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Abstract: Pop and F ˇarcas [12] introduced the bivariate operators of the Bernstein-Kantorovich type and the associated
GBS(Generalized Boolean sum) operators of the Kantorovichtype. The concern of this paper is to obtain the rate of convergence
in terms of the partial and complete modulus of continuity and the degree of approximation by means of Lipschitz class forthe above
bivariate operators. We also study the simultaneous approximation for the first order partial derivative of the operator. In the last section,
we estimate the degree of approximation by means of the Lipschitz class for B ¨ogel continuous functions and the rate of convergence
with the help of Peetre’s K- functional for the GBS operator of Bernstein-Kantorovich type.
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1 Introduction

For a bounded functionf (x) defined on the interval
J = [0,1], the Bernstein polynomial of nth degree is
defined as

(Rn f )(x) =
n

∑
k=0

pn.k(x) f (
k
n
),

where

pn,k(t) =

(

n
k

)

tk(1− t)n−k

are the fundamental polynomials.
Lorentz gave a brief presentation of the principle results
concerning these polynomials in his book [8]. If f (x) is
continuous onJ, the fundamental property of these
polynomials is that (Rn f )(x) → f (x), as n → ∞,
uniformly on J.In 1930, to approximate Lebesgue
integrable functions on [0,1], Kantorovich [10]
introduced and studied the operators
Lm : L1([0,1]) → C([0,1]) defined for any functionf in
L1([0,1]) and for anym∈ N as follows:

(Lm f )(x) = (m+1)
m

∑
k=0

pm,k(x)
∫ k+1

m+1

k
m+1

f (t)dt, (1)

for x∈ [0,1], k∈ {0,1,2, · · · ,m}.
In [12], for m∈ N, f ∈ L1(∆2), where

∆2 = {(x,y) ∈ R×R| x,y≥ 0,x+ y≤ 1}.

Pop and F ˇarcas constructed bivariate operators of
Kantorovich typeKm : L1(∆2)→C([0,1]× [0,1]) defined
as:

(Km f ;x,y) = (m+1)2 ∑
k, j=0,k+ j≤m

pm,k, j (x,y)

×
∫ k+1

m+1

k
m+1

∫
j+1
m+1

j
m+1

f (t,s)dt ds, (2)

where
pm,k, j(x,y) =

(

m
k

)(

(m− k)
j

)

xky j(1− x− y)m−k− j,

for anyk, j ≥ 0,k+ j ≤ m and(x,y) ∈ ∆2.
The method of construction of bivariate operators of
Kantorovich type was inspired by the construction of
Bernstein bivariate operators [8], Bm : F (∆2) → F (∆2)
defined as:
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(Bm f )(x,y) = ∑
k, j=0,k+ j≤m

pm,k, j (x,y) f

(

k
m
,

j
m

)

,

for any (x,y) ∈ ∆2. In [12], Pop and F ˇarcas also
constructed the GBS operators associated with the
bivariate operatorsKm of Kantorovich type.

The purpose of this paper is to discuss the rate of
convergence of the bivariate Bernstein-Kantorovich type
operatorsKm defined on a triangle and investigate the
rate of convergence by the associated GBS operators by
using Lipschitz class and mixed K- functional.

2 PRELIMINARIES

Let C(∆2) = { f : ∆2 → R| f be continuous on∆2}. The
norm inC(∆2) is given by

|| f ||= sup(x,y)∈∆2
| f (x,y)|.

In the bivariate case, forf ∈ C(∆2), the complete
modulus of continuity is given as:

ω̄( f ;δ1,δ2) = sup

{

| f (t,s)− f (x,y)| : (t,s),(x,y) ∈ ∆2

and |t − x| ≤ δ1, |s− y| ≤ δ2

}

,

whereω̄( f ,δ1,δ2) satisfies the following properties:

1.ω̄( f ,δ1,δ2)→ 0, if δ1 → 0 andδ2 → 0;
2.| f (t,s)− f (x,y)| ≤ ω̄( f ,δ1,δ2)

×
(

1+
|t − x|

δ1

)(

1+
|s− y|

δ2

)

.

The details of the complete modulus of continuity for the
bivariate case can be found in [1].

Further, forf ∈C(∆2) the partial moduli of continuity
with respect tox andy is given by

ω1( f ;δ ) = sup

{

| f (x1,y)− f (x2,y)| : y∈ [0,1],

|x1− x2| ≤ δ
}

, (3)

and

ω2( f ;δ ) = sup

{

| f (x,y1)− f (x,y2)| : x∈ [0,1],

|y1− y2| ≤ δ
}

. (4)

Apparently, they satisfy the properties of the usual
modulus of continuity.

Let C2(∆2) :=

{

f ∈C(∆2) : fxx, fxy, fyx, fyy ∈C(∆2)

}

equipped with the norm

|| f ||C(2)(∆2)
= || f ||+

2

∑
i=1

(∥

∥

∥

∥

∂ i f
∂xi

∥

∥

∥

∥

+

∥

∥

∥

∥

∂ i f
∂yi

∥

∥

∥

∥

)

.

For f ∈ C(∆2), let us consider the following
K-functional:

K2( f ,δ ) = in f{|| f −g||+ δ ||g||C2(∆2)
: g∈C2(∆2)}, (5)

whereδ > 0.
By [7], there exists an absolute constantC> 0 such that

K2( f ,δ ) ≤Cω̄2( f ,
√

δ ), (6)

where ω̄2( f ,
√

δ ) denotes the second order modulus of
continuity for the bivariate case.

Next, we give some definitions which will be required
for the GBS operator. A functionf : ∆2 −→ R is called a
B-continuous (Bögel continuous) function at(x0,y0) ∈ ∆2
if

lim
(x,y)→(x0,y0)

∆ f [(x0,y0);(x,y)] = 0,

where ∆ f [(x0,y0);(x,y)] denotes the mixed difference
defined by

∆ f [(x0,y0);(x,y)] = f (x,y)− f (x,y0)− f (x0,y)+ f (x0,y0).

A function f : ∆2 −→ R is called a B-differentiable
(Bögel differentiable) function at(x0,y0) ∈ ∆2 if the limit

lim
(x,y)→(x0,y0)

∆ f [(x0,y0);(x,y)]
(x− x0)(y− y0)

exists finitely.
The limit is called the B-differential off at the point
(x0,y0) and is denoted byDB( f ;x0,y0) and the space of
all B-differentiable functions is denoted byDb(∆2).

The space of all continuous fuctions on∆2 is denoted
by C(∆2) where the norm is the sup norm||.||∞.

From the definition of B ¨ogel continuity it easily
follows thatC(∆2)⊂Cb (∆2) ([2], page 52).
In what follows, letδ1(x) andδ2(y) be defined as

δ1
2(x) = {Km((t − x)2;x,y)}

and
δ2

2(y) = {Km((t − y)2;x,y)}.
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3 Basic Results

Lemma 1.[12]
Let ei. j : ∆2 → R,ei, j(x,y) = xiy j i, j = 0,1,2 be the test
functions. Then the following equalities hold for the
operatorsKm given by :

1.Km(e00;x,y) = 1;
2.Km(e10;x,y) = 2mx+1

2(m+1) ;

3.Km(e01;x,y) =
2my+1
2(m+1) ;

4.Km((t − x);x,y) = 1−2x
2(m+1) ;

5.Km((s− y);x,y) = 1−2y
2(m+1) ;

6.Km((t − x)2;x,y) = 3(m−1)x(1−x)+1
3(m+1)2

;

7.Km((s− y)2;x,y) = 3(m−1)y(1−y)+1
3(m+1)2

.

Lemma 2.[12] For any (x,y) ∈ ∆2, (Km)m>1 verify
the following estimation:

1.Km((t − x)2;x,y)≤ 1
(m+1) ;

2.Km((s− x)2;x,y)≤ 1
(m+1) ;

3.Km((t − x)4;x,y)≤ 1
(m+1)2

;

4.Km((s− x)4;x,y)≤ 1
(m+1)2

;

5.Km((t − x)4(s− y)2;x,y)≤ 1
(m+1)3

;

6.Km((t − x)2(s− y)4;x,y)≤ 1
(m+1)3

.

Lemma 3.For every f∈C(∆2), we have

||Km( f )|| ≤ || f ||.

Proof.From the definition of operator (2) and Lemma 1,
the proof of Lemma easily follows. Hence details are
omitted.�

Theorem 1.[12] If f ∈C(∆2), then

lim
m→∞

(Km f ;x,y) = f (x,y)

uniformly on∆2.

4 Main results

In the following theorem we obtain the rate of
convergence of the operators given by (2) in terms of the
partial modulus of continuity.

Theorem 2.Let f ∈ C(∆2) and (x,y) ∈ ∆2. Then we have
the inequality

|Km( f ;x,y)− f (x,y)| ≤ 2(ω1( f ;δ1(x))+ω2( f ;δ2(y)))

. (7)

Proof.Using equation (2.1),(2.2), Lemma 1 and applying
Cauchy-Schwarz inequality we have
|Km( f ;x,y)− f (x,y)| ≤ Km(| f (t,s)− f (x,y)|;x,y)

≤ Km(| f (t,s)− f (t,y)|;x,y)
+Km(| f (t,y)− f (x,y)|;x,y)

≤ Km

(

ω( f ;δ2)(1+
|s− y|

δ2
);x,y

)

+Km

(

ω( f ;δ1)(1+
|s− y|

δ1
);x,y

)

≤ ω2( f ;δ2)

[

1+
1
δ2

Km(|s− y|;x,y)
]

+ω1( f ;δ1)

[

1+
1
δ1

Km(|t − x|;x,y)
]

≤ ω2( f ;δ2)

[

1+
1
δ2

(

Km((s− y)2;x,y)

)1/2]

+ω1( f ;δ1)

[

1+
1
δ1

(

Km((t − x)2 : x,y)

)1/2]

.

Now, choosingδ1 = δ1(x) andδ2 = δ2(y), we obtain the
required result.�

4.1 Degree of approximation

In our next result we obtain an estimate of the error in the
approximation for the operators (2) with the aid of the
Lipschitz class.

In the bivariate case, for 0< ξ ≤ 1 , andf ∈C(∆2) we
define the Lipschitz class as:

| f (t,s)− f (x,y)| ≤ M{(t − x)2+(s− y)2}
ξ
2 .

Theorem 3.Let f ∈ LipM(ξ ) . Then, for every(x,y) ∈ ∆2,
we have

|Km( f ;x,y)− f (x,y)| ≤ M{δ 2
1 (x)+ δ 2

2 (y)}
ξ
2 .

Proof.By our hypothesis, for(x,y) ∈ ∆2 we may write

|(Km f )(x,y)− f (x,y)| ≤ Km(| f (t,s)− f (x,y)|;x,y)

≤ MKm({|t − x|2+ |s− y|2}
ξ
2 ;x,y).

Now, applying Hölder’s inequality with u1 =
2
ξ
,

v1 =
2

2− ξ
we have

|(Km f )(x,y)− f (x,y)| ≤ M{Km((t − x)2;x,y)

+Km((s− y)2;x,y)}ξ/2

= M{δ 2
1 (x)+ δ 2

2 (y)}
ξ
2 .

Hence, the proof is completed.�
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Next, we consider
C1(∆2) = { f ∈C(∆2) : f

′
x, f

′
y ∈C(∆2)}.

Theorem 4.Let f ∈C1(∆2) and(x,y) ∈ ∆2. Then, we have

|Km( f ;x,y)− f (x,y)| ≤ ‖ f
′
x‖δ1(x)+ ‖ f

′
y‖δ2(y).

Proof.Let (x,y) ∈ ∆2 be a fixed point. Then, by Taylor’s
formula we may write

f (t,s)− f (x,y) =
∫ t

x
f
′
u(u,s)du+

∫ s

y
f
′
v(x,v)dv.

OperatingKm(.;x,y) on both sides,

|Km( f ;x,y)− f (x,y)| = Km

(

∫ t

x
f
′
u(u,s)du;x,y

)

+Km

(

∫ s

y
f
′
v(x,v)dv,x,y

)

.

Since,
∣

∣

∣

∣

∫ t

x
f
′
u(u,s)dqu

∣

∣

∣

∣

≤ ‖ f
′
x‖|t − x|

and
∣

∣

∣

∣

∫ s

y
f
′
v(x,v)dqv

∣

∣

∣

∣

≤ ‖ f
′
y‖|s− y|.

Therefore,

|Km( f ;x,y)− f (x,y)| ≤ ‖ f
′
x‖Km(|t − x|;x,y)

+‖ f
′
y‖Km(|s− y|;x,y).

Now, using Cauchy-Schwarz inequality,

|Km( f ;x,y)− f (x,y)| ≤ ‖ f
′
x‖Km((t − x)2;x,y)1/2

+‖ f
′
y‖Km((s− y)2;x,y)1/2

= ‖ f
′
x‖δ1(x)+ ‖ f

′
y‖δ2(y).

This completes the proof of the theorem.

�

Theorem 5.For the function f∈C(∆2), we have
the following inequality
|Km( f ;x,y)− f (x,y)|

≤ M

{

ω̄2( f ;

√

Cm(x,y)

2
)

+min{1,Cm}|| f ||C(∆2)

}

+ω( f ;ψm(x,y)),

where
ψm(x,y) =
√

{(

2mx+1
2(m+1)

− x

)2

+

(

2my+1
2(m+1)

− y

)2}

,

Cm(x,y) = δ 2
1 (x)+ δ 2

2 (y)+ψ2
m(x,y)

and the constant M> 0, is independent of f
and Cm(x,y).

Proof.We introduce the auxiliary operators as follows:

K
∗

m( f ;x,y) = Km( f ;x,y)− f

(

2mx+1
2(m+1)

,
2my+1
2(m+1)

)

+ f (x,y),

then using Lemma 1, we have
K ∗

m(1;x,y) = 1, K ∗
m ((t − x);x,y) = 0 and

K ∗
m((s− y);x,y) = 0.

From Taylor’s theorem, forg∈C2(∆2) and(t,s) ∈ ∆2,

g(t,s)−g(x,y) = g(t,y)−g(x,y)+g(t,s)−g(t,y)

=
∂g(x,y)

∂x
(t − x)+

∫ t

x
(t −u)

∂ 2g(u,y)
∂u2 du

+
∂g(x,y)

∂y
(s− y)

+

∫ s

y
(s− v)

∂ 2g(x,v)
∂v2 dv.

Applying the operatorK ∗
m(.,x,y) on both sides, we get

K ∗
m(g;x,y)−g(x,y) = K ∗

m

(

∫ t
x(t −u) ∂ 2g(u,y)

∂u2 du;x,y

)

+K
∗

m

(

∫ s

y
(s− v)

∂ 2g(x,v)
∂v2 dv;x,y

)

= Km

(

∫ t

x
(t −u)

∂ 2g(u,y)
∂u2 du;x,y

)

−
∫ 2mx+1

2(m+1)

x

(

2mx+1
2(m+1)

−u

)

∂ 2g(u,y)
∂u2 du

+Km

(

∫ s

y
(s− v)

∂ 2g(x,v)
∂v2 dv;x,y

)

−
∫

2my+1
2(m+1)

x

(

2my+1
2(m+1)

− v

)

∂ 2g(x,v)
∂v2 dv.

Hence,

|Km(g;x,y)−g(x,y)| ≤ Km

(∣

∣

∣

∣

∫ t
x |t −u|

∣

∣

∣

∣

∂ 2g(u,y)
∂u2

∣

∣

∣

∣

du

∣

∣

∣

∣

;x,y

)

+

∣

∣

∣

∣

∫ 2mx+1
2(m+1)

x

∣

∣

∣

∣

2mx+1
2(m+1)

−u

∣

∣

∣

∣

∣

∣

∣

∣

∂ 2g(u,y)
∂u2

∣

∣

∣

∣

du

∣

∣

∣

∣

+Km

(∣

∣

∣

∣

∫ s

y
|s− v|

∣

∣

∣

∣

∂ 2g(x,v)
∂v2

∣

∣

∣

∣

dv

∣

∣

∣

∣

;x,y

)

+

∣

∣

∣

∣

∫
2my+1
2(m+1)

x

∣

∣

∣

∣

2my+1
2(m+1)

− v

∣

∣

∣

∣

∣

∣

∣

∣

∂ 2g(x,v)
∂v2

∣

∣

∣

∣

dv

∣

∣

∣

∣

≤
{

Km((t − x)2;x,y)+

(

2mx+1
2(m+1)

− x

)2

+Km((s− y)2;x,y)+

(

2my+1
2(m+1)

− y

)2}

×||g||C2(∆2)

≤ (δ 2
1 (x)+ δ 2

2 (y)+ψ2
m(x,y))||g||C2(∆2)

= Cm(x,y)||g||C2(∆2)
.

(8)
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Also, using Lemma 2

|K ∗
m ( f ;x,y)| ≤ |Km( f ;x,y)|+

∣

∣

∣

∣

f

(

2mx+1
2(m+1)

,
2my+1
2(m+1)

)∣

∣

∣

∣

+| f (x,y)|
≤ 3|| f ||. (9)

Hence in view of (8) and (9), for anyg∈C2(∆2), we get
|Km( f ;x,y)− f (x,y)| ≤
|K ∗

m ( f −g;x,y)|+ |K ∗
m(g;x,y)−g(x,y)|
+|g(x,y)− f (x,y)|

+

∣

∣

∣

∣

f

(

2mx+1
2(m+1)

,
2my+1
2(m+1)

)

− f (x,y)

∣

∣

∣

∣

≤ 4|| f −g||+ |Km(g;x,y)−g(x,y)|

+

∣

∣

∣

∣

f

(

2mx+1
2(m+1)

,
2ny+1
2(m+1)

)

− f (x,y)

∣

∣

∣

∣

≤
(

4|| f −g||+Cm(x,y)||g||C2(∆2)

)

+ω( f ;ψm(x,y)).

Now, taking the infimum on the right side of the
above inequality over allg∈C2(∆2), we obtain

|Km( f ;x,y)− f (x,y)| ≤ 4K2( f ;
Cm(x,y)

4
)+ω( f ;ψm(x,y)).

Finally, using (6), the required result follows.�

4.2 Voronovskaja type theorem

In this section, we obtain a Voronovskaja type asymptotic
theorem for the bivariate operatorsKm( f ;x,y).

Theorem 6.Let f ∈ C2(∆2) and (x,y) ∈ ∆2. Then, we
have
limm→∞ m(Km( f ;x,y)− f (x,y)) =

1
2(1−2x) f

′
x(x,y)+

1
2(1−2y) f

′
y(x,y)+

1
2x(1− x) f

′′
xx

−xy f
′′
xy+

1
2y(1− y) f

′′
yy,

uniformly on∆2.

Proof.Let (x,y) ∈ ∆2. By Taylor’s theorem, we have

f (t,s) = f (x,y)+ f
′
x(x,y)(t − x)+ f

′
y(x,y)(s− y)

+
1
2
{ f

′′
xx(x,y)(t − x)2+2 f

′′
xy(x,y)(t − x)(s− y)

+ f
′′
yy(x,y)(s− y)2}

+ε(t,s;x,y)
√

(t − x)4+(s− y)4, (10)

for (t,s) ∈ ∆2, whereε(t,s;x,y) ∈C(∆2)
andε(t,s;x,y)→ 0, as(t,s)→ (x,y).

Applying Km(.;x,y) on both sides of (10), we obtain

Km( f (t,s);x,y) = f (x,y)+ f
′
x(x,y)Km((t − x);x,y)

+ f
′
y(x,y)Km((s− y);x,y)+

1
2
{ f

′′
xx(x,y)Km((t − x)2;x,y)

+2 f
′′
xy(x,y)Km((t − x)(s− y);x,y)

+ f
′′
yy(x,y)Km((s− y)2;x,y)}

+Km(ε(t,s;x,y)
√

(t − x)4+(s− y)4;x,y).

Applying Lemma 1, we may write,
lim

m→∞
mKm( f ;x,y)− f (x,y))

=
1
2
(1−2x) f

′
x(x,y)+

1
2
(1−2y) f

′
y(x,y)+

1
2

x(1− x) f
′′
xx

−xy f
′′
xy+

1
2

y(1− y) f
′′
yy

+ lim
m→∞

mKm(ε(t,s;x,y)
√

(t − x)4+(s− y)4;x,y).

Now, applying Cauchy-Schwarz inequality,
∣

∣

∣Km(ε(t,s;x,y)
√

(t − x)4+(s− y)4;x,y)
∣

∣

∣

≤ {Km(ε2(t,s;x,y);x,y)}1/2

×{Km((t − x)4+(s− y)4;x,y)}1/2

≤ {Km(ε2(t,s;x,y),x,y)}1/2

×{Km((t − x)4;x,y)+Km((s− y)4;x,y)}1/2.

(11)

Applying Theorem1, sinceε2(t,s;x,y) → 0 asm→ ∞,
we obtain

lim
m→∞

Km(ε2(t,s;x,y);x,y) = 0.

Further, in view of Lemma 1

m

{

Km((t − x)4;x,y)+Km((s− y)4;x,y)

}1/2

= O(1),

asm→ ∞ uniformly in (x,y) ∈ ∆2.

Hence,

lim
m→∞

mKm(ε(t,s;x,y)
√

(t − x)4+(s− y)4;x,y) = 0,

uniformly in (x,y) ∈ ∆2.

Thus the proof is completed.�

Theorem 7.(Simultaneous approximation) For any
(x,y) ∈ ∆̊2(interior of ∆2) and f ∈C(∆2), Km satisfies

lim
m→∞

(

∂
∂ω

(Km f )(ω ,y)

)

ω=x
=

∂ f
∂x

(x,y), (12)

and

lim
m→∞

(

∂
∂ω

(Km f )(x,ν)
)

ν=y
=

∂ f
∂y

(x,y). (13)
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Proof.Since f ∈ C1(∆2), therefore, by Taylor’s formula,
we have
f (t,s) = f (x,y)+ f

′
x(x,y)(t − x)+ f

′
y(x,y)(s− y)

+φ(t,s;x,y)
√

(t − x)2+(s− y)2 for (t,s) ∈ ∆̊2,

whereφ(t,s;x,y) ∈C(∆2) andφ(x,y) = 0. OperatingKm
to the above equation and then differentiating partially
with respect tox and using Lemma 1, we get
(

∂
∂ω (Km f ;w,y)

)

ω=x
= f (x,y)

(

∂
∂ω (Km1;w,y)

)

ω=x

+ f
′
x(x,y)

(

∂
∂ω (Km(t − x);w,y)

)

ω=x

+ f
′
y(x,y)

(

∂
∂ω (Km(s− y);w,y)

)

ω=x

+
(

∂
∂ω (Kmφ(t,s;x,y)

√

(t − x)2+(s− y)2;ω ,y)
)

ω=x
,

= f
′
x(x,y)

{

∂
∂ω

(

2mω
2(m+1)

)

}

ω=x

+ f
′
y(x,y)

{

∂
∂ω

(

2my
2(m+1)

)

}

ω=x

+
(

∂
∂ω (Kmφ(t,s;x,y)

√

(t − x)2+(s− y)2;ω ,y)
)

ω=x

= f
′
x(x,y)

(

m
m+1

)

+T,
where

T =

(

∂
∂ω

(Kmφ(t,s;x,y)
√

(t − x)2+(s− y)2;ω ,y)

)

ω=x
.

Now we will show that for every(x,y) ∈ ∆̊2, T → 0,
asm→ ∞.

T = (m+1)2 ∑
k, j=0,k+ j≤m

(

∂
∂ω

pm,k, j(w,y)

)

ω=x

×
∫ k+1

m+1

k
m+1

∫
j+1
m+1

j
m+1

φ(t,s;x,y)
√

(t − x)2+(s− y)2dtds

= (m+1)2 ∑
k, j=0,k+ j≤m

(k−mx)(1− y)− x( j +my)(x,y)
x(1− x− y)

×pm,k, j

∫ k+1
m+1

k
m+1

∫
j+1

m+1

j
m+1

φ(t,s;x,y)

×
√

(t − x)2+(s− y)2dtds

=
(m+1)2(1− y)

x(1− x− y) ∑
k, j=0,k+ j≤m

(k−mx)pm,k, j(x,y)

∫ k+1
m+1

k
m+1

∫
j+1

m+1

j
m+1

φ(t,s;x,y)
√

(t − x)2+(s− y)2dtds

− (m+1)2

(1− x− y) ∑
k, j=0,k+ j≤m

( j +my)pm,k, j(x,y)

∫ k+1
m+1

k
m+1

∫
j+1

m+1

j
m+1

φ(t,s;x,y)
√

(t − x)2+(s− y)2dtds

= T1+T2, (say).

First, we estimateT1. Using Cauchy-Schwarz inequality,
we have

T1 ≤ m(1− y)
x(1− x− y)

(

∑
k, j=0,k+ j≤m

pm,k, j(x,y)

(

k
m
− x

)2
)1/2

×
(

(Km(φ2(t,s;x,y){(t − x)2+(s− y)2};x,y))1/2
)

≤ m(1− y)
x(1− x− y)

(

∑
k, j=0,k+ j≤m

pm,k, j(x,y)

(

k
m
− x

)2
)1/2

×
{

(Kmφ2(t,s;x,y)(t − x)2;x,y)

+(Kmφ2(t,s;x,y;s− y)2)(x,y)

}1/2

≤ m(1− y)
x(1− x− y)

(

(Bm(t − x)2)(x,y)
)1/2

×
({

(Kmφ4(t,s;x,y))

})1/4{

((Km(t − x)4;x,y))1/2

+((Km(s− y)4;x,y))1/2
}1/2

.

Now, using Lemma 2.2 of [12], we have
(Bm(s− x))2(x,y) = O( 1

m) as m → ∞ and applying
Lemma 2, we get

|T1| ≤ N

{

(Kmφ4(t,s;x,y);x,y)

}1/4

,

for some constantN > 0.
Now, from Theorem 1, for any(x,y) ∈ ∆̊2, we obtain,

lim
m→∞

{

(Kmφ4(t,s;x,y);x,y)

}

= φ4(x,y) = 0.

Hence, for every(x,y) ∈ ∆̊2, T1 → 0, asm→ ∞.
In a similar manner, we can show that for every

(x,y) ∈ ∆̊2, T2 → 0, asm→ ∞.
On combining the estimates ofT1 andT2, for every
(x,y) ∈ ∆̊2, we getT → 0, asm→ ∞. Hence, we
get the result (12). By a similar reasoning, we can prove
(13). Thus, the proof is completed.�

5 Approximation properties of GBS
operators of Bernstein-Kantorovich type

Form∈ N and f ∈Cb(∆2) , the GBS operators associated
with the operatorsKm is defined by
UKm( f (t,s);(x,y))

= (m+1)2 ∑
k, j=0,k+ j≤m

pm,k, j (x,y)

×
∫ k+1

m+1

k
m+1

∫
j+1
m+1

j
m+1

[ f (t,y)+ f (x,s)− f (t,s)]dtds,
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for any(x,y) ∈ ∆2. More details on GBS operators can be
found in [6], [9], [13].

For f ∈Cb(∆2), the Lipschitz classLipM(ξ ) with
0< ξ ≤ 1 is defined as:

LipM (ξ ) =
{

f ∈Cb (∆2) : |∆ f [(t,s);(x,y)]| ≤

M{(t − x)2+(s− y)2}
ξ
2

}

,

for(t,s) ,(x,y) ∈ ∆2.
In the following theorem, we obtain the degree of
approximation for the operators(UKm f )(x,y) by means
of the Lipschitz class of Bögel continuous functions.

Theorem 8.For f ∈ LipM (ξ ), we have

|UKm f (x,y)− f (x,y)| ≤ M{δ 2
1 (x)+ δ 2

2 (y)}
ξ
2 ,

for M > 0, ξ ∈ (0,1] .

Proof.By the definition of the operatorsUKm f (x,y) and
by linearity of the operatorsKm given by (2), we can
write

(UKm f )(x,y) = Km( f (x,s)+ f (t,y)− f (t,s) ;x,y)

= Km( f (x,y)−∆ f [(t,s);(x,y)];x,y)

= f (x,y)Km(e00;x,y)

−Km(∆ f [(t,s);(x,y)] ;x,y) .

By the hypothesis, we get
|(UKm) f (x,y)− f (x,y)|
≤ Km(|∆ f [(t,s);(x,y)]| ;x,y)

≤ MKm({(t − x)2+(s− y)2}
ξ
2 ;x,y).

Now, using the H ¨older’s inequality with
u1 = 2/ξ ,u2 = 2/(2− ξ ) and Lemma 1, we have
|(UKm f )(x,y)− f (x,y)|

≤ M{Km
(

(t − x)2;x,y
)

+Km
(

(s− y)2;x,y
)

}
ξ
2

×{Km(e00;x,y)}(2−ξ )/2

= M{δ 2
1 (x)+ δ 2

2 (y)}
ξ
2 .

This completes the proof.�

In order to improve the measure of smoothness, for
f ∈ Cb(∆2), the mixedK− functional ([3], [5])is defined
by

Kmixed( f ; t1, t2) = inf
g1,g2,h

{

‖ f −g1−g2−h‖∞

+t1
∥

∥

∥D2,0
B g1

∥

∥

∥

∞

+t2
∥

∥

∥D0,2
B g2

∥

∥

∥

∞
+ t1t2

∥

∥

∥D2,2
B h
∥

∥

∥

∞

}

,

where g1 ∈ C2,0
B ,g2 ∈ C0,2

B ,h ∈ C2,2
B and, for

i, j = 0,1,2,Ci, j
B is the space of functionsf ∈Cb(∆2) such

that the mixed partial derivatives
Dp,q

B f , p = 0,1, · · · , i,q = 0,1, · · · , j is continuous in∆2.
The partial derivatives are defined as follows:

Dx f (x0,y0) := D1,0
B ( f ;x0,y0) = lim

x→x0

∆x f {(x0,x) ;y0}
x− x0

,

and

Dy f (x0,y0) := D0,1
B ( f ;x0,y0) = lim

y→y0

∆y f {x0;(y0,y)}
y− y0

,

where ∆x f {(x0,x) ;y0} = f (x,y0) − f (x0,y0) and
∆y f {x0;(y0,y)} = f (x0,y) − f (x0,y0) . Similarly the
second order partial derivatives can be shown to be same
as the ordinary derivatives. For instance, the derivative of
Dx f (x0,y0) with respect to the variabley at the point
(x0,y0) is defined by
DyDx f (x0,y0) :=

D0,1
B D1,0

B ( f ;x0,y0) = lim
y→y0

∆y(Dx f ){x0;(y0,y)}
y− y0

.

In our next result, we study the order of approximation
of {UKm( f )} to the functionf ∈Cb (∆2) .

Theorem 9.Let (UKm f )(x,y) be the GBS operator of
(Km f )(x,y). Then

|(UKm f )(x,y)− f (x,y)|

≤ 2Kmixed

(

f ;
1

2(m+1)
,

1
2(m+1)

)

,

for each f∈Cb(∆2).

Proof.Forg1 ∈C2,0
B (∆2), by Taylor formula we may write

g1(t,s) = g1 (x,y)+ (t − x)D1,0
B g1(x,y)

+

t
∫

x

(t −u)D2,0
B g1(u,y)du

([4], page 67-69). Since the operatorsUKm f (x,y) is
linear,

UKm(1;x,y)= 1 , UKm(t;x,y)= x andUKm(s;x,y)= y.

We have,

(UKmg1)(x,y) = g1 (x,y)

+UKm





t
∫

x

(t −u)D2,0
B g1 (u,y)du;x,y



 .
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By the definition of UKm and Lemma 2
|UKm(g1;x,y)−g1(x,y)|=
∣

∣

∣

∣

∣

∣

Km





t
∫

x

(t −u)
[

D2,0
B g1 (u,y)−D2,0

B g1(u,s)
]

du;x,y





∣

∣

∣

∣

∣

∣

≤ Km





∣

∣

∣

∣

∣

∣

t
∫

x

|t −u|
∣

∣

∣D2,0
B g1(u,y)−D2,0

B g1 (u,s)
∣

∣

∣du;x,y

∣

∣

∣

∣

∣

∣





≤ 1
2

∥

∥

∥D2,0
B g1

∥

∥

∥

∞
Km

(

(t − x)2 ;x,y
)

≤ 1
2(m+1)

∥

∥

∥D2,0
B g1

∥

∥

∥ .

Similarly, we can write
|UKm(g2;x,y)−g2(x,y)|

≤ 1
2

∥

∥

∥D0,2
B g2

∥

∥

∥

∞
Km

(

(s− y)2 ;x,y
)

≤ 1
2(m+1)

∥

∥

∥D0,2
B g2

∥

∥

∥

∞
, for g2 ∈C0,2

B (∆2) .

Again, forh∈C2,2
B (∆2) ,

h(t,s) = h(x,y)+ (t − x)D1,0
B h(x,y)

+(s− y)D0,1
B h(x,y)+

t
∫

x

(s− y)(t −u)D2,1
B h(u,y)du

+(t − x)(s− y)D1,1
B h(x,y)

+

t
∫

x

(t −u)D2,0
B h(u,y)du+

s
∫

y

(s− v)D0,2
B h(x,v)dv

+

s
∫

y

(t − x)(s− v)D1,2
B h(x,v)dv

+

t
∫

x

s
∫

y

(t −u)(s− v)D2,2
B h(u,v)dvdu.

Since UKm((t − x) ;x,y) = 0 = UKm((s− y) ;x,y) ,
we have
|UKm(h;x,y)−h(x,y)|

≤

∣

∣

∣

∣

∣

∣

Km





t
∫

x

s
∫

y

(t −u)(s− v)D2,2
B h(u,v)dv du;x,y





∣

∣

∣

∣

∣

∣

≤ Km





∣

∣

∣

∣

∣

∣

t
∫

x

s
∫

y

(t −u)(s− v)D2,2
B h(u,v)dvdu

∣

∣

∣

∣

∣

∣

;x,y





≤ Km





t
∫

x

s
∫

y

|t −u| |s− v|
∣

∣

∣D2,2
B h(u,v)

∣

∣

∣dvdu;x,y





≤ 1
4

∥

∥

∥D2,2
B h
∥

∥

∥

∞
Km

(

(t − x)2 (s− y)2 ;x,y
)

≤ 1
4(m+1)2

∥

∥

∥D2,2
B h
∥

∥

∥

∞
.

Therefore, forf ∈Cb (∆2) , we obtain

|UKm( f ;x,y)− f (x,y)|

≤ |( f −g1−g2−h)(x,y)|+ |(g1−UKmg1)(x,y)|
+ |(g2−UKmg2) (x,y)|+ |(h−UKmh)(x,y)|
+ |UKm(( f −g1−g2−h);x,y)|

≤ 2‖ f −g1−g2−h‖∞ +
1

2(m+1)

∥

∥

∥D2,0
B g1

∥

∥

∥

∞

+
1

2(m+1)

∥

∥

∥
D0,2

B g2

∥

∥

∥

∞
+

1
4(m+1)2

∥

∥

∥
D2,2

B h
∥

∥

∥

∞
.

Taking the infimum over allg1 ∈C2,0
B ,g2 ∈C0,2

B ,h∈C2,2
B ,

we obtain the required result.�

Example 1.Let ∆2 = {(x,y) ∈ R×R| x,y ≥ 0,x+ y≤ 1}.
For m= 5 (orange),m= 15 (yellow), m= 25 (pink), the
convergence of the operatorKm given by (2), to f (x,y) =
y3+sin(πx2/2)(green) is illustrated in figure 1 for(x,y) ∈
∆2.

Fig. 1: The convergence ofKm( f ;x,y) to f (x,y) (greenf , orange
K5, yellow K15, pink K25 ).

Example 2.For m = 10,25,40, respectively, the
convergence of UKm( f ;x,y) (yellow, blue, orange) to
f (x,y) = y+ cos

(

4x2
)

is illustrated in figure 2. It is seen
that as the values ofm increase, the convergence of
UKm( f ;x,y) to f (x,y) becomes better.
In figure 3, form= 20, the comparison of convergence of
Km( f ;x,y) (orange) and its GBS operatorUKm( f ;x,y)
(pink) to f (x,y) = y3sin(4x)(green) is observed.
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Fig. 2: The convergence ofUKm( f ;x,y) to f (x,y) (green f ,
yellow UK10, blueUK25, orangeUK40 ).

Fig. 3: The comparison of convergence ofKm( f ;x,y) and
UKm( f ;x,y) to f (x,y) (greenf , orangeK20, pinkUK20).

6 Conclusion

The rate of convergence of the bivariate
Bernstein-Kantorovich type operators introduced by Pop
and Farcas [12] is studied by means of Lipschitz class and
the class of continuously differentiable functions on the
triangle ∆2. The Voronovskaja type theorem for twice

differentiable functions and the simultaneous
approximation property for the first order partial
derivatives of these operators are established. The degree
of approximation of the associated GBS operators is
obtained by means of the Lipschitz class for B ¨ogel
continuous functions and the Peetre’s K-functional.
Furthermore, the convergence of the bivariate and the
GBS operators is shown by illustrative graphics using
Maple algorithms.
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Birkhäuser, Boston (2000).
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