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Abstract: In this paper, we present a numerical model of one-dimeasiequations of transport equation, where we apply the model
in a hypothetical example and compare the results of our hwatiea virtual experience which deals with the concentnatdf certain
pollutants and their speed diffusion in water in Qassim @ in Kingdom of Saudi Arabia.
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1 Introduction principles inherited from the transformative formulation
separate mathematical algorithm to find approximate
fsolution in the free boundary problem (s&) [ Galerkin
methods for iterative numerical modeling of Iarge-scalemeth°d§ differ from the spectral methods because it is not
exhaustive, but rather than to determine local values.

air monitoring in the area, which is slow in the . hiv distinct function defined on th
convergence of physical and mathematical equationd!OWeVer, itis a roughly distinct function defined on the
whole region and not just separate points (e [

consisting climatic phenomena solutions. In recent years,
the use of alternative methods is fast to solve these

equations, one of these methods is Galerkin method. In

this project, we will use the finite element method which

belongs to the family in general methods of Galerkin.

These are used instead of the style differences limited

(considered simplistic) to resolve the horizontal and

vertical fields in numerical models. Galerkin method can

be used in solving systems of equations and partial This paper is organized as follows: In the first part, we
differential equations and the problems of border freelay down some assumptions and notations needed
evolutionary (see referencé]| [1], [2],[7], [8] [9], [5]) throughout the paper. In addition, we study the estimates
do not use this method directly in the field of values atbehavior of the semi discrete problem and prove the
grid points after the partition of scale, so as to improvestability analysis in Sobolev spaces of Galerkin method
the accuracy of ordinary differential equations systemsfor transport equation. In the second section, we apply
solutions. There are two methods in this process: thehis model to the hypothetical example and compare the
specific elements of the functions of the zero-way, and theesults of this model with a virtual experience for which
spectral way. Galerkin method is one of the ways ofwe will deal with the concentration of certain pollutant
Applied Mathematics. And put it in space by using the and their speed diffusion in air and water.

In the last four decades, the used of mathematica
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2 Finite element methods for hyperbolic
eguations

We consider the following the advection diffusion

equation: find u(x,t) such that
uel?(0,T,HY),u €L?(0,T,L2(Q))
%—(DAU-I—VDU)ZIC onz,
u=0inr x[0,T], 1)

u(.,0) =upin Q,

whereD s a diffusion coefficient satisfies and is
the average velocity satisfies
ve L?(0,T,L(Q))nCc?(0,T,H 1(Q)).
SisasetilRN x R defined ag = Q x [0, T] with T < 4-00
, andQ is a smooth bounded domain®&l with boundary
" and the right hand sid& is a regular function satisfies
f €L2(0,T,L”(Q))nC*(0,T,H1(Q)). (2

It can be reformulated the equatiorl)(by the

following weak formulation: find
uel?(0,T,HY(Q)),u €L?(0,T,L2(Q))
(UI,V) +a(u7V)Q = (va)Q )
U(.,O)ZUO,VEH]'(Q), (3)

u=0inr x[0,T],

where

a(u,v) = D (Ou,0v), + :—ZL (VOu,v) g — (VOV,U)g).

4
The symbol ., ), signifies the inner product i? (Q)
and(.,.)r indicate the inner product & (I7).
We discretize the problen8) with respect to the time
using Euler scheme, then we have

UK k-l
<T’V) +a(uv), = (fkv), inQ,

(5)
wW(x)=upin Q, u=00n9Q
implies
oK ) Ukl .
(Eav) +a(uv), = <f +T’V)Q in Q, ©

W (x)=Upin Q, u=00ndQ.

It can be reformulateds] to the following coercive
system of elliptic variational equation

b(uk,v) = (F*+ AUt v) = (F (U 1) ,v),
(7)
W(x)=upin Q, u=00ndQ,
such that
b(uk,v) = A (UK,v) +a(ukv), uke HE(Q),
. ®
1 1 T
)\ :E:E:ﬁ7 k:].,...,n.

In our paper we will interest by the experiment side of
the one-dimensional of transport equations

2.1 One-dimensional of transport equations

Consider the following one-dimensional of transport
equations

du _du i
E_Fa&-yaou:f inQt =Ja,B[x]0,T[

ua,t)=¢(t), te]o,T], 9)

u(x,0)=u(x) xeQ.

We multiply 9) by v € H&(Q) and integrate on
Ja, B[ C R,then we have for alk € H3 (Q) :

Jdu Jdu
/Eudx+/a&udx+/aouvdx:/fudx. (10)
Q Q Q Q

Using the Green formula we have

/ @v—a@a—”— uv dx+/ﬂvda—/fudx
ot " %oxax on 09~ '
Q r Q
(11)
Problem (1) becomes:

b(u,v) =1(v), forallve H}(Q), (12)
where
b(u,v) :/ (%v—a%j—i%—aouv) dx and | (v) = /fudx
Q Q

By using theorem of Lax-Milgram, it can be easily to

prove the problem3) admits a unique solution.
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2.1.1 The discrete problem

We introduce a subspa®® of finite dimensional space,
then we define the approximate solutignof the solution
u as the solution of the following problem:: fing, € V"
solution of

b(un, un) =1 (up) ,for all v, € VI
where

) {vheCZ(Q)ﬂHl(Q),
V' =

Vh |i—fap€ PLin Q, u(a)

(13)

} (14)
=0

2.1.2 The space discretization

We defined the following space:

Vit = {vhePa,B]:vh\1j € PL(1}), V] € Tn} .
We have

(15)

B B
j %vhdx + [ (ai}— +aouh) VhdX = jf vhdx Vv, € Vh,
a

Uh(t):¢h(t) X=a,

o)
B B
ou, 1 Nk
/a(x) F ,d [za(x)uhL—E/a/() dx
a a
Then

—%a(a)uﬁ(a)—%/a/(x)u dx
-0 a
Therefore,
o Jdu 1 2 1 o 2
/a(x) d—;uhdx: Ea(B)uh (B) - E/a/ (xu.dx (19)

Equation (.8) becomes

: dt/"u?dx— 3a(B) i (B)

(20)
un (0) = Uop, B
(16) + [ (3, (t)uz — Jar (x)u2) dx = [ f (t)u, dx
a
. . . Wi t
2.2 Existence and uniqueness of the solution ©se ;
1 1 0 2 1 2
We have for allv, €V, ", I =55 ) Undx—5a(B)un (B)
a
By, B ow B B
Zh = [f(t
/% vhdx+£( 51y (1) ) Uy, dx [ (v, dx +/ (ao(t)__a/(x)) 2ox
a
U ) = Pn(t enx=a,
t = on(t) and
B
u, (0) = up.
(0=t (17) II:/f()uhdx
We can set}, = up (t), we get a
Suppose
Bﬁu Jdu g 0< < t 1 21
WUH— aﬁ—“uh+a0u§ dx:/f(t)uhdx. SHo= (a"( )—ia/(x)>. (1)
o o HX,—/ a
Z
(18) By using Young inequality
Then
u
, , /f u, dx< ()|||2 | hZHIZ. 22)
ou, 1. oP 1
/a() U dx = [a(x)y ——/a/()uhdx
Y ox 2 a 2 . We can write
(@© 2017 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1618 %N S

A. Allahem et al.: A New mathematical model and its applioati.

10
§E||Uh|||22+ a( +/IJo urdx < |
and 5
2
S LAl e (CN 2
- 2 2

Using 20) we have

32 unl + 3a(B) R (B) + ol
<|
and oL, 1)
12 12
= 2 * 2

Integrating on0, t]

uz (B, T)dt

o ~

3 [lun I — lunoll] - 3a(B).

—

t
+ [ Hol|un (®) [T < [ f (1) u(T)dTdx.
0 0
Then

||uh<t>||fz—||uho|fz—a<rs>guﬁ<fs r)dr

tB
+2fuo||uh||.z 2[ [ f(1)u(r)dxdr,
oa
thus

t
||uh<t>||$z+g‘2uo|\uh<r>||fzdr

f(T)u(t)dxdT + |unol/.

Q-

—a(ﬁ)ofuﬁw,ndng.
or

||uh<t>||?z+20}uo||uh<r>|.szm

f(T)u(t) dxdT + |un |2

Q—m

~a(B) [ (B.1)dr <2
0 0
implies

t
||uh||.22+2guo||uh<r>|\$zd<r>

B
“a(B) [ (B.7)dr zoigf(wu(r)dxdrﬂuhoﬁz.

o ~

Then

t
||uh||.22+zguo||uh<r>|\$zd<r>

t

—a(B)(J:‘UE(B,T)dr <2f

0

f(T)u(t)dxdT + ||unol|2.
N————
A

Q—

(23)
By Using Cauchy Schwarz inequality

A

t B
//f 7)dxdt
0a

I (D2 lun (T)[]j2d ()

o— _

Using Young inequality, we have for ati e R and
ecRy

2

n
mxn< emf + —
4e

t
A= [IF@IF Iun (Dl (1)
0

t 2
</ <a||uh<r>|fz+%> ar.

0

We pute = 3i0. Then

t
1 It (ol
A< [ (iuonuh(mfﬁ ki
0

Probelm £3) equivalent to

O+ o [ (Dl d ()

t
(B) [ (B.1)dr
0

t 2
< O/ (””‘%H«nuh<r>||?z)d<r>+IUhollfz
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2 b 2 2 A n\2 8 n—1\2
un (1 + / (2t lun (1) ~ Holun (1)) d P PACHERNAC iy
0 —lu I
At || h|||2(_Q) At 2 + 2

+a(B) i’ uZ (B, 1)dt

1
< = |[f (7)l|2 dx+ [Junoll%2,
Ho

thus, we have

un (t)||22+.£l10|Uh(T)||22d(T)+.£a(B)Uﬁ(BaT)dT

< [ I (1) 2 dx+ [|unoll

1
Ho

o ~

If we have in particular cases éf andag are null, we
get

lun (V)10

2
< ||u
)< ol

which reflects the stability of the energy of the system. <

2.3 The time discretization

By sing Euler time method of the problenid). The
problem can be reformulated, for al> 0 : find uf) € Vj,

B B
LT (U= ) i+ T a(x) 2B vax
a a
(24)
B B
+ [ aQvhdx = [ f"vhdx
a a

with Ul (a) = ¢"and ul=ug, if f =0and 7=0,we
set vy =up in(24) we find

B
311 (R =) he
(25)

+fa( )au“) undx +fao(uh) dx=0

The left hand of 25) less than

B
+/a
a
—1112
” 2 | hH|2 ) 4 Juf 1HI2(Q)
= 7 tnllize At 2 2

B
(9Uﬂ n N/, M2
a(x)muhdx+/ao(uh) dx
a

dx+/ao ul)? dx,

_|_
—

a
1 1 —1112
< At ||Uh|||2 oAt |un H|2(Q>
B B
ou!
+/a(x) (;) uﬂdx+/a{}(uﬂ)2dx
a a
B//
2 1
= oAt lupllizc0) — 2At Cin H|2 +B

calculation ofB”

B
- /a(x)

thus, we have

B

n

n uﬂdx+/a8(uﬂ)2dx
a

8" = Za(B) ()2 (B)

+/< ——a )(uﬂ)zdx

Using 21)
Ho < aO(Xat) - %a/ (X)v
then
1 7 1
5 = Ja) 2B+ [ (- 30)
> a(8) ()2 (B)+ Ho R
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Then, we deduce

o (25— [|ul?)

(26)
2
+a(B)u"(B) + Hol[u"||}z < 0.
We Sum from 0 tan— 1, we get, fom > 1,
lumjf2
2
m 212 m i1
24t ( 5 |ubl|+ 5 a@)u (B))
=1 i=1
2
< [Judlliz-
In particular, we can conclude that for ail> 0.
2
U2 < [Judli2
2.4 Matrix form
We have:
1B B 9u
n+1_ .n Z"h
Y S (up™ — ul) vhdx + ,ga Iy V0
“ (27)

B B
+ [agu™lvpdx = [ " lvdx,
a a

n+1 n+1
Uiy = ¢
u9 = Uon

thus

B
At/ Ul v dx — —/uﬂvhdx

a
+/

B
= / £y dx

n+1

v, dx + /aou“’“lvhdx

or (I7) implies

N-1

u"="3 vi¢;,
j=1

N—1
= Y Ui,
i=1

We can write

and we

We set

and

Using 28), we have

A=

with

B =A

+At

n+1 n n+1 4. .
U™ =3lou o

$h=3]—oVi$
have
n+1 B n
fu VhaX — guhvhdx
B n+1
g h
+At£a(x) Ix v, dx
B
+4t [ ag (x) ul vpdx
a
= At [P () vpdx.
a
B

A= /”*lvhdx /hvhdx,

B
Br = At [a(X)

0un+1
h
X

v, dx

+At fao( ) ul vpdx

B
Cr :At/ 1 (%) vhdx.

Supp@iNSuUppg;

supp ¢.ﬂ Suppg;

t

SuppgiNsupportg; (ZTlej ¢i) ao(X)

Supp@;iNSuUppg;

|
T

zli un+1

¢|ZJ 1VJ¢|

ZJ 1VJ¢I
n J n+14
(Zil E(Uﬁ ¢|>

(S uldi)
(Sityvidi)

dx

dx

dx

(28)

(29)
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and (30) gives

iu{wl / 019, dx

n
Cr=At / f (%) vj @ dx i
=1/ supp; I= Suppg; NSuppY;

if [i — j| > 2, we have K
n
(suppgi Nsuppg;) # @ —_Zui" / ¢id;dx
We consider T suppginsuppg;
n
a(x) =29, +At521ui”+1 / ¢rijdx
- suppgiNSuppg;
ap(x,t) =w(t). _ﬁ_/
whered is a constant. n
(29) becomes +yntiat Zui’”l / ¢i¢jdx
= SuppgiNsuppg j
shaurt / di¢jdx K
i SuppgiNSUPPY;
=2V : ’ = / M1 (x) ¢;dx
Fo =g [ digidx . ) 9
SuppgiNsUppY; suppeiNsuppg j
) F
n n 1
= 0At Vj 21 u / ir¢jdx Therefore, we can write3Q) as
== suppginsuppg;
[K+(3At-R)+ (Y"+1at-K)] -untt
n [ (32)
Lyntia Sy, / zi UL, 9 dx KU =
=1 SuppeiNsuppe | i
where
and K(¢i,¢j) andR(¢/,¢;) are symmetric three diagonal
n matrices of dimensiofN — 1) x (N—1)
C=5 v [/ f“+l(x)¢,-dx],
A Lot k(601 = | - 93 (10X
Supp@iNSUPPY |
thus, the equatioAs + B/ = Cr equivalent to and
n n ) / .
z Vj [Eiui“*l / Pi¢;dx (30) R(¢i, ¢5) /supp¢i'msupp¢j¢' (x)- ¢j(x) dx
== SuppgiNsuppe j i
. It can be easily calculateR(¢/,9;) , K(¢i,¢;) as
n n follow:
_Zvj .Zlui” / ¢ip;dx First case: i = j
=L =1 suppginsuppg i
pigjdx=_ [ (¢i)’dx
Supp@;iNSuUppPg | SuppgiNsUppY;
+OAt3 ] 1V lzinzluinﬂ J ¢i’¢jdX] ) 5
ding] j —Xi— i i+1—
:.);.(Ll [x E 1} dX_|_f)zi<+1 [th X} dx
n
qJnJrlAt Vi n+l/ dipidx ) 2 11 g24y — 2h
JZ i lzl g 1O =h[C[1+5dx+hfy[l-gdx=5
or
: 1(
n+
Z f X) ¢;dx / $ihjdx = Z_h’ (32)
¢..ﬂ¢1 SuppiNSuppg; 3
(@© 2017 NSP
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hi o 0 By = (36)
oy — 1 2 FITtT 8
prdix =2 [(407] " cuppdisupd,
SUpP$;NsSuppY;
h 2 1 o / ¢ ¢/
*3 {(%) }o =0 suppginsupppj | )
and = / ¢ri¢jdx
SuppPP;Nsuppg;_1
/ $ri¢,dx = 0. (33) H
SuppAiNSuppy _h / Po/¢_1dx = -
Second case: j=i—1 suppgiNsupp | 2
We have andforj=i+1
/ b/ idx— (37)
¢i¢jdx suppdisuppgj | 2’
SuppPg;NsuppY;
_ / 010;_10x = do_1 3 Application

SuppgiNsuppg; 1

pigjdx = h (34)

61
Supp@;iNsuppg;

¢i¢/jdX

suppgiNsuppg j

¢li¢jdX

suppgiNsuppg;—1

h / ¢o/Pp_1ds= g
SuppgoNsuppg 1

Thus, we find
h
/ piprdx= 1. (35)
Suppg;Nsuppg j 2

Thirdcase: j=i+1
We have

/ #:60x
suppg; Nsuppg;

i ¢j +1dx
SuppgiNsuppgd;1

h
$o¢1ds= 5
Supp@oNsuppdy

We give pollutant transport by the following equation

based on simplifying assumptions including neglecting
dispersion phenomena vertical transverse and longitudina
dispersion:

Jc  oC
2t + Uy = 0, (38)
where
C pollutant concentrationnfg/L);vU: velocity flow
(m/s).

For the application of our model, we pick out a virtual
experience from Qassim Cities, Qassim city is one of the
thirteen administrative regions of Kingdom of Saudi
Arabia. Located at the heart of the country, and almost in
the center of the Arabian Peninsula, it has a population of
1,370,727 and an area of 5846 kn?. It is known to be
the "alimental basket” of the country, for its agricultural
assets.

It knows that equation3@g) is a hyperbolic equation,
here it would be wise to use Euler time scheme
discretization combined with  Galerkin  spatial
discretization with respect to the following assumptions:
(1)-An nitial conditions knowledge and boundary
conditions, (2)-The pollutant concentrations relatedyonl
to distance time. (3)-The velocity is constant and
independent of time.

Considering that the concentrations are zero
regardless of the distance downstream of the sampling
point such that:

C(x,0)=0forx>0 (39)

and for boundary conditions as follows:
The pollutant is considered passive conservative, and
the principle of mass conservation is taken into account:

[ " AXC(X.)dX= M.
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After an infinite distance downstream from the point of
sample collection of concentrations are considered zero:

m axm

C(eo,t) =0fort >0,
with '

ax=bm

0C by ax=im
— — 0 whent tends to, L
1704 02

ox=im
where: e
A is the river section rt?); C is the pollutant LT —
concentrationig/L); M is the rejection mas¥@). Py
It can be calculated velocity folw which given by the
following formula:

Fig. 1: Concentrations oNO, (mg\l).

U=0Q/s (40)
where:
S: mesh sectionn?); U : flow velocity (m/s); Q is
adaily flow of the river averager€/s). with respect to the chose a flow velocity of6@m/s.

Since several phenomena have been neglected, th@ecause higher speeds cause greater dilution, and
choice of using one-dimensional models can betherefore very low concentrations. In addition the
detrimental in terms of the accuracy of predictions. pollutant diffusion has been eliminated and is interested
Moreover, the importance lies in the small number of dataonly by the advection.
required making a tool in line with the issue of emergency
data as follow: Flood dischargen/s) - wet section ()
main floo -length ifn) - Raw slope it/ m)-high flood. 4 Conclusion

In our work, the choice fell on 2 pollutantstH4 and
NO2 and we have a large dilution in water, and its
harmfulness and toxicity to living beings. Moreover, a
plant that manufactures detergents discharges infecte

gl:stg(rjlaclmlnt?o(?ucsttsregr?ﬁisT?e :elt:%rrgtehril;s trr?eav;kﬁigtjg?ieﬁve have applied this model to a hypothetical example and
P ype. ' %ompare the calculated results of this model with a virtual

service of any agency of water resources can perforn%xperience taken from NET which deals with the
measurements of the chemical composition of the water

regularly and in different places. For that our concentration of certain pollutants and their speed

demonstrating problem can enter the input parameterglﬁusmn in the water.

according to the following assumptions:
Insert theU velocity calculated using the formula in
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