i E X )\mtm 1= Zp Zp
= 3 Ena(5)2"

Therefore, by (2.14) and (2.15), we obtain the following

theorem.
Theorem 2For m> 0, we have

zOBlnqu ) =g qu(;‘)Am.

Let us define thg-Boole numbers of the first kind with

orderk(e N) as follows :
[28BINA()

= [ [ OO+ x0)ndh-q) -+ A, (0> O).
Zp  J7p

(2.16)
Thus, by (2.16), we see that

25 B
:/Zp.../zp i<A(X1+r’]"+xk))t”du—q(xl)...du—q(xk)

= [ [ @t 0du ga) - duglxo)
v ep v Ep

_< 1+q )k

~ \1+q(1+t)2

® n tn
=[2]k < >BI| Bl | —.
a n;) I1+~Zlk:n ll’ B lk 1 K n!

(2.17)
Therefore, by (2.17), we obtain the following corollary.

Corollary 3For n > 0, we have

n
Bl, ---Bl, .
l1+- Zlk n (l ’ |k) H “d

Theg-Euler polynomials of ordek are defined by the
generating function to be

/ / R S TR I
Zp Zp

_(qé+1> ZOEK

BIY) =

~dp—q(%)
(2.18)

_ isl(n,l)A'E,(f;.

(2.19)
Therefore, by (2.19), we obtain the following theorem.

Theorem 4For n > 0, we have
1 n
?'ég (n,HA' EIq

By replacingt by € — 1 in (2.17), we get

< k
2k Zosl,ﬁ'fm)%(et Lo (qe[Azt]q+ 1)

= 3 EneA"
m=0

BING(A) =

(2.20)

and

éoB'gk‘; ()5 (€ —1)"=[2g i BISG(A) f S(m, n)%

(2. 21)
Therefore, by (2.20) and (2.21), we obtain the following
theorem.

Theorem 5For m> 0, we have
m
1
Bl“f) AMNS(mn) = —

Let us define the higher-ordgfBoole polynomials of
the first kind as
follows :

EqiA™.

[21§BING04A)
=/Z v [, At ANt X)ndRq(x) - dH-q(Xd),
p p

wheren > 0 andk € N.
(2.22)
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From (2.22), we can derive the generating function of the
higher-orderg-Boole polynomials of the first kind as

follows :

21 5 Bion)

= [ L @O g0 - dhx0)
N (1+ q[(Zqu)A)k(lH)x
By (2.17), we easily get

(%)kw
e (Zeen ) (£ G))

:[Zm(éo (o) et
243, (5,70 ()t

(2.23)

(2.24)
Therefore, by (2.23) and (2.24), we obtain the following

theorem.

Theorem 6For n > 0, we have

B XA) = 3 (1) B mglA)09m

m=0

Replacing by € — 1 in (2.23), we have
<] n k
e

e n! 1+ qelt
_ (K (X) ymt
> Ea(3) A"
(2.25)
and
® d—1)"
2k 5 eitgoon) S
- (2.26)
g m tm
=255 ( BIAG(XA)Sz(m, n)) .

Thus, from (2.25) and (2.26), we have the following

theorem.

Theorem 7For m> 0 and ke N, we have

3 B sm ) = Ay (5).

From (2.22), we have
k
[2KBING(XIA)

:/ o [ (AXe e F AN X)nd_g(Xe) - - d g (Xk)
Zp  JZp

=|;Sl(n,|)

x/Zp--- Zp()\X1+"'+)\Xk+X)|d[J_q(X1)'"dIJ_q(Xk)
< (k) (X
_ésl(n,U/\'ELq (X)
(2.27)

Therefore, by (2.27), we obtain the following theorem.
Theorem 8For n> 0, k € N, we have

%Sl””‘E'q(/\)

Now, we consider the g-analogue of
polynomials of the second kind as follows :

Blng(xA) = i/z (=AY +X)ndpq(y), (n > 0).

BIY(X|A) =

Boole

(2.28)
Thus, by (2. 28) we get
Blnq(X|A) = 2 I%Sl (n)( / (f;ﬂ/)l du—q(y)
q.%sln' VNE (- ;‘)
(2.29)

Whenx =0, Blnq(/\) Bln, q(0]A) are called the-Boole
numbers of the second k|nd From (2.28), we can derive
the generating function (Bln,q(x|)\) as follows:

o L 0

o tn
3 BlnaXM) T = 15

(2.30)
_ A0
“ar@ror Y
By replacingt by € — 1 in (2.30), we get
(¢ - 1) et
Z}Blnq X|/\ — q+eM
1
qeMt+1
1 < my m X tm
B @wgo(_l) A qu(—/\)ﬂ,
(2.31)
and
o (é_l)n [ m . tm
n;slmq(xl)\) = :HZO <n= Blnq(X[A)S(m, n)) o
(2.32)
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Therefore, by (2.31) and (2.32), we obtain the following
theorem.

Theorem 9For m> 0, we have
(=1)mam x
WEM( Z BInq (X|A)S(m,n),
and
X
Blmg(X|A) = 2](“2)81 (m(-1)'A'g q(—x)

Fork € N, let us define the-Boole polynomials of the
second kind with ordek as follows :

Blno (xA)
1

_@/Zp"'/zp(_()\xﬁ"'HX"HX)” (2.33)
x dp_q(X1) -+ - dH_q(%)-

Then we have
X

248 -

= S s ).

From (2.33), we can derive the generating function of
~ (K
Bln(x|A) as follows :

(k>

ZoBl"q |)\
:% Zp... Zp(l+t)7()\Xl+m+)\xk>+xd“7q(xl)'"dufq(xk)
A+t \"
—(m) ey
1 K .
:<q(1+t)4+1> (2+Y)
= %BInq x| — t—l
(2.34)
Thus, by (2.34), we get
Blno(x1A) = BI (x| — A), (> 0). (2.35)
Indeed,
B A G LT
—/Z( VA‘ff”‘l)dufq(y)
T /n—1\ [ [—YyA—X
=;o<n m>/ (75 Ja-a
z / 5 (’yfn’ “Jau-av)
" /n— 1\ Blmg(—x|A)
= [2}[] n'Zl (m* 1) qm! )

and

(1 e =3 (mo) L e
:[2}q§<n 1)|§ a(-xA)

References

[1] A. Bayad, T. Kim,Identities involving values of Bernstein,
g-Bernoulli, and g-Euler polynomialfuss. J. Math. Phys.
18(2011), no. 2, 133-143.

[2] D. S. Kim, T. Kim, Integral Transforms Spec. Funct25
(2014), no. 8, 627-633.

[8]D. S. Kim, T. Kim, J. J. Seo, A Note on Changhee
Polynomials and NumbersAdv. Studies Theor. Phys.
7(2013), no. 20, 993-1003.

[4] T. Kim, Identities on the weighted g-Euler numbers
and g-Bernstein polynomial#\dv. Stud. Contemp. Math.
(Kyungshangp?2 (2012), no. 1, 7-12.

[5] T. Kim, A study on the g-Euler numbers and the
fermionic g-integral of the product of several type g-
Bernstein polynomials ofip, Adv. Stud. Contemp. Math.
(Kyungshang®3 (2013), no. 1, 5-11.

[6] T. Kim, J. Choi, Y.-H. Kim, On extended Carlitz's type
g-Euler numbers and polynomialédv. Stud. Contemp.
Math. (Kyungshang?0 (2010), no. 4, 499-505.

[7]1 T. Kim, A note on p-adic g-integral ofi, associated with
g-Euler numbersAdv. Stud. Contemp. Math. (Kyungshang)
15 (2007), no. 2, 133-137.

[8] T. Kim, New approach to g-Euler, Genocchi numbers and
their interpolation functionsAdv. Stud. Contemp. Math.
(Kyungshang)8 (2009), no. 2, 105-112.

[9] T. Kim, Note on the g-Euler numbers of higher ord&dv.
Stud. Contemp. Math. (Kyungshang (2009), no. 1, 25-
29.

[10] T. Kim, B. Lee, J. Choi, Y. H. Kim, S. H. RimQn the g-
Euler numbers and weighted g-Bernstein polynomiath;.
Stud. Contemp. Math. (Kyungshang) (2011), no. 1, 13-
18.

[11] T. Kim, The modified g-Euler numbers and polynomials,
Adv. Stud. Contemp. Math. (Kyungshan@6) (2008), no.
2,161-170.

[12] S. Roman, The umbral calculus. Pure and Applied
mathematics,Vol 111. Academic Press, Inc.[ Harcourt
Brace Jovanovich, publishers], New York;1984. x+193 pp.
ISBN:0-12-594380-6.

[13] C. S. Ryoo, T. Kim, R. P. AgarwaExploring the multiple
Changhee g-Bernoulli polynomialét. J. Comput. Math.
82 (2005), no. 4, 483-493.

[14] Y. Simsek, I. S. PyungBarnes’ type multiple Changhee q
-zeta functionsAdv. Stud. Contemp. Math. (Kyungshang)
10 (2005), no. 2, 121-129.

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

3158 %q Ng‘P) D. S. Kim et. al. : A Note org-Analogue of Boole Polynomials

Dae San Kim received
his BS and MS degrees
in mathematics from Seoul
National University, Seoul,
Korea, in 1978 and 1980,
respectively, and the Ph.D.
degree in mathematics from
University of Minnesota,
Minneapolis, MN, in 1989.
He is a full professor in the

v

Jong-Jin Seo is an
associate Professor at
Deprtment of Applied
mathematics, Pukyong
National University, Pusan,
Republic of Korea. He is
working in the area op-adic
analysis and number theory at
Department of Mathematics
in the Graduate School of

Department of Mathematics at Sogang University, Seoul Kwangwoon university, Seoul, Republic of Korea. His
Korea. He has been there since 1997, following a positiorsupervisor is Professor Taekyun Kim and his research
at Seoul Women’s University. His research interestsinterests are in the areas pfadic number theory, special

include number theory (exponential sums, modular forms functions,
zeta functions,p-adic analysis, umbral calculus) and physics.
coding theory. He is a member of AMS (American
Mathematical Society) and IEEE. He is a referee and

editors for mathematical journals.

Taekyun Kim
received the PhD degree
in Mathematics for p-adic
analytic  number  theory
at Kyushu University. He is
a full Professor at Department
of Mathematics, Kwangwoon
University, Seoul, Republic of
Korea. His research interests
are in the areas ofp-adic
number theory, special functions, applied mathematics
and mathematical physics. He has published research
articles in reputed international journals of mathematics
and mathematical physics. He is a referee and editors of
mathematical journals.

applied mathematics and mathematical

(@© 2015 NSP
Natural Sciences Publishing Cor.



	Introduction
	q-analogue of Boole polynomials

