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1 Introduction. Definition 1([2,3,9]). Let 0 < s < 1. A function

f :[0,+) — R is said to be s-convex in the first sense, or
Letl Cc R and letf : | — R be a function differentiable in  s;-convex if
I°, the interior ofl, such thatf’ € [a,b], wherea,b € |

anda < b. If |f/(x)] <M for all x € I, then the inequality f(ax+ By) < a®f(x)+ B3f(y),
2 2 .
1F(x) — 1 /bf(u)du|§ M r(x—a)*+(b—x) } forallx,y € [0,+e) and a,B € (0,1) with as+pS=1.
b—ala b—a 2 The function f is called s-convex in the second sense, or
. . . . sp-convex if
holds, for allx € I. This result is known in the literature as
the Ostrowski |nequal|ty f(aX+ By) < an(X) + BSf(y)’

Recently, there have been generalizations of this

inequality for several classes of functions such asy, g x y€ [0,4+) and a,B € (0,1) witha + 3 =1.
bounded variation functions, lipschitzian, monotones, ’ ’ ’ ’
absolutely continuous, conves;convex andh-convex
functions among other]5,1, 8].

In this paper we present new inequalities of Ostrowski

%{ﬁi hf)?rconvfeuxnctlons whose  derivatives  are Definition 2.[9,12] Let h: J — R be a non negative
2 ' function, not identically zero. A function: ] — R is said
to be h-convex if for all }y € J and te (0,1)

Throughout this paper, | and J denote intervalskin
with (0,1) C J.

Recall (c.f. R,9]) that a real-valued functioh defined

in a real interval is said to be be convex if foraly € J
and for anyt € (0,1) f(tx+ (1—t)y) <h(t)f(x) +h(1—t)f(y).
f(tx+ (1—t)y) <tf(x)+ (L—t)f(y). (1) For the sake of completeness in our exposition and for

the reader convenience we will present several results
If inequality (1) is strict hen we say thatt is strictly (without proofs) which will be needed to understand the
convex and if inequality {) is reversed the functiofi is setting of our main results. The primary references 2fe [
said to beconcave and [12].
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Lemma llet f: 1 C R — R afunction differentiable in9
where abe I witha < b. If f' € Z[a,b], then

——/fdu ba/p

holds, for all t< [0,1] where

t’
p(t) = {t_lte(b

for all x € [a,b].

'(ta+ (1—t)b)dt

Lemma2Let f:| C R — R a function differentiable in9
where abe | and a< b. If f € Z[a,b], then

/bf(u)du= ():)_22 /Oltf’(tx+(1—t)a)dt
- (b__>22 /Oltf/(tx+(1—t)b)dt.

1

f(x) b a

forall x € [a,b].
Theorem 1Let f: 1 CR — R be a function differentiable

in 1° and such that fe .Z[a,b] where ab € | and a< b.
If |f'| is convex ina,b], then

f(x)—b—ia/:f(u)dw
gb—?‘[(zt(g) —3<E Z) +1>|f’(a)|
. <g(g)2_4(g)3_6(g x)+2)|f< )]

forall x € [a,b]. The constang is the best possible, in the
sense that it can not be replace for a smaller one.

Theorem 2Let f: 1 CR — R be a function differentiable
in 1° and such that fe .Z[a,b] where ab e | and a< b.

If || is s-convex for some s (0,1] and |f/(x)| < M,
X € [a,b], then

b _
%a/a f(u)du < b'\_/'a x—3)

for all x € [a,b].

24+ (b—x)?
s+1

Now we state Ostrowski type inequalities for certain
h-convex functions.

Theorem3Let h : J be a non-negative and
super-multiplicativé function, such that () > a for all

€ (0,1) and let f: 1 € R — R be a function
differentiable in P and such that fe Z[ab] where

h(xy) = h(x)h(y)

all  x,y € Jsuch thakye J

a,b e

()]

and a< b. If [f| is h-convex on | and
M, x € [a,b], then

x)—lea/abf(u)du|<

M[(x—a)?+ (b—x)?]
b—a
for all x € [a,b].

I
<

[0+ he-e2)

The proof of this lemma can be found ib7].

Theorem4let h : J be a non-negative and
super-multiplicativé function and let .1 CR — R be a
function differentiable in 1 and such that fe Z[a,b]
where ab € | and a< b. If |f/|9 is an h-convex function
onfabl, pa>1 ++1=1ht)>tand|f'(x)| <M,

X € [a,b], then
1 bf d
- <
X) b—a/a (Wl <

Mha (1)
b—a

(/Ol(h(tp)dt> ; (x—a)%+ (b—x)?)

for all x € [a,b].

The proof of this lemma can be found ib7].

2 Basic properties of generalized convex
functions.

In 2011 Maksa and Palé</][ introduced a wider class of
generalized convex functions as follows:

Afunctionf : 1 CR — R is said to bga, 8,a,b)-convex
if it satisfies the inequality

fla()x+Bt)y) <at)f(x)+bt)f(y), xyel,

wherea, 3,a,b:J C [0,1] — R are given functions.
Then in 2014 Shi, Xi and Qi gave the following
particular definition

Definition 3([10Q)). Let hy,hy : [0, 1] — R4 and me (0,1].
Afunction f: 1 CRg=[0,0) — R is said to bgm, hy, hy)-
convex if

ftx+m(l—t)y) <hi(t)f(x) +mhe(t)f(y) (2)

holds, for all xy € | and t € [0,1]. If the inequality is
reversed f is said to bém, hs, hy)-concave.

Remark.

(D)If m=1,hy(t) =t andhy(t) = 1—t in (2) then we get
the classical notion of convexity.

all

h(x+y) > h(x) +h(y) X,y € J such thak+y e J
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(2)If hy(t) =t andhy(t) = 1—t in (2) we get the notion  Proofindeed, ifx,y € 1 y t € [0,1] then:
of m-convex function, c.f.11,6].

@)f m=1, h(t) =t5y ha(t) = 1—t5in (2) then we ftx+m(1-1)y)
obtain the notion o§;-convex function. nirﬂm fa(tx+m(1—t)y)

(MIf m=1,hy(t) =t3andhy(t) = (1-t)%in (2) then we
obtain the notion o§;-convex function.

B)If hy(t) =1y hy(t) = % in (2) then we obtain the

notion of P-convex function.
(6)if m= 1 andhy(t) = hy(1—t) in (2) then we obtain the

= lim fy k(tx+m(1-t)y)
k—+00

= kl_'mm f(tx+m(1—t)y)

notion ofh-convex function. < kIim k() fie(t) + mine(t) fie(y)
(Mfm=1,hy(t) =t~ Sandhy(t) = (1—t)"5in (2) then e

we have the notion ofs-Godunova-Levin convex = i(t)f(x)+mhp(t)f(y).

function.

proving the result.

Example 1All MT-convex functions, defined in1[3], are
Vi

(m,hy,hy)-convex form = 1, hy(t) = N and Theorem5Let f: [0,+0) — R a finite function on
—t
o 11 {ma, n%] C [0,4), (m,hy,hy)—convex with me (0,1]
t) = ———.
21 2\t and there is a M such thah;(t)| <M. Then f is bounded

Proposition 1Let hy,hy,hs,hs : [0,1] — R4 be functions on any closed intervelg, bj.

and let me (0,1). 1f f 11 C Ro — R is (m,hy,hp)-convex  proofy etx ¢ [a, b, then there is & € [0,1] such thak =
and g: | € Rg — R is (m,hz, hy)-convex, then g is ta+ (1—t)b, we have

(m,hs,hg)-convex where & = max{h;,hs} and
he = max{hy,hs}. f(x) = f(ta+ (1—t)b)
Prooflf x,y € | andt € [0, 1] then: < hy(t)f(a) + mhp(t)f (%)
(f+9)(tx+m(1-t)y), b
= f(tx+m(1—t)y) +g(tx+m(1—t)y) <M (f(a>+f (5» -
y) +hs(t)g(x)
)

< M(Fg+mhe(D)T( +mhu(t)aly) Thus, f is upper bounded ofa, b]
< (1)1 () + mis(t) F(y) + hs(1)g(x) + mhs(t)g(y) Now we notice that any ¢ [a,b] can be written as
= hs(t)(f(x) +9(x)) + mhe(t)(f(y) +9(y)) a+b b—a

——+tfor|t| < ——,
2+ It 2

a+b a+b 1/a+b
(57 = G2 ()
Proposition 2Let hy, hy : [0,1] — R be functions and let a+b

me (0,1]. If f : 1 € Rg— Ris (m, hy, hy)-convex, them f <hy (}) ; (MH) mhy (}) ¢ (T—t)
- — 2 .

= hs(t)(f +9) () + mhe(t)(f +9)(y)

which proves the result.

is (m,hy, hy)-convex for alla € R... 2 2 m
Prooflf x,y el yt € [0,1] then:
(af)(tx+m(1—-t)y) af(tx+m(l-t)y)
a(hy(t)f(x) + mhe(t) () b )
() (af)(x)+mhpt)(af)y).  F (T) —mhe (z) M
The proof is complete. a+b

a+b 1 5t
Sf(‘i*)‘mm<é)f m

o 1 a+b 1
Proposition 3Let ¢, ry : [0,1] — R, two sequences of <M (é) f (T +t) =M (é) f(x).
functions that converge pointwise te % h, respectively,

and let me (0,1]. If fy is a sequence of functions that \Which we obtain that

converge pointwise to f and eacl :fl C Ry — R is

(m, gk, r)-convex, for all k> ng, with np € Z,, then f is {hl (})} o (f (ib) ~mh (}) M) < f(x)
(m, hy, hy)-convex. 2 2 2 -

Applying the first part of this theorem , we obtain that

A
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3 Main results. Theorem 7Let h;,h, : [0,1] — R, be non-negative
functions and let f | — R be a function differentiable in

In this section we establish some Ostrowski type!® and such that fe -Zla,b] where abe | and a<b.

inequalities for functions with (m hy,hy)-convex ~ Suppose n& (0,1]. If | '] is & (m,hy, hz)-convex function

derivative. These, generalize previous ones. onland|f'(x)| <M, x€ [a,b], then
Theorem 6Let f: | — R be a function differentiable on f(x) — 1 /b f(u)du

I° and such that fe .#[a,b] where ab e | and a< b. If

[f'| is (m, hy,hy)-convex infa, b] then M

(O a)?+ (b—x)?) /Olt(hl(t) + mhy(t))dt

‘f(x)—lea/bf(u)du

holds for all xe [a,b].

< (b—a)|f'(a)] [/0 thy(t) dt+/ 1-t)h(t) ProofUsing Lemma2) and definition 2) we have:
N ‘f(x)—lea/bf(u)du
! b :
mo-ar (D)1 [ "t d”/ FOROA] e [ a-vaya
~— b—a Jo
)2
for all x € [a, b]. +(2_>2 /Olt|f’(tx+(1—t)b)|dt
ProofUsing Lemma {) and definition 2) we have que: (x—a)2 1 a
| g o /0 t|f (tx+m(1—t)a)|dt
‘ (X)_ﬁ/a (udu +(b—x)2/1t|f/ <tx+m(1—t)9> dt
b b—a Jo m
< (b—a)/ t|f (tat (1—t)b)|dt x_ap 1
< |t
+(b—a)/b_(1 1)’ (ta+ (1—t)b)|dt b-a Jo a
= + mhp(t)| ' (E) )t
= (b—a) [ “t|f'(ta+m(1-t)— )|dt Y
o ( ") +<b 9 /l( <>|f<>|+mm<t>|f/(3)|)dt
b b—a m
+(b— a)/ (1-t) f’<ta+m(1—t)ﬁ)‘dt
o t) +mhp(t))dt
< b-a) [ (i@l mieo |12 e
t) +mhp(t))dt
1 b
+(b—a) [, (1-t)(h(t)|f'(@)[+mhp(t) | T { — 1
/b— ( (m)D - %((x—a)%(b—x)z)/ t(ha(t) +mhg(t))dt
/ r 0
= (-9 [f |/ thl dtrm|T < )’/ et } which proves the result.
+ (b—2a) [f’(a)|/:x(1—t)hl(t)dt Theorem 8Let hy,h, : [0,1] — R, be non-negative
b-a functions and let f | — R be a function differentiable in
/b /1 I° and such that fe #[a,b] where ab e | and a< b.
+m|f (E) /7(1 t)hy( )dt] Suppose & (0,1]. If [f'|%is a(m, hy, hy)-convex function

onfab], pa>1, £+ =21and[f'(x)| <M, xe [ab],
thy (t) dt+/ (1-t)hy(t )dt] then

U‘U

—(b—a)|f’<a>|{/ | e
f’(r—:)u/ob;thz( )dt + 7(1 t)hz()dt} |(X)_El/a (au
<m(S)" | [ a0+ mro)an

for all x € [a,b].

+m(b—a)

= i (x-a)

ol

24+ (b— x))
b—a

which proves the result.
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ProofSupposep > 1. Using Lemma Z) and Holders Proofby Theorent we have:
inequality we have:

b
X) — bfla/a f(u)du

x—a)? (1 box
= (b_; /Ot|‘”(t><+(1—t)"31)|dt < (b—a)\f’(a)l{/orthl dt+/ (1-t)hy(t )dt}
b—x)2 (1
+(b_ ) / t|f/(tx+ (1—t)b)|dt +m(b—a) f(r%) [/m‘thg(t)dt+/lt;%§(lft)h2(t)dt}

= ():3_ a ( tht) </ [f(tx+(1-t)a )th)l < (bfa)\f’(a)l{/o{%‘t.tdw/l, (l—t).tdt}
+(t;_x) (/ tpdt>%’ </ (s (1-)b )th)ll +m(ba)ff |

—a 1
On the other hand, sindé’|% is (m, hy, hy)-convex: = (b-a)|f'(a)] /Ortzd”/ggﬁftz)d‘}
1 (b =X
/O £/ (tx+ (1—t)a)|%dt +m(b—a)|f (a)\{/or(t 2 dt+/ (12t +%)dt
1 , 1/b-x\* 1 1/b- b—
:/ |f/(tx+m(1—t)%) 9t :“’*a”“a)'{é (==3) *5*5(172) +§(r2)]
0
1 L(bY [1/b=x\? 1/b—x\3
< /O (h1<t)|f’(x>|q+mm<t)|f’(%) |‘*) dt tmb-ait (a)‘{é (i) -3(6=)
1 g,ﬁ%ﬂ)i&(@ﬂ
gM‘*/ (ha(t) + mhy(t))dt. 3 bat(ba) 3(ba
0 3 2
. T2/b- 1/b- 1
Similarly, we obtain: = (-3l §<f:1> ~32 bf:m) *%
1 1 (b 2/b-x\* 3/b-x\* b-x 1
[ 10 @bt < M [ (o) + i)t mo-arr (21 3(5) 5 (58) o
b—a) b—x)?3 b—x\?
Hence _ 6a>|f<a)|{4(T:> 73(79 o
f(u)du| (b—a),,, (b b—x\?2 b—x\?* b—x
/ X el (Hw)‘{g(fa) ~(52) o(5ma) +2
(x— a)z( p )5 i 3 2
<= tPdt M4 h dt (b—a) | b— b—
<5 / [ / (e (t) +mhp(t)) } :Ta{\f(a)\<4 —2) -3 fg) +1>
b—x ’ : /b b—x\? b—x\° b—
+(b ; (/ tht) [Mq/ (ha(t) + mhp (1))l mf (FH)KQ(T;) 74(%) 4(%)”)
1
1 \» § (x—a)?2+(b—x)?
M (1) [ o+ mip] F E=H R
p+1 [/0 ] b-a and the proof is complete.
and the proof is complete.
4 Applications Remarkf m= 1 then we obtain the result of Theordm

Theorem 9lf max{hy(t),hz(t)} <min{t,1—t} vt €[0,1],

then the inequality Theorem 10Let S € (0,1]. If

max{hy (t),hx(t)} < min{ts,(1—1t)%} Wt € [0,1], then

‘f(x)—b—ia/abf(u)du

s+m+1 >

1)(s+2
holds, for all x< [a,b]. s+1)(s+2)
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ProofBy Theorem 7): ProofBy Theorem {) we have:
b
(%) /f )dul ‘f(x)_%/a f(u)du
M -1
3%« x—a)’+ (b—x)?) /01t<h1<t>+mm<t>>dt < poa((- @+ (0% [ tlhu(t) + mre)ct
M
< M (a2t (b-x?) [t ma -y < gt (00 [ (a0 £t
b—a 0 M
A B P Rl L
- 1
" . - < o (k=@ (0 %) [ (hha(t) + mhp(e?) o
= = ((x=a)*+ (b—x)?) + °
b—a (s+2 (s+1)(s+2)>
M 2 S+14m which proves the result.
RS X))((s+1)(s+2)>

Theorem 13lf, in addition, hy(t) = hy(1—t1), then
1 ‘b

‘f(x)—bT/ f(udu

MO O Xy 12) 1 (et

The proof is complete.

Remarkf m= 1 then we get the result of Theoredn

Theorem 11Let S € (0,1]. If

max{hy(t),ha(t)} < min{t5, 1—t5} vt, then

1 b ProofBy Corollary (12).and the fact thahy(t) is super-

’f(x) - a/ f(u)du multiplicative, we have:
- a

b
S%((x a)’+ (b—x) )(22(:+n;s)) ‘,\:(X)_%/a f(uz)d”
< M@ O oy ) + i)t
ProofoThforng) = MO O 0 - )+ (e
If(X)—ﬁ/a f(u)dul _ M[(X—a)2+(b_x)2]/ (hp(t —t2) + mhy(t2))dt
< %((x—a)z—i—(b—X)z)/ t(hy(t) +mhg(t)) o
gb'V'Ta((x_a)ZJr(b_x)z)/lt(t5+m(l )t The proof is complete.

" . . Remarkf m= 1 the we get the result of Theore3n
2 2 1
= p_alx—a7+(0=x7) /0 e dt+m/0 t(l_ts)) dt Theorem 14If h; is super-additive, f{(t) = hp(1—1) and

M 1 ms m= 1, then
= p_a((*=3°+(b=x") (@+2(s+2)) 0 / W
— o (x-a e o-x) (2T
b_a 25+2) th(l) e
finishing the proof. < bia (m) [(x—a)*+ (b—x)?].

ProofBy TheorenB we have:
Remarkf m= 1 we get the classical Ostrowski inequality.

X ——/ f(u)duy|

Theorem 12If h,(t) is a super-multiplicative function and b-al/a
ho(t) >t Vt € [0,1], then 1o N[ 0 (x—a)2+ (b—x)?)

i < M(/O t dt) Uo (hl(t)+mhg(t))dt} — ,

/ f(u)dul On the other hand, using the fact tha{t) = hy(1—t),
M[(x— ) (b X) ] 1 thath, is a super-additive anah = 1, we have
< — [} (ha(t)ha(t) + mip(t?))clt ) :
0 [ )+ miv)dt = [ ha(mdt = (1)

(@© 2017 NSP
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therefore:

b
|f(x)—lea/a f(u)dul

< D ([Toa) -+ 007
e (571) -t (o,

finishing the proof.

Theorem 15If in addition hp(t) >t vt € [0, 1], then

}f(x)—b—ia/abf(u)du

1
_ Mhj()
b—a

(/Olhz(tp)dt) : [(x—a)%+ (b—x).

Prooflt readily follows from Corollary 14 and the
inequalityh(tP) > tP.

RemarkiNotice that the result of the last corollary is the
same of Theorem.

5 Conclusions

The main contributions of this paper has been the

introduction of a new class of function of generalized
convexity, functions with{m, hy, hy)-convex derivative,we

have shown that these classes contain some previousfyom Universidad Central
known classes as special cases as well as Ostrowski typde
inequalities for these functions. We expect that the ideadistrito
and techniques used in this paper may inspire interesteth the field Pure Mathematics
readers to explore some new applications of these newlyNonlinear Analysis). He has
introduced functions in various fields of pure and appliedvast experience of teaching

sciences.
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