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Abstract: In this paper, a new concept of bounded radius rotation i@duiced to define a new class of generalizestarlike
functions using the quantum calculus. Some geometric ptiepeof linear combinations of such functions are studiethis paper.
The techniques of this paper may motivate further researtibitées.
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1 Introduction A function f € A is said to belong to the clasg, of
g-starlike functions, if
Let A denote the class of analytic functiofé&) defined 7 1 1

in the open unit discE = {z: |z < 1} with the E(qu(z))_lfq <1 g % E, 4
normalization f(0) = 0, f’(0) = 1. One-one analytic _ _ _
functions in this class are usually called univalent ari@alyt where Dqf(2) is defined by (1.1) on a@-geometric set
functions. A functionf € A is called starlike(f € S) if with g € (0,1). . . )
nzf@ 0 E Also f i fec) ifand Asd— 17, theclosed dicsw—(1—q)* < (1—-0q)”

{ fz } - ze so fis convex(f € C), if an becomes the right half plane and the cl&seduces to

onlyif, zf' € . | f starlike functi
In 1990, ag-analogue of starlike functions was introduced classS of starlike function.
by Ismail et. al. [2] by using)-difference operatoDgf, ; ; ;
0 < q< 1. This operator is defined by the equation Itis known [3,6] that (1.4) holds if and only if
zD4f(2) - 14z ®)
f(2) 1-q7

(Dgf)(2) = %, z#0, (Dgf)(0)=f'(0)(1)  where< denotes subordination.

From (1.5), it can be seen that the linear transformation

From (1.1), we can deduce that %qzz maps|z| = r onto the circle with cente®(r) = 11jq<12rr22
Dqf(2) = 1+ < INq@n?" @ and the radiugr(r) = gquggg Thus, using Subordination
q - q ) . .
nZZ principle, we can write
where 2Df(2)  14qr? <A+ ©)
(1-a" fz)  1-dr? = 1-g7®

[Ng= g (3)

Asq— 17, [njg—n.

We can define a related claSs as follows.

Let f =zf], f; € A Thenf, € C}, if and only if,
The seB ¢ C is defined agi-geometric, if it contains  f € S*.
all geometric sequencggu}y ,forze B, u € E.
Whenqg — 17, C; reduces to clas§ of convex univalent
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functions. 2 Main Results

For the following definitions, we refer to [3]. Theorem 1Let f,g € R;(m) and let

F(z2=yf(2)+(1— Z),
Definition 1.Let p(z) be analytic in E with 0) = 1. Then @ =vtz)+{1-y)g2

p € Pn(q), if and only if, where0 < argr"y < o< Then Fe S; in |z < rgm
m 1 m 1 where gm is the smallest positive value of r satisfying the
o= (G +3)P@- (-3l equation
where T(r)=(1+ qrz)cos<%+g(1+q)sin‘l)
1+z .
i(2) < , 1=12 €(0,1), m>2
pi(2) 1-qz qe(0.1) —?(Hq)r:o.

For m = 2, P,(q) = P(q) consists of all functions

subordinate tol%zz’ 7€ E. Also, limg,,- P(q) = P, the Proof.qdifference operator df gives us

class of functions with positive real part. DqF (2) = yDqf(2) + (1 - y)Dqa(2),
Definition 2.Let f € A. Then fe R;;(m), if and only if, and therefore
2 e py(q), z€E. ZD4F(2) _ y2Dqf(2) +(1—¥)Dgg(2)
f, in this case, is called a function ofbounded radius ~ F(2) yf(2)+(1-y)9(2)
rotation. _ Zqu(Z) |:1+( y f_Z)>1:| -1

We note that Rj(2) = § and as @ 1=y 9@ .
q— 17, R{(m) = Ry, the class of functions with Lz 9(2) 14 (Y 1@ ©)
bounded radius rotation. 9(2) 1-y 9z

Following the technique of Robertson [4], the Let
inequality (1.6) can easily be generalized for the class, _ 2092 zDf(@ | | y f(@ (10)
Rﬁ(m) of function of g-bounded radius rotation as 92 ’ f(z) ’ 1-y 92|
follows. From (2.1) and (2.2), we have
Lemma llet f € R:(m). Then, form>2,q¢e (0,1), — ZDgF (2) = d i v i

Rl )m 229<(01) W2 =—F5 " Tiker T Tikie® (11)

zD4f(z)  1+qr?|  ZF(@A+or

Q) 1_qr < el (7)  We now apply Lemma 1.1 and Lemma 1.2 to (2.3) and

have

We shall need the following lemmas to prove our main 204F (2) 14 qr2 (1 q)r 5
results. 0 - 21 22— 4z e 5 ) (12)
Lemma 2]5]. Leta d, k, p be realswitha>d >0,k >0 (@) o T
andp € (0, ). Supposéu—al <d and|v—a] <d andset where
weoo v @

11 kéP 11k leip p=ard— )

y 9(2)

Then

O(w) >a— d(sec%). = 2nm+ arql—zy) +argf(z) —argg(z).

Lemma 3{3]. Let f € Ry(m). Then fe § in |z <rg, This gives us
where 1
lp| =0+m(14q)sin r.

*

o= . ®)
4 m(14q)+/mP(1+q)2—16q Therefore

From Lemma 1.1 and a modified version of well known {ZDqF(Z)} 0

result due to Brannan [1], we have: F(2)
Lemma 4Let f € Ry(m). Then if
m "
|argf(2)] < 5 (1 +q)sin™r. T(r) = (1+qr?) cos(% + n51(14—q)sin1r)
In our discussion, throughout this paper, we will take m
m> 2 andq € (0, 1) unless otherwise stated. —5(1+ar>0.
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We note that
T(r)= cos%, for r=0,
and

T(r) = —g(1+q)sinﬁ <0

when r=sin (l>
a m(1+q)/’

This implles thatT(r) = 0 has a root in the interval
)) and right hand side of (2.4) is positive in Prooflt has been shown in [2] that

the disc|z| < rqm, whererqn is the least positive value of

(0,sin(+7 (1+q)

r satisfyingT (r) = 0. This completes the proof.
We note the following special cases as:

Corollary 1.For g — 1-, f,g € Ry are the functions of

Theorem 2Let f,g € Mo g1, and let
F=yg+(1-y)g, with 0< arg(l—zy) <Oo<TL

Then F maps the digg| < r, onto a convex domain, where
rq is the least positive value of r that satisfies the equation

To(r) = Br2—2rir +Brérp =2 /3,

B= cos(E +2sint (L)>
2 r

N s=s,

O<g<1

It is well known that f € S* is convex in the disc
|z <r;=2-+3.
With these facts, we proceed to find the radius of

bounded radius rotation and it follows, from Theorem 2.1, convexity for the functior following the technique used

that F = yf + (1— y)g is starlike in|z| < r},, where f, is
the least positive root of

TA) =A1+r)—mr=0, A= cos(% + msin1r> .

This gives us
m-+v/m2 — 4A2
m=""%a

As a special case of Corollary 2.1, we take= 2. Then

o
A=A, =cod—=+2sintr), and lim
2 S(Z * ) q%l*Rq

in Theorem 2.1.
We can write

(zF(2)  (zf(2) y @\
Fg (2 [“(Tv'g%z) }
+(12

From these observations, we deduce the radius of
starlikeness of linear combination of two starlike NOW, forry = 2v/3, we have

1-/1-A
A

functions is given by; =

Corollary 2.Let m= 2. Then, in Theorem 2.1,,§ € §,
and it follows that

D{quzzg 2y .0

where g is the least positive root of

in |z <rg,

Ty (r) =Biar® — (14q)r + By =0,

B = cos(% + (14q)sintr).
This gives us

(1+0)—/(1+0)2—4qB?

q 2B,

1 )
L (2@ [1 ( _f'(z)ﬂf
92 1-y 9@
We take
y (2 y 1@
k: —_— B =alg ——-
|1—v @1’(2)| P g(l—v g’(Z))
and B ,
zf(2)  _ (29(2)
f(z) 92
r24r? 2rr
— <
‘“ 22| o
r24r? 2rry
_ < )
’V r2—y2| = r2—r2
We formulate
_(@ZF(@®@) u v
W(Z)_ F’(Z) _1—|—kép 1+ k-le-ip (13)
with
y f’(Z))
=ar
P g<1 Y 9@
= 2N+ arg(ryy) +argf’(z) —argg’(z).
This gives us

lp| =0 +4sin?t <L>
ry
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Therefore

U M >0,
Sy

if

To(r) = [(rf +r2) cos(% +2sin?

where

r1:2—\/§.

Thatis

To(r) =Br?—2rir +Brf, B= cos(% +2sint (rr

This gives us
rg—/r2—Bar?
rg' == #

We note that, € (0,rysin(732)). HenceF maps the dics
|7l < ry onto a convex domain, wherg is given by (2.6).

Acknowledgement.The author would like to thank Dr. S.
M. Junaid Zaidi(H.1.,S.1.), Rector, COMSATS Institute of
Information Technology, Pakistan, for providing excetlen
research and academic environments.

References

[1] D. A. Brannan, On functions of bounded boundary rotation
Proc. Edin. math. Soc., 2(1968-1969), 337-347.

[2] M. E. H. Ismail, E. Merkes and D. Styer, A generalization
of starlike functions, Complex Variables, 14(1990), 77-81

[3] K. I. Noor, Generalizedg-starlike functions, Preprint,

(2017).

[4] M. S. Robertson, Coefficients of functions with boundary
boundary rotation, Canad. J. Math., 21(1969), 77-82.

(5) 7))

Khalida Inayat Noor
is a leading world-known
figure in mathematics and
is presently employed as HEC
Foreign Professor at CIIT,
Islamabad. She obtained her
PhD from Wales University
(UK). She has a vast
experience of teaching and
research at university levels
in various countries including
Iran, Pakistan, Saudi Arabia, Canada and United Arab
Emirates. She was awarded HEC best research paper
award in 2009 and CIIT Medal for innovation in 2009.
She has been awarded by the President of Pakistan:
Presidents Award for pride of performance on August 14,
2010 for her outstanding contributions in mathematical
sciences and other fields. Her field of interest and
specialization is Complex analysis, Geometric function
theory, Functional and Convex analysis. She has been
personally instrumental in establishing PhD/MS programs
at COMSATS Intitute iof Information Technology,
Pakistan. Prof. Dr. Khalida Inayat Noor has supervised
more than 25 Ph.D and MS/M.Phil students successfully.
She has been an invited speaker of number of conferences
and has published more than 500 (Five hundred) research
articles in reputed international journals of mathemética
and engineering sciences. She is member of editorial
boards of several international journals of mathematical
and engineering sciences.
Muhammad Aslam
Noor earned his PhD degree

‘, PR A from  Brunel  University,
% ‘""»,

London, UK (1975) in
\ ¥

the field Numerical Analysis
and Optimization. He has vast
experience of teaching and
research at university levels

in various countries including
Pakistan, Iran, Canada, Saudi
Arabia and United Arab
Emirates. His field of interest and specialization covers
many areas of Mathematical and Engineering sciences
such as Variational Inequalities, Operations Research and
Numerical Analysis. He has been awarded by the
President of Pakistan: President's Award for pride of
performance and Sitara-i-Imtiaz in recognition of his
contributions in the field of Mathematical Sciences. He
was awarded HEC Best Research paper award in 2009.

[5] R. K. Stump, Linear combinations of univalent functions He has supervised successfully several Ph.D and
with complex coeffiecients, Canad. J. Math., 23(1971), 712-MS/M.Phil students. He is currently member of the

717.

[6] H. E. O. Ucar, Coefficient inequality farstarlike functions,
Appl. Math. Comput., 276(2016), 122-126.

Editorial Board of several reputed international journals

of Mathematics and Engineering sciences. He has more
than 890 research papers to his credit which were
published in leading world class journals. He is one of the

Highly Cited researchers in Mathematics (2015, 2016).

(@© 2017 NSP
Natural Sciences Publishing Cor.



	Introduction
	Main Results

