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Abstract: In this paper, a two-dimensional discrete element model based on the soft particle method has been carried out to capture
the dynamical behavior of a two-dimensional granular bed impacted by a projectile penetrating it obliquely. We systematically study
the influence of the projectile’s impact angle on the penetration profile of the projectile underneath the granular bed. The outcomes
of the model suggest that the trajectory of the projectile exhibits a significant transition from linear to non-linear gradually with the
decreasing of the projectile’s impact angle. A function that models the profiles of the projectile’s motion beneath the granular bed is
also given.
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1 Introduction

Nevertheless, the science of granular systems has an
extensive research history that has deep roots in time. A
general theory that governs the mechanical behavior of
the granular systems has not so far been recognized. It is
known that particulate systems cannot be treated as gas
and fluid or solid as they have a hybrid state between
these three phases. There are still no reasonable
clarifications for many phenomena due to the complicated
behaviors of these particulate systems. One of these
challenging phenomena is the dynamical behavior of a
granular bed impacted by a projectile penetrating at
normal and non-normal angles.

For normal penetration of a projectile into a granular
bed, a power relationship between projectile’s penetration
depth and projectile mass-to-area ratio has been
suggested [1]. Also, the deceleration of a projectile in a
granular media is characterized with an equation
developed from general physical considerations [2].
Experimental and numerical simulations were employed
by using discrete element method (DEM) to study the
wave propagation of particulate aggregation struck by a
projectile at relatively low velocities [3] and [4]. Further,
it is reported that the penetration increases linearly with
the momentum of the projectile [5]. The rebound velocity

of a projectile depends on the lateral gap between the
particles of the granular system as well as the impact
position of the projectile [6]. Hou et. al [7] found that the
behavior of a granular system is similar to a fluid during
initial impact. Scaling laws of the projectile’s penetration
distance with both its impact velocity and the total drop
distance were presented [8] and [9]. More and more
scaling laws relevant to the normal penetration process
were proposed [10,11,12]. Ciamarra et. al [13] reported
that the time taken for a projectile to decelerate to a stop
is independent of its impact velocity. The energy
exchange between the projectile and the granular bed was
investigated numerically by implementing the DEM [14].
The influence of packing on both the force chains and the
velocity field of the particles within a granular system has
been also a point of interest through the granular system
literature [15]. Recently, analytic approach has been
introduced to determine the penetration depth and
stopping time for a projectile impacting a granular bed
[16].

Unlike the normal impact case, the dynamics of the
oblique impact possess a wide range of complex features.
Therefore, studies related to oblique impact with granular
materials have not been adequate for understanding the
dynamics of the this impact process. So far, few attempts
have been made to investigate dynamical problems
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related to the oblique impact process. One of these
problems is the connection between the projectile’s
trajectory and the magnitude of its impact angle. It is
found that the trajectory profile of a projectile penetrating
obliquely into a granular bed exhibits linear and
non-linear traces depending on the value of the
projectile’s impact angle [17]. Moreover, the
characteristics of the velocity field of the bed’s particles
through impacting are affected by the magnitude of the
impact angle as well the value of the rotational (angular)
velocity of the projectile [18]. The influences of the
density ratio and diameter ratio on the oblique penetration
depth of a spinning projectile has been considered [19].
The stopping time of the projectile during oblique
penetration process is also considered [20].

The main purpose of this paper is to establish a two
dimensional discrete element model in order to study the
oblique penetration of a projectile into a granular system.
The model investigates the traces of the projectile’s
trajectories for various values of impact angle.

2 The DEM and numerical simulation
scheme

The soft-particle discrete method which originally was
introduced by Cundall and Strack [21] is adopted in the
present numerical simulations. In a typical simulation, a
250×250mm granular bed is generated by employing the
random packing method. The bed’s particles are
two-dimensional discs with a uniform distribution of
diameters 0.9mm ≤ dp ≤ 1.4mm and density
ρb = 1.0×103kg/m3. The granular bed is subjected to the
oblique impact of projectile with diameter
dp = 0.55× 10−2m, densityρp = 2.5× 103kg/m3 and a
given impact velocityv = 15m/sec. The projectile strikes
the middle of the horizontal free surface of the granular
bed with different values of the impact angleθ ranging
from 10◦ to 90◦. See Figure (1). For a typical simulation,

Fig. 1: Projectile with impact velocity
→
ν strikes the middle of the

horizontal free surface of a granular bed at impact angleθ .

the particles bear two types of forces: contact forces and
gravitational force. Unlike the gravitational body force,

the particle contact forces act only when the particle is in
contact with other particles and/or with a boundary wall.
The normal contact force is modelled by a damped linear
spring, while the tangential contact force by a linear
spring in series with a frictional sliding element model as
shown in Figure(2). The interaction forces developed

Fig. 2: (a)Contact mechanism between particlei and j
(b)Particle-wall contact between particlei and wallw.

between two particles or between particle and boundary
wall are calculated based on the physical properties and
the relative velocities. The dynamic equations for the
motion for each of the particles under these forces are

mi
d2ri

dt2 (t) =
Np

∑
j=1, j 6=i

Fc,i j +
Nw

∑
k=1

Fc,iwk +Fgi, (1)

Ii
d2θi

dt2 (t) =
Np

∑
j=1, j 6=i

(ri ×Fc,i j)+
Nw

∑
k=1

(

ri ×Fc,iwk

)

, (2)

wheremi, Ii, ri(t) and θi(t) are, respectively, the mass,
rotational moment of inertia, position and rotational
vectors of the center of particlei. Fgi, Fc,i j andFc,iwk are,
respectively, gravitational body force and contact forces
acting on particlei due to particlej and boundary wall
wk. Np andNw are, respectively, the number of particles
and walls in the simulation.

In the analysis of the system, any contact force is
decomposed into normal and tangential components. For
any typical pair of particlesi and j, if they are in contact,
then the contact force formula is

Fi j(t) = Fi j,n(t)n+Fi j,s(t)s, (3)

wheren and s are unit vectors in the normal and shear
directions of the contact plane,Fi j,nn and Fi j,ss are,
respectively, the magnitudes of the normal contact force
and shear contact force namely,

Fi j,nn(t) =−knδ i j,n(t), (4)
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Table 1: Normalized simulation parameters of Oblique
penetration

Parameter Value
Number of particlesNp 10500
Bed particle diameterdb/d◦ (whered◦ = 1.0mm ) 0.9 - 1.4
Bed particle densityρb/ρ◦ (whereρ◦ = 1.0×103kg/m3 ) 1
Projectile diameterdp/d◦ (whered◦ = 1.0mm ) 5.5
Projectile densityρp/ρ◦ (whereρ◦ = 1.0×103kg/m3 ) 2.5×103

Particle-particle normal spring stiffnesskn,pp/
(

ρ◦gd2
◦

)

1.266×105

Particle-particle normal dashpot coefficientcn,pp/
(

ρ◦g0.5d2.5
◦

)

2.524×102

Particle-particle tangential spring stiffnessks,pp/
(

ρ◦gd2
◦

)

1.266×105

Particle-particle friction coefficientµpp 1.0

Particle-wall normal spring stiffnesskn,pw 1.566×105

Particle-wall normal dashpot coefficientcn,pw/
(

ρ◦g0.5d2.5
◦

)

2.01×102

Particle-wall tangential spring stiffnessks,pw/
(

ρ◦gd2
◦

)

3.006×104

Particle-wall friction coefficientµpw 1.0
Gravity in x-direction‖gx‖/‖g‖ 0
Gravity in y-direction

∥

∥gy
∥

∥/‖g‖ −9.8
Time step∆t

√

‖g‖/d◦ 5.37×10−6

Fi j,s(t)s =−sign [δ (t)] ·min
{

kn
∣

∣δ i j,s(t)
∣

∣ ,µFe
i j,n(t)

}

,
(5)

where kn and ks are, respectively, the particle-particle
normal and tangential spring coefficients,Fe

i j,n(t) and µ
are, respectively, the elastic contribution of the contact
force between the particlesi and j in the normal direction
(n direction) and the friction coefficient of the granular
particles,

δi j,n(t) = (Ri +R j)−
∣

∣ri(t)− r j(t)
∣

∣ (6)

and

δi j,s(t) =

t
∫

t◦

(ṙi (η)− ṙ j (η)) · sdη (7)

are, respectively, the normal compression and the
tangential displacement between the particlesi and j over
the time step∆ t = t − t◦ , Ri andR j are the radii of the
particlesi and j.

A neighboring cell technique is implemented in the
present simulations in order to reduce the number of
contact checks for each particle. Once all forces and
moments acting on particle due to contacts are calculated,
the updated velocities and positions of all particles can be
obtained by numerical integration of Newton’s equation
of motion. The simulation input parameters include:
physical properties of the granular particles under
consideration, initial conditions and boundary conditions.
The initial conditions include: the initial positions and
velocities of all particles and the geometry of the
boundary conditions. Using the density of particle,
gravitational acceleration, and particle diameter all
parameters are normalized. A description of mechanical
and environmental dimensionless simulation parameters
are given below in Table (1). According to Alshanti and
Hu [8], three different stages of the impact process can be
recognized: impact, penetration and collapse. In Figure

(3), the projectile initially hits the horizontal surface of
the granular bed at a non-normal impact angle and then
penetrates obliquely the granular bed. A momentary
crater is formed and gradually disappears due to the
collapse of the bed’s granules. Through impact and
penetration stages, the projectile bears finite collisions
and hence, several forces acting on it. These forces waste
the projectile kinetic energy and therefore, the projectile
impact velocity decelerates till the projectile comes to rest
after achieving the maximum penetration depth
underneath the bed surface.

Fig. 3: Simulation sequential snapshot of oblique penetration
with θ = 45◦ (a) Impact staget = 0.2sec (b) Penetration stage
t = 2.2sec (c) Collapse staget = 19.8sec.

3 Results and discussion

To analyze the relationship between the trajectory of the
projectile and its impact angle, a series of simulations are
conducted. For a typical simulation, a range of impact
angle fromθ = 10◦ to θ = 90◦ is considered while other
simulation’s parameters are kept identical as listed in
Table 1 including the projectile’s impact velocity
v = 15m/sec . Figure 4 shows the projectile’s penetration
profiles below the granular bed surface for different
values of θ ranging from θ = 10◦ to θ = 90◦. It is
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obvious that the magnitude of the projectile’s impact
angle plays a significant role in forming the profile of the
its trajectory under the granular bed surface. For small
values of impact angle, namely,θ = 10◦ to θ = 45◦ the
projectile’s trajectories exhibit non-linear traces.
Alternatively, for large values of impact angle, namely,
θ = 55◦ to θ = 90◦, the trajectories of the projectile are
linear traces.

Fig. 4: Projectile’s trajectories of oblique penetration at different

values of impact angles with fixed impact velocity
→
ν = 15m/sec

This interesting phenomenon can be interpreted as
follows: unlike the case for large values of the impact
angle, the projectile’s initial motion is close to the free
surface of the granular bed when the projectile holds
small values of impact angles. In this case, the projectile
bears, relatively, small motion resistance due to the
countable collisions with the, fairly, free bed’s particles
near surface. Hence, it remains moving close to the bed
surface before it starts penetrating deeply. Therefore, for
fixed projectile’s impact velocity, the profile of its oblique
penetration exhibits a considerable change from linear to
a non-linear trace with the decreasing of its impact angle.
Consequently, there exists a transmission valueθt such
that, 45◦ ≤ θt ≤ 55◦ at which the projectile’s trajectory
turns from linear to non-linear trace.

For the current proposed oblique penetration process,
we define∀x ∈ [125,250] , the functionTPr(x) to describe
the trajectory trace of the projectile beneath the proposed
granular bed at each value ofθ as follows

TPr(x) =

{

Ae
−x
α +B, 10

◦
≤ θ < θt

Cx+D, θt < θ ≤ 90
◦ ,

where α, A, B, C and D are constants depend on the
magnitude of the impact angle as well as the mechanical
and environmental simulation’s parameters. Table (2)

Table 2: The values ofα, A, B, C andD for the obtained ten projectile’s trajectories
Impact angle value(θ ) α A B C D

10
◦

-15.11 -5.89E-6 50.02 - -
15

◦
-23.61 -0.01 51.06 - -

20
◦

-28.83 -0.04 52.1 - -
35

◦
119.71 180.81 -13.63 - -

45
◦

17.86 21.63E3 30.23 - -
55

◦
- - - -0.86 156.06

65
◦

- - - -1.31 213.28

75
◦

- - - -2.11 312.03
85

◦
- - - -3.02 426.36

90
◦

- - - -5.53 739.5

shows the values of the above constants for the obtained
ten projectile’s trajectories given in Figure (4).

4 Conclusion

In the present work, we numerically study the trajectories
of a projectile obliquely penetrating a granular system. A
two dimensional discrete element model based on the soft
particle method is established to investigate the trace of
the projectile at various impact angles with fixed impact
velocity. The numerical simulations’ results reveal that
the model is capable to simulate the process. Moreover, it
is found that the profile of the projectile’s trajectory
underneath the granular bed is affected the magnitude of
the impact angle. For relatively small impact angles, the
projectile’s trajectory exhibits a non-linear trace whilefor
large impact angle it shows a linear like behavior. A
function that describes the profile of the projectile’s
trajectories at different impact angles is also proposed.
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