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Abstract: In this paper, KdV equations with variable coefficients and Wick-type stochastic KdV equations are investigated. White
noise functional solutions are shown by Hermite transform,homogeneous balance principle and F-expansion method. By means of
the direct connection between the theory of hypercomplex systems and white noise analysis, we setup a full framework to study the
stochastic partial differential equations with non-Gaussian parameters. Using this framework and F-expansion method, we present
multiple families of exact and stochastic travelling wave solutions for the variable coefficients KdV equations and thestochastic KdV
equations with non-Gaussian parameters, respectively. These solutions include functional solutions of Jacobi elliptic functions (JEFs),
trigonometric and hyperbolic types.
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1 Introduction

Let ρ be a non-Gaussian probability measure on a locally
compact spaceQ. Consider the quasinuclear rigging [3]

Hχ
−q ⊇ L2(Q,dρ(x))⊇ Hχ

q

where the zero spaceL2(Q,dρ(x)) is the space of square
integrable functions defined on a commutative normal
hypercomplex systemL1(Q,dm(x)) with basis Q and
multiplicative measurem [2,36]. The spacesHχ

q andHχ
−q

are the spaces of test and generalized functions
respectively, which are constructed via the Delsarte
charactersχn ∈C(Q).

This paper is mainly concerned with Wick-type
stochastic KdV equations with non-Gaussian parameters:

Ut +Ψ1(t)♦χU♦χUx +Ψ2(t)♦χUxxx = 0, (1)

where “♦χ ” is the χ-Wick product onHχ
−q, which is

defined in the next section, andΨ1 and Ψ2 are
non-GaussianHχ

−q- 1-valued functions. Moreover, when
the χ-Wick product “♦χ” is replaced by the ordinary
product in Eq.(1), we obtain the variable coefficients KdV
equations [4,5]:

ut +ψ1(t)uux +ψ2(t)uxxx = 0, (2)

whereψ1 and ψ2 are bounded measurable or integrable
functions onR+.

The KdV equation is one of the essential nonlinear
equations in mathematics and physics [4,5,10].
Therefore, it is important to find solutions for this
equation. The KdV has many applications in many
branches of nonlinear science[4]. This equation is an
important mathematical model arising in many different
physical contexts to describe many phenomena which are
simultaneously involved in nonlinearity, dissipation,
dispersion, and instability, especially at the description of
turbulence processes.

Since the solutions of KdV equation possess their
actual physical application, which is the reason why so
many methods, such as Exp-function method proposed by
He and Wu,[21] As is well known, solitons are universal
phenomenon, appearing in a great array of contexts such
as, for example, nonlinear optics, plasma physics, fluid
dynamics, semiconductors and many other systems [31,
34,28]. Studying of nonlinear evolution equations
modeling various physical phenomena has played a
significant role in many scientific applications such as
water waves, nonlinear optics, plasma physics and solid
state physics [33].
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The KdV equations (2) describes the propagation of
nonlinear wave. Moreover, if the problem is considered in
a non-Gaussian stochastic environment, we can get non-
Gaussian stochastic KdV equations. In order to give the
exact stochastic solutions of the non-Gaussian stochastic
KdV equations, we only consider this problem in a non-
Gaussian white noise environment, that is, we will study
the variable coefficients stochastic KdV equations (1).

It is well known that the solitons are stable against
mutual collisions and behave like particles. In this sense,
it is very important to study the nonlinear equations in a
stochastic environment. However, variable coefficients
nonlinear equations, as well as constant coefficients
equations, cannot describe the realistic physical
phenomena exactly. Wadati [30] first answered the
interesting question, “How does external noise affect the
motion of solitons?” and studied the diffusion of soliton
of the KdV equation under Gaussian noise, which
satisfies a diffusion equation in transformed coordinates.
The Cauchy problems associated with stochastic partial
differential equations (SPDEs) was discussed by many
authors, e.g., de Bouard and Debussche [25,4,5],
Debussche and Printems [6,7] and Ghany and Hyder [15].
By means of white noise functional analysis [23], Ghany
et al. [11,12,13,14,16,17,18,19] studied more intensely
the white noise functional solutions for some nonlinear
SPDEs. Furthermore, Okb El Bab, Ghany, Hyder and
Zakarya [20,1], studied some important subjects related
to a construction of non-Gaussian white noise analysis
using the theory of hypercomplex systems.

The goal of this paper is to explore exact and
stochastic travelling wave solutions for the KdV
equations (2) and the stochastic KdV equation (1),
respectively. Firstly, we develop a non-Gaussian Wick
calculus based on the theory of hypecomplex systems
L1(Q,dm(x)). That is, we use the Delsarte characters
χn(x) to introduce aχ-Wick product andχ-Hermite
transform on the space of generalized functionsHχ

−q (with
the zero spaceL2(Q,dm(x))) and discuss their properties.
Secondly, by means of the usual properties of complex
analytic functions, we setup a framework to study the
SPDEs with non-Gaussian parameters. Finally, we apply
this framework and the F-expansion method [18] to give a
multiple families of exact and stochastic travelling wave
solutions for the KdV equation (2) and the stochastic
KdV equations (1), respectively. The resultant solutions
include functional solutions of JEFs, trigonometric and
hyperbolic types. Moreover, we support our results by
detailed example.

This paper is organized as follows: Section 2 is
devoted to study the SPDEs with non-Gaussian
parameters. In Section 3, we apply the results obtained in
Section 2 and F-expansion method to give the exact and
stochastic travelling wave solutions for the KdV
equations (2). In Section 4, we obtain exact non-Gaussian
white noise functional solutions for Wick-type stochastic

KdV equations (1). The last section is devoted to a
summary and discussion.

2 SPDEs with Non-Gaussian Parameters

In the Gaussian case, if the objects of a differential
equation are regarded as(S )−1-valued ((S )−1 is the
Kondratiev space of stochastic distributions constructed
upon Gaussian measure), we often obtain a more realistic
mathematical model of the situation. This model called a
Wick-type stochastic differential equation (see [23] for
more details). Generally, we can introduce a
non-Gaussian Wick-type stochastic model by the
replacement of(S )−1 on Hχ

−q and the Wick product
associated with the Gaussian measure on theχ-Wick
product.

The Wick product was first introduced by Wick [32]
and used as a tool to renormalize certain infinite
quantities in quantum field theory. Later on, the Wick
product was considered, in a stochastic setting, by Hida
and Ikeda [22]. In [8], Dobroshin and Minlos were
comprehensively treated this subject both in mathematical
physics and probability theory. Currently, the Wick
product provides a useful concept for various
applications, for example, it is important in the study of
stochastic ordinary and partial differential equations (see,
e.g., [23]).

In this section, we define a new Wick product, called
χ-Wick product, on the spaceHχ

−q with respect to a
non-Gaussian probability measureρ . Then, we give the
definition of the χ-Hermite transform and apply it to
establish a characterization theorem for the spaceHχ

−q (
for more details see [20,1]).

Definition 2.1. [20] Let ξ = ∑∞
m=0 ξmqχ

m, η = ∑∞
n=0 ηnqχ

n

∈ Hχ
−q with ξm,ηn ∈ C. The χ-Wick product of ξ , η ,

denoted byξ ⋄χ η , is defined by the formula

ξ ⋄χ η =
∞

∑
m,n=0

ξmηnqχ
m+n. (3)

It is important to show that the spacesHχ
−q,H

χ
q are

closed underχ-Wick product.

Lemma 2.1.[20] If ξ ,η ∈ Hχ
−q andϕ ,ψ ∈ Hχ

q , we have

1. ξ ⋄χ η ∈ Hχ
−q,

2. ϕ ⋄χ ψ ∈ Hχ
q .

The following important algebraic properties of the
χ-Wick product follow directly from definition 2.1.

Lemma 2.2.[20] For each ξ ,η ,ζ ∈ Hχ
−q, we get

1. ξ ⋄χ η = η ⋄χ ξ (Commutative law),
2. ξ ⋄χ (η ⋄χ ζ ) = (ξ ⋄χ η)⋄χ ζ (Associative law),
3. ξ ⋄χ (η + ζ ) = ξ ⋄χ η + ξ ⋄χ ζ (Distributive law).
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Remark. According to Lemmas 2.1 and 2.2, we can
conclude that the spacesHχ

−q and Hχ
q form topological

algebras with respect to theχ-Wick product.
As shown in Lemmas 2.1 and 2.2, theχ-Wick product

satisfies all the ordinary algebraic rules for multiplication.
Therefore, one can carry out calculations in much the
same way as with usual products. But, there are some
problems when limit operations are involved. To treat
these situations it is convenient to apply a transformation,
called theχ-Hermite transform, which convertsχ-Wick
products into ordinary (complex) products and
convergence inHχ

−q into bounded, pointwise convergence
in a certain neighborhood of 0 inC. The original Hermite
transform, which first appeared in Lindstrøm et al. [25],
has been applied by the authors in many different
connections. Now, we give the definition of the
χ-Hermite transform and discuss its basic properties.

Definition 2.2. [20] Let ξ = ∑∞
n=0 ξnqχ

n ∈ Hχ
−q with

ξn ∈ C. Then, theχ-Hermite transform ofξ , denoted by
Hχ ξ or ξ̂ , is defined by

Hχ ξ (z) = ξ̂ (z) =
∞

∑
n=0

ξnzn ∈ C (when convergent). (4)

In the following, we define for 0< M,q < ∞ the
neighborhoodsOq(M) of zero inC by

Oq(M) =

{
z ∈ C :

∞

∑
n=0

|zn|2Kqn
< M2

}
. (5)

It is easy to see that

q ≤ p, N ≤ M ⇒Op(N)⊆Oq(M).

The conclusion above can be stated as follows:

Proposition 2.1. [20] If ξ ∈ Hχ
−q, then Hχ ξ converges

for all z ∈Oq(M) for all q,M < ∞.
A useful property of theχ-Hermite transform is that

it converts theχ-Wick product into ordinary (complex)
product.

Proposition 2.2.[20] If ξ ,η ∈ Hχ
−q, then

Hχ(ξ ⋄χ η)(z) = Hχ ξ (z).Hχ η(z). (6)

for all z such that Hχ ξ and Hχ η exist.

For χ-Brownian motion, we see that

Wχ(t) =
d
dt

Bχ(t) in Hχ
−q. (7)

Therefore, one advantage of working in the general
spaceHχ

−q of stochastic distributions is that it contains the
solutions of many non-Gaussian stochastic differential
equations, both ordinary and partial and in arbitrary

dimension. Moreover, if the objects of such equations are
regarded asHχ

−q-valued, then differentiation can be
interpreted in the usual strong sense inHχ

−q.

Theorem 2.1.[23,20] Suppose u(x, t,z) is a solution (in
the usual strong, pointwise sense) of the equation

Â(x, t,∂t ,∇x,u,z) = 0, (8)

for (x, t) in some bounded open set D ⊂ R
n ×R+, and for

all z ∈ Oq(M), for some q,M. Moreover, suppose that
u(x, t,z) and all its partial derivatives, which are involved
in Eq.(8) are (uniformly) bounded for
(x, t,z) ∈ D × Oq(M), continuous with respect to
(x, t) ∈ D for each z ∈Oq(M) and analytic with respect to
z ∈ Oq(M), for all (x, t) ∈ D. Then there exists
U(x, t) ∈ Hχ

−q such that u(x, t,z) = HχU(x, t,z) for all
(x, t,z) ∈ D × Oq(M) and U(x, t) solves in the strong
sense in Hχ

−q the equation

A⋄χ (x, t,∂t ,∇x,U,s) = 0 in Hχ
−q. (9)

3 Travelling Solitary Wave Solutions of
Eq.(1)

In this section, first we reduce Eq.(1) into a deterministic
partial differential equations (PDEs) by applying
χ-Hermite transform. Further, by applying proper
transformation, the obtained PDEs can be converted into a
nonlinear ordinary differential equations (ODEs). Then,
by employing the proposed F-expansion method, we
obtain a family of exact solutions for Eq.(2).

Taking theχ-Hermite transform of Eq.(1), we get the
following deterministic equations.

Ût(x, t,z) + Ψ̂1(t,z)Û(x, t,z)Ûx(x, t,z)

+ Ψ̂2(t,z)Ûxxx(x, t,z) = 0, (10)

wherez ∈ C is a parameter.
Now, we using F-expansion method to solve Eq.(10).

To look for the travelling solitary wave solution of
Eq.(10), we use the transformations
Û(x, t,z) := u(x, t,z) = u(ζ (x, t,z), Ψ̂1(t,z) := ψ1(t,z) and
Ψ̂2(t,z) := ψ2(t,z), with

ξ (x, t,z) := kx+ µ
∫ t

0
ω(τ,z)dτ + c, (11)

wherek,µ andc are arbitrary constants which are satisfy
kµ 6= 0 andω(t,z) is a nonzero function of the indicated
variables to be determined later. Hence, Eq.(10) can be
transformed into the following ODEs.

µ ω(t,z)u
′
+ kψ1(t,z)uu

′
+ k3ψ2(t,z)u

′′′
= 0, (12)

c© 2017 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


918 H. A. Ghany et al. : Non-Gaussian white noise functional solutions...

where the prime denote to the differential with respect to
ξ . In view of F-expansion method, the solutions of
Eq.(12), can be expressed in the forms.

u(ξ ) =
N

∑
i=0

aiF
i(ξ ), (13)

whereai are constants to be determined later. considering
homogeneous balance betweenu

′′′
and uu

′
(the highest

order nonlinear terms and the highest order partial
derivative ofu) in Eq.(12), then we can obtainN = 2. So,
Eq.(13), can be rewritten as following

u(x, t,z) = a0+ a1F(ξ )+ a2F2(ξ ), (14)

wherea0,a1 anda2 are constants to be determined later.
Substituting (14) with conditions in F-expansion method
into (12) and collecting all terms with the same power of
F i(ξ )[F ′(ξ )] j(i = 0,±1,±2, ..., j = 0,1) as following




[
a1µ ω(t,z)+ k a0a1 ψ1(t,z)+ k3 a1 Qψ2(t,z)

]
F

′

+
[
2a2 µ ω(t,z)+ k ψ1(t,z)[2a0 a2+ a2

1]

+8k3 a2Qψ2(t,z)
]

FF
′

+
[
3k a1a2 ψ1(t,z)+6k3 a1Pψ2(t,z)

]
F2F

′

+
[
2k a2

2ψ1(t,z)+24k3a2 Pφ2(t,z)
]

F3F
′
= 0.

(15)

Setting each coefficients ofF i(ξ )[F ′(ξ )] j to be zero, we
get a system of algebraic equations which can be expressed
by



a1µ ω(t,z)+ k a0a1ψ1(t,z)+ k3 a1Qψ2(t,z) = 0,
2a2 µ ω(t,z)+ k ψ1(t,z)[2a0 a2+ a2

1]
+8k3 a2Qψ2(t,z) = 0,
3k a1a2 ψ1(t,z)+6k3 a1Pψ2(t,z) = 0,
2k a2

2ψ1(t,z)+24k3a2 Pφ2(t,z) = 0,

(16)

with solve the system in (16) to get the two sets of
coefficients as the following




a1 = 0,

a0 =
−µ ω(t,z)−4k3 Qψ2(t,z)

k ψ1(t,z)
,

a2 =
−12k2Pψ2(t,z)

ψ1(t,z)
,

(17)

and



a1 = 0, a0 = a0 (free parameter),

a2 =
−12k2Pψ2(t,z)

ψ1(t,z)
,

ω =
−k
[

a0ψ1(t,z)+4k2Qψ2(t,z)
]

µ .

(18)

Substituting by two sets of coefficients in Eqs.(17and18)
into Eq.(14 ) yields general form solutions of Eq. (1). So
by the first set of coefficients we get the following solution

u(x, t,z) =
−µ ω(t,z)−4k3Qψ2(t,z)

k ψ1(t,z)

+
−12k2Pψ2(t,z)

ψ1(t,z)
F2(ξ (x, t,z)). (19)

By the second set of coefficients we get the other solution

u∗(x, t,z) = a0+
−12k2Pψ2(t,z)

ψ1(t,z)
F2(ξ ∗(x, t,z)), (20)

with

ξ ∗(x, t,z) = k
[
x−

∫ t

0

[
a0ψ1(τ,z)

+ 4k2 Qψ2(τ,z)
]

dτ
]
+ c.

From appendix A, we give solutions for some special
cases as following.

Case 1. If we take P = 1, Q = 2m2 − 1 and
R = −m2(1− m2), we haveF(ξ ) → ds(ξ ). Hence, we
have

u1(x, t,z) =
−µ ω(t,z)−4k3(2m2−1)ψ2(t,z)

k ψ1(t,z)

+
−12k2 ψ2(t,z)

ψ1(t,z)
ds2(ξ (x, t,z)), (21)

u∗1(x, t,z) = a0+
−12k2 ψ2(t,z)

ψ1(t,z)
ds2(ξ ∗

1 (x, t,z)), (22)

with

ξ ∗
1 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)

+ 4k2 (2m2−1)ψ2(τ,z)
]

dτ
]
+ c.

I. In the limit case whenm → o, we haveds(ξ )→ csc(ξ ),
thus (21) and (22) become.

u2(x, t,z) =
−µ ω(t,z)+4k3 ψ2(t,z)

k ψ1(t,z)

+
−12k2 ψ2(t,z)

ψ1(t,z)
csc2(ξ (x, t,z)), (23)

u∗2(x, t,z) = a0+
−12k2 ψ2(t,z)

ψ1(t,z)
csc2(ξ ∗

2 (x, t,z)), (24)

with

ξ ∗
2 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)−4k2 ψ2(τ,z)

]
dτ

]
+ c.

II. In the limit case when m → 1 we have
ds(ξ )→ csch(ξ ), thus (21) and (22) become.

u3(x, t,z) =
−µ ω(t,z)−4k3 ψ2(t,z)

k ψ1(t,z)

+
−12k2 ψ2(t,z)

ψ1(t,z)
csch2(ξ (x, t,z)), (25)

u∗3(x, t,z) = a0+
−12k2 ψ2(t,z)

ψ1(t,z)
csch2(ξ ∗

3 (x, t,z)), (26)

with

ξ ∗
3 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)+4k2 ψ2(τ,z)

]
dτ

]
+ c.
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Case 2. If we takeP = 1
4, Q = m2+1

2 andR = (1−m2)2

4 ,

thenF(ξ )→ sn(ξ )
cn(ξ )±dn(ξ ) . Hence, we have

u4(x, t,z) =
−µ ω(t,z)−2k3(m2+1)ψ2(t,z)

k ψ1(t,z)

+
−3k2ψ2(t,z)

ψ1(t,z)
sn2(ξ (x, t,z))

[
cn± dn

]2
(ξ (x, t,z))

, (27)

u∗4(x, t,z) = a0+
−3k2ψ2(t,z)

ψ1(t,z)
sn2(ξ ∗

4 (x, t,z))[
cn± dn

]2
(ξ ∗

4 (x, t,z))
,

(28)

with

ξ ∗
4 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)

+ 2k2 (m2+1)ψ2(τ,z)
]

dτ
]
+ c.

I. In the limit case whenm → o we have sn(ξ )
cn(ξ )±dn(ξ )

→ sin(ξ )
cos(ξ )±1, thus (27) and (28) become.

u5(x, t,z) =
−µ ω(t,z)−2k3 ψ2(t,z)

k ψ1(t,z)

+
−3k2ψ2(t,z)

ψ1(t,z)
sin2(ξ (x, t,z))

[
cos(ξ (x, t,z))±1

]2 , (29)

u∗5(x, t,z) = a0+
−3k2ψ2(t,z)

ψ1(t,z)

sin2(ξ ∗
5 (x, t,z))[

cos(ξ ∗
5 (x, t,z))±1

]2 ,

(30)

with

ξ ∗
5 (x, t,z) = k

[
x−

∫ t

0

[
a0 ψ1(τ,z)+2k2 ψ2(τ,z)

]
dτ

]
+ c.

II. In the limit case whenm → 1 we have sn(ξ )
cn(ξ )±dn(ξ )

→ tanh(ξ )
2sech(ξ ) , thus (27) and (28) become.

u6(x, t,z) =
−µ ω(t,z)−4k3 ψ2(t,z)

k ψ1(t,z)

+
−3k2ψ2(t,z)

ψ1(t,z)
tanh2(ξ (x, t,z))
4sech2(ξ (x, t,z))

, (31)

u∗6(x, t,z) = a0+
−3k2ψ2(t,z)

ψ1(t,z)

tanh2(ξ ∗
3 (x, t,z))

4sech2(ξ ∗
3 (x, t,z))

. (32)

Case 3. If we take P = 1
4, Q = 1−2m2

2 and R = 1
4, then

F(ξ )→ ns(ξ )± cs(ξ ). Hence, we have

u7(x, t,z) =
−µ ω(t,z)−2k3(1−2m2)ψ2(t,z)

k ψ1(t,z)

+
−3k2 ψ2(t,z)

ψ1(t,z)

[
ns± cs

]2
(ξ (x, t,z)), (33)

u∗7(x, t,z) = a0+
−3k2 ψ2(t,z)

ψ1(t,z)

[
ns± cs

]2
(ξ ∗

6 (x, t,z)),(34)

with

ξ ∗
6 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)

+ 2k2 (1−2m2)ψ2(τ,z)
]

dτ
]
+ c.

I. In the limit case whenm → o we havens(ξ )± cs(ξ )→
csc(ξ )± cot(ξ ), thus (33) and (34) become.

u8(x, t,z) =
−µ ω(t,z)−2k3 ψ2(t,z)

k ψ1(t,z)

+
−3k2 ψ2(t,z)

ψ1(t,z)

[
csc± cot

]2
(ξ (x, t,z)), (35)

u∗8(x, t,z) = a0+
−3k2 ψ2(t,z)

ψ1(t,z)

[
csc± cot

]2
(ξ ∗

5 (x, t,z)).

(36)

II. In the limit case whenm → 1 we havens(ξ )±cs(ξ )→
coth(ξ )± csch(ξ ), thus (33) and (34) become.

u9(x, t,z) =
−µ ω(t,z)+2k3 ψ2(t,z)

k ψ1(t,z)

+
−3k2 ψ2(t,z)

ψ1(t,z)

[
coth± csch

]2
(ξ (x, t,z)), (37)

u∗9(x, t,z) = a0+
−3k2 ψ2(t,z)

ψ1(t,z)

×
[
coth± csch

]2
(ξ ∗

7 (x, t,z)), (38)

with

ξ ∗
7 (x, t,z) = k

[
x−

∫ t

0

[
a0ψ1(τ,z)−2k2 ψ2(τ,z)

]
dτ

]
+ c.

Obviously, there are other solutions for Eq.(1). These
solutions come from setting different values for the
coefficientsP,Q andR. (see Appendix A, B and C). The
above mentioned cases are just to clarify how far our
technique is applicable. For more details see [33,20].

4 Non-Gaussian White Noise Functional
Solutions

In this section, we employ the results of the Sections 2
and 3 respectively, by usingχ-Hermite transform to
obtain exact non-Gaussian white noise functional
solutions for Wick-type stochastic KdV equations (1).
The properties of exponential, trigonometric and
hyperbolic functions yield that there exists a bounded
open setD ∈ R × R+, q < ∞, M > 0 such that the
solutionsu(x, t,z) of Eq.(10) and all its partial derivatives
which are involved in Eq.(10) are (uniformly) bounded
for (x, t,z) ∈ D × Oq(M), continuous with respect to
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(x, t) ∈ D for eachz ∈Oq(M) and analytic with respect to
z ∈ Oq(M), for all (x, t) ∈ D. Therefore, Theorem 2.1
gives that there existsU(x, t) ∈ Hχ

−q such that
U(x, t) = H −1

χ u(x, t,z). Also,U(x, t) are solves of Eq.(1)

in Hχ
−q. Hence, by applying the inverseχ-Hermite

transform to the results of Section 3, we get exact
non-Gaussian white noise functional solutions of Eq. (1)
as follows.

–Non-Gaussian White Noise Functional Solutions of
JEFs Type:

U1(x, t) =
−µ Ω(t)−4k3(2m2−1)Ψ2(t)

kΨ1(t)

+
−12k2 Ψ2(t)

Ψ1(t)
♦χ ds♦χ 2(Ξ(x, t)), (39)

U2(x, t) =
−µ Ω(t)−2k3(m2+1)Ψ2(t)

kΨ1(t)
+

−3k2Ψ2(t)
Ψ1(t)

♦χ
sn♦χ 2(Ξ(x, t))

[
cn♦χ (Ξ(x, t))± dn♦χ (Ξ(x, t))

]♦χ 2 , (40)

U3(x, t) =
−µ Ω(t)−2k3(1−2m2)Ψ2(t)

kΨ1(t)
+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
ns♦χ (Ξ(x, t))± cs♦χ (Ξ(x, t))

]♦χ 2
, (41)

U∗
1 (x, t) = a0+

−12k2 Ψ2(t)
Ψ1(t)

♦χ ds♦χ 2(Ξ ∗
1(x, t)), (42)

U∗
2 (x, t) = a0+

−3k2Ψ2(t)
Ψ1(t)

♦χ
sn♦χ 2(Ξ ∗

2(x, t))[
cn♦χ (Ξ ∗

2(x, t))± dn♦χ (Ξ ∗
2(x, t))

]♦χ 2 , (43)

U∗
3 (x, t) = a0+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
ns♦χ (Ξ ∗

3(x, t))± cs♦χ (Ξ ∗
3(x, t))

]♦χ 2
, (44)

with

Ξ(x, t) = kx+ µ
∫ t

0
Ω(τ)dτ + c,

Ξ ∗
1(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)

+ 4k2 (2m2−1)Ψ2(τ)
]

dτ
}
+ c,

Ξ ∗
2(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)

+ 2k2 (m2+1)Ψ2(τ)
]

dτ
}
+ c,

Ξ ∗
3(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)

+ 2k2 (1−2m2)Ψ2(τ)
]

dτ
}
+ c.

–Non-Gaussian White Noise Functional Solutions of
Trigonometric Type:

U4(x, t) =
−µ Ω(t)+4k3 Ψ2(t)

kΨ1(t)
+

−12k2 Ψ2(t)
Ψ1(t)

♦χ csc♦χ 2(Ξ(x, t)), (45)

U5(x, t) =
−µ Ω(t)−2k3 Ψ2(t)

kΨ1(t)
+

−3k2Ψ2(t)
Ψ1(t)

♦χ
sin♦χ 2(Ξ(x, t))

[
cos♦χ (Ξ(x, t))±1

]♦χ 2 , (46)

U6(x, t) =
−µ Ω(t)−2k3 Ψ2(t)

kΨ1(t)
+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
csc♦χ (Ξ(x, t))± cot♦χ (Ξ(x, t))

]♦χ 2
, (47)

U∗
4 (x, t) = a0+

−12k2 Ψ2(t)
Ψ1(t)

♦χ csc♦χ 2(Ξ ∗
4(x, t)), (48)

U∗
5 (x, t) = a0+

−3k2Ψ2(t)
Ψ1(t)

♦χ
sin♦χ 2(Ξ ∗

5(x, t))[
cos♦χ (Ξ ∗

5(x, t))±1
]♦χ 2 , (49)

U∗
6 (x, t) = a0+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
csc♦χ (Ξ ∗

5(x, t))± cot♦χ (Ξ ∗
5(x, t))

]♦χ 2
, (50)

with

Ξ ∗
4(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)−4k2 Ψ2(τ)

]
dτ

}
+ c,

Ξ ∗
5(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)+2k2 Ψ2(τ)

]
dτ

}
+ c.

–Non-Gaussian White Noise Functional Solutions of
Hyperbolic Type:

U7(x, t) =
−µ Ω(t)−4k3 Ψ2(t)

kΨ1(t)
+

−12k2 Ψ2(t)
Ψ1(t)

♦χ csch♦χ 2(Ξ(x, t)), (51)
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U8(x, t) =
−µ Ω(t)−4k3 Ψ2(t)

kΨ1(t)
+

−3k2Ψ2(t)
Ψ1(t)

♦χ
tanh♦χ2(Ξ(x, t))

4sech♦χ 2(Ξ(x, t))
, (52)

U9(x, t) =
−µ Ω(t)+2k3 Ψ2(t)

kΨ1(t)
+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
coth♦χ (Ξ(x, t))± csch♦χ (Ξ(x, t))

]♦χ 2
, (53)

U∗
7 (x, t) = a0+

−12k2 Ψ2(t)
Ψ1(t)

♦χ csch♦χ 2(Ξ ∗
6(x, t)), (54)

U∗
8 (x, t) = a0+

−3k2Ψ2(t)
Ψ1(t)

♦χ
tanh♦χ2(Ξ ∗

6(x, t))

4sech♦χ 2(Ξ ∗
6(x, t))

, (55)

U∗
9 (x, t) = a0+

−3k2 Ψ2(t)
Ψ1(t)

♦χ

[
coth♦χ (Ξ ∗

7(x, t))

± csch♦χ (Ξ ∗
7(x, t))

]♦χ 2
, (56)

with

Ξ ∗
6(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)+4k2 Ψ2(τ)

]
dτ

}
+ c,

Ξ ∗
7(x, t) = k

{
x−

∫ t

0

[
a0Ψ1(τ)−2k2 Ψ2(τ)

]
dτ

}
+ c.

We observe that, for different forms ofΨ1 andΨ2, we
can get different solutions of Eq.(1) from formulas in
above section. We promote this by the following example:

Example. Suppose that. Ω(t) = λ1Ψ1(t),
Ψ1(t) = λ2Ψ2(t), and Ψ2(t) = Π(t) + λ3Wχ(t), where
Ψ1Ψ2 6= 0, λ1,λ2,λ3 are arbitrary constants and
λ1λ2λ3 6= 0, Π(t) is integrable or bounded measurable
function onR+ and Wχ(t) = Ḃχ(t) is the 1-parameter
non-Gaussianχ-white noise andBχ(t) is the 1-parameter
χ-Brownian motion. We have theχ-Hermite transform
Ŵχ(t,z) = ∑n

n=0 χn(t)zn. Since exp♦χ (Bt) = exp
[
Bt −

t2
2

]
,

we have



sin♦χ (Bt) = sin
[
Bχ(t)− t2

2

]
,

cos♦χ (Bt) = cos
[
Bχ(t)− t2

2

]
,

cot♦χ (Bt) = cot
[
Bχ(t)− t2

2

]
,

csc⋄(Bt) = csc
[
Bχ(t)− t2

2

]
,

tanh♦χ (Bt) = tanh
[
Bχ(t)− t2

2

]
,

coth♦χ (Bt) = coth
[
Bχ(t)− t2

2

]
,

sech♦χ (Bt) = sech
[
Bχ(t)− t2

2

]
,

csch♦χ (Bt) = csch
[
Bχ(t)− t2

2

]
.

(57)

We have a nonχ-Wick version of non-Gaussian white
noise travelling wave solutions of Eq.(1.1) as follows.

U10(x, t) =
−µ λ1λ2+4k3

k λ2
+

−12k2

λ2
csc2(Θ1(x, t)),(58)

U11(x, t) =
−µ λ1λ2−2k3

k λ2
+

−3k2

λ2

×
sin2(Θ1(x, t))[

cos(Θ1(x, t))±1
]2 , (59)

U12(x, t) =
−µ λ1λ2−2k3

k λ2
+

−3k2

λ2

×
[
csc(Θ1(x, t))± cot(Θ1(x, t))

]2
, (60)

U13(x, t) =
−µ λ1λ2−4k3

k λ2
+

−12k2

λ2
csch2(Θ1(x, t)),

(61)

U14(x, t) =
−µ λ1λ2−4k3

k λ2
+

−3k2

λ2

tanh2(Θ1(x, t))
4sech2(Θ1(x, t))

,

(62)

U15(x, t) =
−µ λ1λ2+2k3

k λ2
+

−3k2

λ2

×
[
coth(Θ1(x, t))± csch(Θ1(x, t))

]2
, (63)

U∗
10(x, t) = a0+

−12k2

λ2
csc2(Θ2(x, t)), (64)

U∗
11(x, t) = a0+

−3k2

λ2

sin2(Θ3(x, t))[
cos(Θ3(x, t))±1

]2 , (65)

U∗
12(x, t) = a0+

−3k2

λ2

[
csc(Θ3(x, t))± cot(Θ3(x, t))

]2
,

(66)

U∗
13(x, t) = a0+

−12k2

λ2
csch2(Θ4(x, t)), (67)

U∗
14(x, t) = a0+

−3k2λ2

λ2

tanh2(Θ4(x, t))
4sech2(Θ4(x, t))

, (68)

U∗
15(x, t) = a0+

−3k2

λ2

[
coth(Θ5(x, t))

± csch(Θ5(x, t))
]2
, (69)

with

Θ1(x, t) = kx+ µλ1λ2

∫ t

0
A+ c,

Θ2(x, t) = k
{

x−
[
a0λ2−4k2]

∫ t

0
A
}
+ c,

Θ3(x, t) = k
{

x−
[
a0λ2+2k2]

∫ t

0
A
}
+ c,

Θ4(x, t) = k
{

x−
[
a0λ2+4k2]

∫ t

0
A
}
+ c,

Θ5(x, t) = k
{

x−
[
a0λ2−2k2]

∫ t

0
A
}
+ c,

where A =
(

Π(τ)dτ +λ3[Bχ(t)− t2
2 ]
)

.
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5 Summary and Discussion

The propagation of nonlinear wave in systems with
polarity symmetry can be described by the KdV equations
(1.2). If the problem is considered in a non-Gaussian
stochastic environment, we can get non-Gaussian
stochastic KdV equations. In order to give the exact
stochastic solutions of the non-Gaussian stochastic KdV
equations, we only consider this problem in a
non-Gaussian white noise environment, that is, we
investigate the variable coefficients stochastic KdV
equations (1.1). For this aim, we develop a non-Gaussian
Wick calculus based on the theory of hypecomplex
systems L1(Q,dm(x)). Precisely, we use the direct
connection between the hypecomplex systems and the
white noise analysis [3,1] and the Delsarte characters
χn(x) to introduce aχ-Wick product andχ-Hermite
transform on the space of generalized functionsHχ

−q (with
the zero spaceL2(Q,dm(x))) and discuss their properties.
By means of the usual properties of complex analytic
functions, we proved a characterization theorem forHχ

−q,
and setup a framework to study the SPDEs with
non-Gaussian parameters (for more details see[20]).
Finally, we employ this framework and F-expansion
method to give a multiple families of exact travelling
wave solutions of KdV equations (2) and non-Gaussian
white noise functional solutions of Wick-type stochastic
KdV equations in (1), respectively. The obtained
solutions include functional solutions of JEFs,
trigonometric and hyperbolic types. Obviously, the
planner which we have proposed in this paper can be also
applied to other non-linear PDEs in mathematical physics
such as KdV-Burgers, modified KdV-Burgers,
KdV-Burgers-Kuramoto [35,26,9], generalized
Hirota-Satsuma coupled KdV system [27,29], Zhiber-
Shabat and Benjamin-Bona-Mahony equations. We
observe that the used F-expansion Method has many other
particular solutions, depending on the parametersP, Q
andR, this in turn gives many other exact solutions for the
considered stochastic KdV equations. Also, we have
discussed the solutions of SPDEs driven by non-Gaussian
white noise, this discussion is less detailed than the
Gaussian discussion but more general, because it deals
with the dual pairing generated by integration with
respect to a non-Gaussian measure.

Appendices

–Appendix A.

The ODE and JEFs: Relation between values of (P, Q, R)
and correspondingF(ξ ) in ODE.

(F ′)2(ξ ) = PF4(ξ )+QF2(ξ )+R,

P Q R F(ξ )
1 −1−m2 m2 nsξ = 1

snξ , dcξ = dnξ
cnξ

1 2−m2 1−m2 csξ = cnξ
snξ

1 2m2−1 −m2(1−m2) dsξ = dnξ
snξ

1
4

m2+1
2

(1−m2)2

4
snξ

cnξ±dnξ
1
4

1−2m2

2
1
4 nsξ ± csξ

1
4

m2−2
2

m2

4 nsξ ±dsξ

–Appendix B.

The jacobi elliptic functions degenerate into trigonometric
functions whenm → 0.
snξ → sinξ ,cnξ → cosξ ,dnξ → 1,scξ → tanξ ,
sdξ → sinξ ,cdξ → cosξ ,nsξ → cscξ ,ncξ → secξ ,
ndξ → 1,csξ → cotξ ,dsξ → cscξ ,dcξ → secξ .

–Appendix C.

The jacobi elliptic functions degenerate into hyperbolic
functions whenm → 1.
snξ → tanhξ ,cnξ → sechξ ,dnξ → sechξ ,scξ → sinhξ ,
sdξ → sinhξ ,cdξ → 1,nsξ → cothξ ,ncξ → coshξ ,
ndξ → cosh,csξ → cschξ ,dsξ → cschξ ,dcξ → 1.

For more details (See AppendicesA,B andC.)[33,20].
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