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Abstract: In this paper, is discuted and studied about the formal locshbmology module. Also is put its connection with the local
cohomology module and moreover is put some vanishing efrsuch module of formal local cohomology.
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1 Introduction From the local cohomology we obtain the formal local
cohomology, and the purpose here is to obtain results for
Throughout this paperR is a commutative ring with  the formal local cohomology module. Here we consider
non-zero identity. The local cohomology theory of the asymptotic behavior of the family of local cohomology
Grothendieck has proved to be an important tool inmodules given by{Hi, (M/a"™)} __ for an integeri
commutative algebra. The theory of local cohomology if Z. By the natural homomorphisms these families form a
has developed so much six decades after its introductioprojective system. Their projective limit given by
by Grothendieck. There exists a relation between local o N
cohomology, given by1], and formal local cohomology, lim H, (M/a"M)
given by p]. Not so much is known about these modules. neN
The motivation of this work is precisely the formal js called theth formallocal cohomology a1 with respect
local cohomology of P. Schenzel. Letlenote an ideal of  tg 4. Not so much is know about these modules.
a local ring(R,m). For a finitely generate®-moduleM, The main subject of the paper is a systematic study of
let H, (M), for i € N, denote the local cohomology the formal local cohomology modules.
module of M with respect toa (cf. [1] for the basic In Section 2 we present notions of local cohomology
definitions). There are the following integers related to modules and some prerequisites, which will be used
these local cohomology modules, such as throughout of the paper.
o i In Section 3 we provide a theorem interesting about
gradg(a,M) = inf {i € Z | H, (M) # 0} and the formal local cohomology module. We observe that the
. i formal local cohomology module is used for to
cd(a,M) = SUD{' € Z|Hy (M) # O}’ characterize some values. For example, we have the
called the grade (respectively the cohomologicalresult: “Leta denote an ideal of a local rin@R, m). Then
dimension) oM with respect tar. In general we have the
bounds:

dim(M/aM) = sup{i € Z| imHi, (M/a"M) # o} ,
height, (a) < cd(a,M) < dim(M). neN
for a finitely generate@&-moduleM.”
Moreover, the description of

gradgm,M) = depth(M) and {
inf

In the case ofn the maximal ideal it follows that

cd(m,M) = dim(M).

neN

ieZ|ILmHim(M/a”M)7é0},
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is used for to define the formal grade, i.e., we have that

fgrade(a,M) = inf {i €| lim H (M/a"M) # o} ,

neN

for an ideala of Rand a finitely generategdmoduleM.

For to finishe, in the Section 4 we presented some

results for vanishing of formal
modules.

local cohomology

2 Some definitions and preliminaries

Letl be anideal oR, and letM be anR-module. In 1], the
ith local cohomology module HM) of M with respect to
| is defined by
Hi (M) = lim Extg (R/1', M),
teN
for all 0 <i € Z. By [2, Remark 3.3(a)], we have
HO (M) = 7 (M), where we have that

i (M) :={meM |I'm= 0 for somet € N},

is anR-submodule of th&-moduloM.
We can also see this definition of the following form.

Definition 1([2, Definition 35.2]) The local cohomology
functors, denoted by He), are the right derived functors
of [ (e). In other words, ifi® is an injective resolution of
the R-moduleM, then H (M) = H' ([} (I};)) for alli > 0,
wherel}, denotes the deleted injective resolutiorivbf

We present now the definition of the formal local

cohomology module, the object main of the study of our

work.

Suppose thatR,m) is a Noetherian local ring. Far
other ideal ofR, consider the family of local cohomology
modules given as it follows byH,, (M/a"M)} _, for all
i > 0, with M a finitely generate&-module. According to

[5], for everyn € N, there exists a natural homomorphism

Ghiin: HE (M/a™ M) — HL (M /a™).

Example 1The following classes oR-modules are Serre
subcategories of the categoryRimodules.

(a)The class of zer&®modules.

(b)The class of finite lengtR-modules.
(c)The class of finitely generatdttmodules.
(d)The class of ArtiniarR-modules.

LetRbe a Noetherianring. Lét: & — 1 be a function
from a Serre subcategory of the categoryRaiodulesS
to a partially ordered Abelian monoigt,*, <). We say
that A is a subadditive functiorif A (0) = 0 and for any
short exact sequence, we say

0—>M'—>M—>M”—>O,

in which all the terms (thé&k-modules) belong t&, we
have A (M) < AM), A (M) < A(M) and

A (M) <A (M’)*/\ (M)

Example ZThe following function is subadditive: the
function A (M) = [gr(M), length ofM, from the class of
finite length R-modules to the partially ordered Abelian
monoid(Z, +, <). Other examples it follows below:

(a)The functionA (M) = (0. M) = {x€ R|xM = 0},
annihilator of theR-moduleM, from the category of
R-modules to the partially ordered Abelian monoid
(IdealsR),-, D).

The following remark will be used in the next section.

Remark 1Let R be a Noetherian ring, and I&t be an
arbitrary R-module. Then the following statements are
true.

(@) (M) = Homg (R, I1 (M)). _
(b)If Suppzr(M) C V (1), then H (M) = Extz (R, M) for
alli >0.

3 Application

These families form an inverse system. Their inverse
limit that is given by

jim H, (M/a"™M)

neN

In this section, we presented a result interesting about the
formal local cohomology module. For the concept of
linearly compact modules, se4 Definition 31].

Theorem 1Let (R,m) be a Noetherian local ring, and let
M be a linearly compact R-module and finitely generated;
moreover, let i be a non-negative integer such that

is called, according tdg, theith formal local cohomology
module ofM with respect toa, and will be denoted by
am (M)
N Let R be a Noetherian ring. Recall that Serre
subcategon® of the category oR-modules is a subclass
of R-modules (i.e., is a subset Bfmodules) such that for

any short exact sequence®imodules, we say

lim Extz " (R,HY, (M/a"M)) isin & forallr,0 <r <i.

neN

Theng!, . (M) € &, and
0—>M'—>M—>M”—>O,

we have that th&moduleM is in & ifand only ifM"and A (§, ,, (M)) < t_g A <I@ Exty" (R H, (M/a“M))) .
M” are inG. neN
(@© 2017 NSP
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Proof We prove by using induction on The case = 0: By [4, Properties 34 and 35], we have thaM is a
from the Remark (a), we have that linearly compacRk-module, and then, by3[ Lemma 24],
we get the long exact sequence

o= i Extg (R Fon (M) = 8l (M) = i (V).

Ext (R, HO, (M/u”M)) = Homg (R, I (M /a™M)) 22 [ (M /a™M).

As, by hypothesis, lim NEXI%(R HY (M/a"M)) € & it neN
follows that the which shows tha!, ., (M) € & and

lim M (M/a™™) = Im H, (M/a™) = §0 1, (M) € 6.

neN neN A ia7m (M)) < *_ oA <|@ Exty " (R H, (M))>
0 ) e e b o)
rgeciénitii)n)of;arﬁlnglr\]der is re}lel;ive, vf/le have as required.

Remark 2Note that we have, in the Theorefd) the
A (80 (M) <A (Lm Ex (R HO, <M/a”M>)) . following
neN

Exty" (RHL, (M/a"™)) =0
N that> 0 and that th Itis t f S . .
i 12\%’ é%%g?;:r thzﬁ/l> EI?/?/a“I\/? Le?XreSLli/l/lﬁ r(ue) or forall 0 <r <, sinceRis a projectiveR-module. Hence
e have:
and letL = E(X) /X, where EX) is an injective hull of wehav
X. Note thatly, (X) = 0= I, (E(X)). Thus, consider the ljm Extz " (R H', (M/a"™M)) = lim Homg (R Hi,, (M/a"™M)) = ', o (M),

Ayt
short exact sequence neN neN

05X 5 EX) 5L—=0 (+). forr =iand
r@Exfgf(R,H{n(M/a"M)):o,

Applying the derived functors dfy, (e), according to N

the Definitionl, in the sequencex) we obtain, for alt >

0, the isomorphisms for 0 <r < i. Now, the result it follows.
Hiw (L) 2 Hiy (X) (2 Hy, (M)

4 Vanishing results

From the previous isomorphisms, for alf,

0 < r < i - 1, we have . h ishi £ l local
Ext(;l T(RH (L) = Exg(rﬂ) (RH (|\7|)) the Here want discuss about the vanishing of formal loca

which implies cohpm_ology modules. As a motivation for a result .of
vanishing of such modules, we presented the following
vanishing result given by P. Schenzel: “L@ m) be a

(r+1) 1 /n\7
LEXtR (R Hi ( L EXtJR (RvHH (M)), Noetherian local ring. LeM denote a finitely generated
nen nen R-module. Letj € Z and leta be an ideal oR. Suppose
that

which is in & by assumptions. Thus, from the induction
hypothesis o, §; % (L) € & and

ljm HE (M/a™M) = a (l'@ HI, (M/a“M)> .

. . : N N
AELEL) <+hA (I@ Exty V7T (R HE, (L/a”L))) . " b
' neN Then, we have that:
Therefore!, , (X X) € & and lim HL (M/a"M) = 0."
neN
A (Fhm (X)) < %11 A <I@ Exty " (R H, (I\7I))> : Now, note that in {], we have that:
neN

HO (M) =} (M) := {me M| I"m= 0 for somen € N}.
Now, by the short exact sequence
0— I (M) — M/a"™ — X — 0 and by Remark (b), ~ An R-moduleM is said to bd-torsion, ifM = I} (M).
we get the long exact sequence
. . o o Remark 3We take x € | and let M be an |-torsion
= Extg (R (M)) = Hy (M) — Hy (X) — ... R-module. TherM % M is injective if and only ifV = 0.
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Let M be anR-module. A finite sequenca,...,X of Now, we taker > 1. Thenxy,...,%_1 is anM/a"M-
elements of R is said to be anM-sequenceif sequence im. Hence, by induction, H (M/a"M) = 0 for

% € NZDg (M/Zij_:llij) forie {1,...,r},where NzD  alli <r—1andforalin€ N. Therefore, we have that
means non-zero divisors. Use the convention that limH- (M/a"M) = 0

y9_1xjM = 0. So, this means that; € NZDgr(M), m He, (M/a™M)

Xp € NZDR(M/XlM),X3€ NZDR(M/(XlM +X2M)), .

Note that the empty sequence of elementsldé an  foralli <r—1and thusg, , (M) =0foralli<r—1.

neN

M-sequence. Ifxg,...,x is an M-sequence such that It remains to be shown that ;1 (M) = 0.
x €l forie {1,...,r}, then xa,....% is called an We have, as seen above, "thqte NZDgr (M /a"M)
M-sequence ih. If x1,...,% is anM-sequencs, is called

and thate, ..., X is an M/ (X1) mg-sequence im. In
particular, the cohomology sequence (sHg §ives us an
exact sequence &tmodules:

its length
Now, we takex,...,x € R, s€ {1,...,r—1} and let
M be anR-module. Then, we have the following properties

of M-sequences:
. | j o H (M M) S (M) S T (M e
(1)x1,...,% is anM-sequence if and only Dﬁl,:..,xs is m o/ VY v m m :
an M-sequence and Xgi1,...,% IS an
M/ 3P xM-sequence; AS Xp,....% is an -/ (%) M--sequence im we

(2)As a special case dfl) we obtain thatxy, ..., X is an et by induction that B2 (M- / (x:) M) — 0. Thus. the
M-sequence if and only ifx, € NZDg(M) and %ultiglication homom%rp(hcils'\rﬂn/( 1) 5w) '
X2,...,X IS anM/ (x;) M-sequence.

Lemma 1Let M be an R-module. Then: xy HipE(M/a"M) — Hi (M /a™™)

(@)If i (M) #0, then IC ZDr (M), whereZD means zero injective. Now, by 1], H/-* (M/a"M) is m-torsion, and

divisors. -1 Vv —
(b)Let R be a Noetherian ring and let M be a finitely %rxéllenn;,l\\llve get, by Remars, that Hy,* (M/a"™™) = 0

Proof.(a): It follows directly of the definition of | (M).

(b): By the hypothesis, we have thidtis a NoetheriarR- S (M) := M HTH (M/a™M) =0,
module and so the set As@M) is finite, so that we can neN
write

as required, finalizing so the proof.
As(M) = {p1,p2,...,pr}- q 9 P

SinceRis a Noetherian ring, it follows that

5 Conclusion
U

ZDRr(M) = p

peAsR(M) The main idea of this work was to do a more specific study

and thus, we obtain th&tC p1 U... Upy. about the formal local cohomology module.
So, by prime avoidance, there exists some Letadenote an ideal of a local rindR, m). LetM be
i € {1,...,r} such thatl C p;. As p; € As(M), there  a finitely generatedR-module. There exists a systematic
exists some& € M \ 0 with study of the formal local cohomology modules, which, as
we have already seen in the text, are given by
pi =ann(v) = {xe R| xv=0}. _
lim Hi, (M/a"M), fori € Z, with i > 0.

neN

It follows thatlv C pjv =0 and thusy € I (M) \ {0}.
Forto finishe, we have the following proposition. We analyze theiR-module structure, vanishing and
Proposition 1Let M be a finitely generated R-module, and non-vanishing results in terms of intrinsic datahdf and
let (R,m) be a Noetherian local ring and letbe an ideal its functorial behavior.

of R. Let X,...,% be an M/a"M-sequence inm for all These cohomology modules occur in relation to the
ne N. Theng, ,, (M) =0, foralli <r. formal completion of the punctured spectrum
SpedR)\V (m).

ProofThe proof is by induction orr. We taker = 1.

Then. as seen aboveq € m N NZDgr(M/a™) and In our discussion in the article, we cover the definition

s of Serre subcategory of the category Rimodules and
Ei%ncl\j' EI)\//I L_egn][g?;” r(]a)’Nl;";]Ej'\l/oa I\g)ha_eot.ha-[husy also we define a subadditive function from of Serre
m (M/a"M) = € w v subcategory of the category 8 modules to a partially

I'@H%(M/a”M) — ngm(M) —o. ordered Abelian monoid, and with these definitions,

NeN together with some additional hypotheses, we obtain that
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the formal local cohomology modulgl, ., (M) € &, a
Serre subcategory, and '

Carlos Henrique
Tognon received the PhD
degree in Mathematics for

i i _ . ; N ICMC-USP University of Sao
A (Bam (M) <x—A [ ImExtz " (RH, (M/a"™™)) | Paulo, in S&o Carlos, Brazil.

neN

(cf. Theoreml.)

We can not fail to mention in our conclusion that we
use many things from the commutative algebra theory to
make the results of the theory of local cohomology and
formal local cohomology. For example, we put figr a
finitely generated?-module,R a commutative Noetherian
ring, that Asg (M) = {p1,...,pt} is a set finite, where
Asxz (M) denote the set of associated prime ideals to the
R-moduleM.

We can then observe that the formal local
cohomology theory can be further explored in order that
we can obtain more interesting results, which relate more
definitions and concepts. For example, for future studies
on the subject we can establish conditions for that the
formal local cohomology module satisfies the conditions
for to be an co-Cohen-Macaul&module.
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