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Abstract: The aim of this paper is to study and investigate some neweptieg of the beta polynomials. Taking derivative of the
generating functions for beta type polynomials, we give paotial differential equations (PDESs). By using these PD#s derive
derivative formulas of the beta type polynomials. In or@ecanstruct a matrix representation for the beta polynaniaé firstly show
that the set of beta polynomials is linearly independent.uBing linearly independent properties, we prove that adyngonial of
degree less than and equiedire written as a linearly combination of the beta polynomi@herefore, we define matrix representation
for the beta polynomials. Moreover, we provide the simolabf the beta polynomials with some their graphs. We alse ginarks
and examples and comments on the beta polynomials and th&ixmepresentation.
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1 Introduction CAGD. In [7], we gave relation between the beta
. , . polynomials and the Bernstein polynomials. We also gave
Polynomials are widely used in other areas Of gjation between these polynomials and distribution
mathematics and information science as well as the othefnction. In order to investigate some fundamental
sciences: they are important in the study.of Cont'”uedproperties of the beta polynomials, we constructed a
fractions, operator theory, graph theory, discrete groughgye| collection of generating functions which are used to
theory, Computer Aided Geometric Design (CAGD), gerive identities and relations for the beta polynomiats. |
analytic functions, interpolation, approximation theory [6]-[ 7], we studied on thegt) beta type polynomials.
numerical analysis, electrostatics, statistical quantum = |, [1], Bhandari and Vignat have also studied on the

meCB?“'CSa spec;]al . func|t|ons,d number  theory, peta poiynomials. By using these polynomials, they gave
combinatorics, stochastic analysis, data compression, ety apapilistic representation of the multidimensional
It is known that by using generating functions of the p-adic Volkenborn integral.

special polynomials, many properties of the applied gimijarly, matrices are widely used not only in applied

matﬂemat!csl which dfolcuses d%n the lformulatlon of mathematics, but also in the information science. For
mathematica mOoaels, iiterential ~equations, ayample, in the optimization of a dynamic programming

representations theory, numerical analysis etC., argqyation, in all areas of positive and social sciences, life
studied €f. [1]-[7]). sciences, etc.

Some special polynomials are also related to App"edThrou hout this paper. we use the following standard
Probability Theory. For example, the Bernstein notatic?ns: paper, g

polynomials are associated with the binomial distribution N = {1,2,3...}, No = {0,1,2,3....} = N U {0}.

and the Poisson distribution in Probability Theorf. ( Here,Z denotes the set of integef&, denotes the set of

[L]-[7D. . ... real numbers an@ denotes the set of complex numbers.
The beta polynomials are also related to d|str|but|on.|.he beta polynomials are defined as follows:

function in Probability Theory. It is known that the
Bernstein polynomials and the beta polynomials are usedPefinition 1.1.Letx € [-1,0]. Letnandk be nonnegative
many branches of Mathematics and Applied Mathematicdntegers. Then we define

(cf. [7]). The Bernstein polynomials play a central role in

the theory of Bezier curves and surfaces and also in SBk,n(x)zxk(ij 1)"‘k. 1)
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wherek =0,1,2,...,n. We usually set 2 PDEs for the generating functions
Bn(X) =0 We know that applied mathematics consisted principally
if k< 0 ork > n (cf. [1], [6]). of applied analysis, most notably differential equations.

Hence, in this section, we give PDEs for the generating
functions. By using these equations, we derive two
derivative formulas of the beta-type polynomials. These

x \X 1 ° tn formulas are used to compute derivatives of the beta-type

br(t,X) = (1—+x> 1 = Z}mk,n(x)ﬁa (2)  polynomials.
n= ' Taking derivative of 2), with respect ta, we obtain

wherek € Ng={0,1,2,--- } and for allt € C. Thereisone the following PDE for the generating functions:
generating function for each valuelaf

In [7], we constructed generating functions for the
functions My () as follows:

2
By using @), we have dhakit(;’t) = (x+1)2h(x,1) (5)
Micn(x) =X (1+)", @ o
wheren,k € No. From @), if n > k, we get the beta w = 2(1+X) hr(x,t) + khx_1(x,1)
polynomials: otéox
| fmk,'n(x) = %If,n(x) ' + (14X)%th (X, 1). (6)
%r;lc(i)vcsh < k. we define a rational functiortn(X) @S rpegrem 11et n> 1and k> 1. Then we have
' — d
Ml (X) = bren(X) B Ten2(0) = 2(14X) Micn(x)
where ) X
ben() = — N (14 %) Min-1.(X) + kM1 (%)
(1+%) ProofBy combining @) with (5), we obtain
andge{O,l,Z,--- Jk—1}. ® g {n-2 © {n
ence, we set el - Ml
N n(X) = By n(X) + bin(X). (4) +1
[ n e n
The beta polynomials are defined by means of the (1+x)2 Zozmk,n(x)t— +k z smk_l,n(x)t—.
following generating functionst. [7]): = n! =0 n!

Therefore

© tn
Sk(t,x) = nZk%k,n(X)H, tn

© d u ©
—Mns2(X) = =2(14+X) 5 Mig1n(X) <+
where for allt € C and HZO dx n: nZO n:

© n

k—1 n 2 tn i t
Bt,%) = b(t,%) Zobk,n(x):]_!- (1+x) nzonfmk,n—l(x)ﬁ + knzofmk—l,n(x)ﬁ.

Comparing the coefficients éﬁ on the both sides of the

Hence above equation, we arrive at the desired result.
By 1(X) = By2(X) = -+ = Byk-1(x) =0 By using &), we obtain
(cf. [6]-[7]). 92hk(x,t)

We summarize our paper as follows: v Xhr_o(X,1).
In Section 2, we give some PDEs for the generating _
functions for the beta type polynomials. By using theseBY using the above PDE, we get

equations, we find two derivative formulas of the beta-type 03hy(x.t)
polynomials. Ta’ = 2Xhi_2(X,1)
In Section 3, we prove that a set of beta polynomials is teox
linearly independent. We also give a matrix representation +(k—2)hr_1(%,t) +Xthi_a(x,t).

for these. ponnomiaIs.'FinaIIy, we give two examp[es for By combining @) with the above PDE, we easily arrive
this matrix representation of the beta type polynomials. i the following theorem:

In Section 4, the simulation of the Beta type
polynomials are demonstrated. We also give somelheorem2letn>1andk> 2. Then we have
graphics of the beta type polynomials.

In Section 5, we give some remarks, comments and &fmkmﬂ(x) = 2My—2,n(X) + (k= 2)My_1,n(X)
applications on the matrix representation and graphics of
the beta type polynomials. +NCMy_2n-1(X).
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3 A Matrix representation for the degree less than and equmtan be written as a linearly
polynomials By n(X) combination of the beta polynomials. That is,
n n
In this section, we show that the beta polynomials of P = 3 ax="3 bByn(X).
K=o K=o

order n form a basis for the space of polynomials of
degree< n. Thus we see that the power basis spans the
space of polynomials and any element of power basis ca
be represented as a linear combination of the bet
polynomials.

That is if there exist constants, as,...,0n such that

Here,P,(x) is called a polynomial in the polynomials
'%k,n(x) form. This form gives us many advantages if one
Quishes to analyze polynomials over a finite interval. We
now ready to write the following matrix form:

bo
S 01 Bin(X) = 0 7 by
kzoak k7n(x) - @) Pa(x) = [%n,n(x) %n—l,n(x) %Om(x)]
holds for allx then allaq, as,...,0n is must be zero. We bn
assume thatr) is true. Then we write Applying the method of mathematical induction in the
0— ao(1+x)”+alx(1+x)”’l+azx2(1+x)”’2 above equation, we get the following matrix representation

of the polynomial$(x) by the following theorem:
o A X2 (14 %)% 4 an X (L4 X) + anx” !

Theorem 3.
From the above we get Pn(x) = XA'B (8)
non\ . n—1/n_1\ . =2 /n_2\ . where A denotes transpose of the matrix A and
OZGOZO(-)X'+01 zo( )x'+1+az zo( . )xJ+2 .
=\ = i= Xlxn:[lx...x],

bo

2 o\ N
e On 2 zo(j)x1+”*2+an,1 zo(j)xl+”*1+anx” by
= =

Bn><1 = :
bn

= 0 1 ..o
n ) n—ln . 0 ) Aoen = [ai]
_ . _
+ <ao<n_ 1) +al<n_2> + ...anl(o>) X! vi/here A _
< n—1

n
+...+ao<n>+a1(n_1)+ao<n>
1 0 n
Thus we get the following equations : : . . :
n (n;l) n-1\ /n-1\ (n-1 (n—.l) 0
(n>ao:0 n—-1 n—2 n—3 n—4 0

) G G ) () ()]
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o

o
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(3o ("5 )eue
and the g elements are related to the coefficients of the
(;) o+ (” 1 1) ar+ (” 6 2) ay =0 beta polynomial&y n(X).
We also note that the matrix i) is upper triangular
n n—1 n By using @), we compute some examples for the
n)oot{,_q)0t T, )= 0. matrix representation of the polynomiddg(x) as follows:
From the above equation we easily see that Example 1. Substitutingn = 2 into (8), the matrix
representation of theolynomial B(X) is given as follows:
ap=01=..=0,=0
111 (bo
Consequently, {Bon(X), B1n(X),..., Ban(X)} is a P(x)=[1x5] |012] |by].
linearly independent set. Therefore, any polynomial of 001| |by
(@© 2017 NSP
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From the above matrix representation, we get
Po(X) = (bo+ b1+ b2) + (b1 + 2by)x+ b2X2.

Example 2Substitutingn = 2 into (8), the matrix
representation of theolynomial B(X) is given as follows:

111 bo
0123] |b
Ps) = [1x¥ ] |57 3 b;
0001 [bs

From the above matrix representation, we get

P3(x) = (o + b1 4 bz + b3) + (b1 + 2bp + 3b3)x
+ (b4 3b3)x% + bax®.
Remark 2.1.

Joy [4] gave a matrix representation of the Bernstein

polynomials with their applications.

4 Simulation of the Beta polynomials

1.0

0.5r

1 | T T
U s WwN R

AAAARN

— I I . L
1£}1.0 -0.8 -0.6 -0.4 -0.2 0.0

Fig. 1 Varying k values for n = k

Y(X) = Bin(X) 9)
wherek = 0,1,2,...,n and x varies between [-1,0].

Below are the plots of y(x) with respect to k with varying

offset values as given by:

n=k+offset (10)
When offset is 0 then the plot shown in Figutds
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Fig. 2 Varying kvalues forn=k + 1
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Fig. 3 Varying k values forn=k + 2

5 Conculusion

Applying Equation 8), one can easily see that every
polynomials with degre@ may be expressed in matrix
form that relates to the beta polynomials. Therefore, any
polynomial of degree less than and equahie written as
the linear combination of the beta polynomials.

Graphics of the beta polynomials are provided to
visualize the shape of polynomials on finite domain. The
effects of k and n on the shape of the curve are
demonstrated for the given range. These graphics may be
used not only in Bezier type curves and surfaces, in
Computer Aided Geometric Design (CAGD) but also in
other areas.

obtained. As demonstrated in plots, increase in offset Inthe work of Farouki$], we know that the monomial
shifts the curve to 0 while sequezes them. Meantime, as korm in Equation 8) of a polynomialP,(x) is frequently

increases the resulting curves narrows.

used. Thus, in the above graphics we show that the beta
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Fig. 4 Varying k values forn=k + 4

polynomialsBy »(x) form may also be used to manipulate
the graph of a polynomial over a finite domain.
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Consequently, we also think that a Bezier type curve may

be constructed by the beta polynomials.
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