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Abstract: We have defined the conceptiafplication-based T-fuzzy semiautoma{tid-T-FSA) over a finite group. The ideas of an
implication-based T-fuzzy kernahdimplication-based T-fuzzy subsemiautomadban IB-T-FSA over a finite group are introduced
using the notion ofmplication-based T-fuzzy subgroapdimplication-based T-fuzzy normal subgrodhe necessary and sufficient
condition for animplication-based T-fuzzy normal subgrotgobe animplication-based T-fuzzy kernat well as the necessary and
sufficient condition for anmplication-based T-fuzzy subgrotgbe animplication-based T-fuzzy subsemiautomatban IB-T-FSA
are proved in this paper.
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1 Introduction and investigated their algebraic structures. Sung-Jin Cho
[15) established T-fuzzy semiautomata over finite groups.
In 1965, the concept dfuzzyset was first put forth by Yuan [16] proposed the definitions of fuzzy subgroup
Zadeh []. Later in 1969 the notion diuzzy automatawas  with thresholds of a group and an implication-based fuzzy
developed by Wee2]. In 1971, Rosenfeld]] applied the  subgroup of a group. He also evolved the relation
concept of fuzzy sets introduced by Zadeh to groups andetween them.
constituted the elementary theory of groupoids and We [17,18] made a use of the implication-based fuzzy
groups. From then on many research works had beesubgroup of a group and extended the prior work by
carried out on their algebraic structures. Several studiesonsequently formulating the concept of

had also been made on thezzy normal subgroupy [4, implication-based fuzzy normal subgroup of a finite
5] and [6]. Anthony and Sherwood7] redefinedfuzzy  group and implication-based fuzzy semiautomaton over a
subgroups using t-norm. finite group which enabled in probing their properties.

Hofer [8] and Fong 9] had further documented an Further t-norm was applied to the implication-based fuzzy
intensive work on group semiautomata intensively. Malik subgroup and implication-based T-fuzzy subgroup of a
et al. [10,11,12] had made an elaborate attempt in finite group was developed. In this paper,
researching about fuzzy finite state machine and itsmplication-based T-fuzzy semiautomat@B-T-FSA)
subsystems. The notion of group semiautomaton wa®ver a finite group has been defined. The ideas of
fuzzified by P. Das I3] and he had established the implication-based T-fuzzy kernelnd implication-based
concept offuzzy semiautomatoaver a finite group. A T-fuzzy subsemiautomataf an IB-T-FSA have been
fuzzy semiautomatdi#SA) over a finite groupQ, +) isa  formulated using the notions ahplication-based T-fuzzy
triple (Q, X, 1) whereX is a finite set andu is afuzzy  subgroupandimplication-based T-fuzzy normal subgroup
subset ofQ x X x Q. He defined fuzzy kernel and fuzzy of a finite group. We also have proved that the product of
subsemiautomaton of a fuzzy semiautomaton over a finitean  implication-based  T-fuzzy kerneland an
group. Youn-Hee Kim 14] proposed T-generalised state implication-based T-fuzzy subsemiautomataf an
machines and T-generalised transformation semigrouptB-T-FSA is an  implication-based T-fuzzy
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subsemiautomatornOther basic results have also been Definition 26. [17] An implication-based fuzzy subgroup

proved.

2 Preliminaries

Definition 21. [3] Let (G, ) be a group. Let a fuzzy set in
G be a functiorA from G to [0, 1]. A will be called afuzzy
subgroupof G, if for all x,yin G,

A(xy) > min(A(x),A(y))
Ax1) > AKX)

Let X be an universe of discourse ari@,-) be a
group. Infuzzylogic, truth value ofuzzypropositiona is
denoted bya]. The fuzzylogical and the corresponding
set theoretical notations used in this paper are

(xeA) =AX);

(o A B) = min{ (a1, [B]};

(a — p) =min{1,1-[a]+[B]};

(Vxa(x) =infyex[a(x));

(I a(x) = supexla () _

F o if and only if [a] = 1 for all valuations.

The truth valuation rules given above are those insubgroup of G.

tukasiewicz system of continuous-valued logic.

Definition 22. [16] If a fuzzysubsetA of a groupG
satisfies for anx,y € G

(VE(xeAA(YyeA) —
(iNE(xeA) = (xteA)

ThenA s called a fuzzifying subgroup.

(xyeA)

The concept ofA - tautology isk, a if and only if
[a] > A for all valuation by Ying [L9].

Definition 23. [16] Let A be afuzzysubset of a finite group
GandA € (0,1] is a fixed number. If for any,y € G

)y (xeAA(YEA) = (xyeA)
(iNF) (xeA) = (xteA)

ThenA is called animplication-based fuzzy subgrowp
G.

Definition 24. [17] Let A be afuzzysubset of a finite
group G and A € (0,1] be a fixed number. For any
XyeG,ifEy (xe AA(yeA) — (xye A). ThenAis
called animplication-based fuzzy subgroupa@tiG.

Definition 25. [17] Let A be animplication-based fuzzy
subgroup of G, A € (0,1] is a fixed number and
f: G — G be a function defined orG. Then the
implication-based fuzzy subgroupoB f (G) is defined by
Fa Bx{(xe A)}ixe f-(y)) = (yeB), forally € f(G)
Similarly if B is animplication-based fuzzy subgrowb
f(G) then themplication-based fuzzy subgroup-Af o B
in G is defined a$, (f(x) €B) — (x€ A) forallxe G
and is called the pre-image Bfunderf.

A of G is called animplication-based fuzzy normal
subgroupif £, (xye A) — (yxe A) Vx,y € G where
A € (0,1] is a fixed number.

Theorem 21. [17] Let f : G — G be an homomorphism
of a finite group G. Let B be aimplication-based fuzzy
normal subgroupof f(G). Then A= foB is an
implication-based fuzzy normal subgroopG.

Definition 27. [18] Let A andB be twoimplication-based
fuzzy subgroupsf the finite group G, .), then the product
A-Bis defined by
EFa (3y.Z{(ye AN (zeB)};yz=xy,2€ G) —
(xeA-B), xeG

Definition 28. [18] Let A andB be twoimplication-based
fuzzy subgroupsf a groupG such thatA < B. ThenAis
called animplication-based fuzzy normal subgroofB if
Frx(YEA)A(XEB) — (xyx1cA) WxyeG

The set of all logic variables be denoted Byand the
set of all combination of these logic variables along with
theO function by 7*.

Definition 29. [18] Let A be animplication-based fuzzy
An implication-based  fuzzy
semiautomaton(IBFSApver a finite group(G,-) is a
triple . = (G, ¥, A) where? denotes the set of all logic
variables(i.e)A: Gx ¥ x G — [0,1]

DefineA*: G x ¥* x G — [0,1] by

Ea ((u,0,v) € A") — O(HereA =0)

Ex Br{((v,x,r) e A)A((r,a,u) € A)};r € G) —
(vxoau) €A
forall uveG,xe?v*;ac?
Hereafter.” = (G,7,A) be animplication-based fuzzy
semiautomaton (IBFSA)

Definition 210. [20] A triangular norm is a real
continuous function

t:[0,1] x [0,1] — [0,1] fulfilling the following properties,
for everya,b,c,d € [0, 1]

()t(0,a) =0, t(a,1) = a[boundary conditions],
(i)t(a,b) < t( ) ) if a< candb < d [monotonicity],
(iii)t(a,b) =t(b, )[commutativity],

(iV)t (t(a,b),c) =t(a,t(b,c)) [associativity]

Lemma 22. [21] Generalised Associative Law Let
T : 01 x [0,1] — [0,1] be a t-norm then
T(T(a,b),T(c,d)) = T(T(a,c),T(b,d)) Vab,cd €
[0,1]

Definition 211. Let Abe afuzzysubset of G. For any,y €
Gif

MFx (T((xeA)
(i)F) (xeA) —

cA))) —

(Y (xyeA)
(xleA)
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ThenA s called arimplication-based T-fuzzy subgroap
G.

Example forimplication-based T-fuzzy subgroop a
finite group. Consider the grou = {e,a,b,c} along
with the binary operatiori+’ whose closure table is as
follows.

x|ela|lb|c
elejalb|c
alaje|c|b
blbjc|el|a
clc|blale
For the fuzzy set A: G — [0,1] defined by

A(e) = 1,A(a) = .25/A(b) = .5,A(c) = .75 with A = .2
and theimplication operator is that of Lukasiewicz, with
the t-norm defined by (a,b) = abwe have

T[] [ [ [0 [ [c]
g 1] 25| 5 | .75
al | 25| .0625| .125]| .1875
b | 5| .125 | .25 | .375
| | .75 | .1875| .375| 5625

ThenA is animplication-based T-fuzzy subgroapG.

semiautomaton over a finite group. Hereafter
Implication-Based T-Fuzzy Semiautomatirer a group
G shall be denoted d8 — T — FSA

Definition 32. A fuzzy subsetB of G is called as an
implication-based-T-fuzzy kernef an IB — T — FSA
< = (G, 7, ,A)ifforall p,g,r,ke Gandxe ¥

()B is animplication-based T-fuzzy normal subgrowoip

(ii)':).\ (T(((gkx, p) € A),((a,x,1) € A), (ke B)))
— (prteB)

Definition 33. A fuzzy subsetB of G is called as
implication-based-T-fuzzy subsemiautomatosf an
IB—T-FSA ¥ = (G,7,A) if for all p,qe G and
xey

()B is animplication-based T-fuzzy subgroapG.
(ip=y (T ((a,x.p) €A), (€ B))) = (pEB)

Definiton 34. Let 3 = (G1,71,A1) and
o = (Gg, ¥2,A2) be twolB — T — FSAover finite groups
G1 and G, respectively. A pair of mappings. f,g >

where f : G; - G, and g: 73 — ¥, is called an
homomorphismfrom .77 to % and is written as

Theorem 23. Let f be a homomorphism of the group G < f:9>:1 — 2 if

and B be an implication-based T-fuzzy subgroup @)f

() f : Gy — Gy is a group homomorphism.

then A= foB is an implication-based T-fuzzy subgroup of (i, ((p,x,q) € A1) — ((f(p),g(x), f(q)) € A2)

G.

Theorem 24. Let A be an implication-based T-fuzzy

vpvq €G,xeN
The homomorphism: f,g > is called an isomorphism

subgroup of G and f be an homomorphism on G. Then Bf { andg are both one-to-one and onto.

the image of A under f is also an implication-based

T-fuzzy subgroup of f(G).

Hereafter (G,-) is a group with’e as its identity
element. And A € (0,1] is a fixed number.

T :[0,1] — [0,1] is a t-norm. Throughout this paper, we

shall denote
T(a1,T(a2, T(...,T(an-1,an))))
whereay, ay, . ..,an € [0,1]

by T(as,a,...,an)

3 Main Results

Definition 31. Let ¥ denotes the set of all logic variables
and”*, the set of all combination of these logic variables

along with the0 function. LetA be animplication-based
fuzzy subgroupe. A: Gx ¥ x G — [0,1] and let. =
(G,7,A) be anIlB — FSAover a finite groups.
DefineA* : Gx #* x G— [0,1] by
Er ((p,0,q) €A*) —0 (HereA =0)
Fa Ga{T (((p.a1,q2) € A), ((a1,82,02) €A, .-,
((Qn—laamQ) EA))}lql € G7| = 1727"'7n_1)
= (g, a1080...0an,p) € AY)
forall p,ge G, a3,ap,...,an € 7.

< is called an Implication-Based T-Fuzzy
Semiautomatornover a finite groupG which is the
generalisation of the implication-based fuzzy

Definition 35. The pair < f,g > is called astrong
homomorphisnfrom .7 to .7 if
Vp,q€ G1;xeN

() f : Gy — Gy is a group homomorphism.
(iFx ((f(p),9(x), f(q)) € Az) —
Ost{((sy:t) e A)}; f(s) = f(p), f(t) = f(q),
aly) =9(x);st € G,y € 71)

Theorem 31. Let. = (G, 7, A) be an IB-T-FSA then

Fr GH{T (((p.x1) € AY),((ry,q) € A)) }ir € G) —
((p,x®y,q) € A*) forall p,ge Gand xy e ¥*

ProoflLet p,qge G

Case (i) : Ifx=0o0ry=0then

Fa ((p:x0Y.q) € A) — ((p,0,9) €A") — 0

Andifx=0

Fa Gr{T (((p,x,1) € A"),((r,y,q) € A")) }r € G)

= (3r{T (((p,0,r) € A"), ((r,y,0q) € A"))}r € G)

— (3r{T(0,((r,y,q) € A"))}r € G)

—0hereA =0

Therefore

Fa Br{T (((p,x,r) € A"),((r,y,a) EA") };r €G) —
((p,x®Y,q) € A)

Case (i) : Let x = ap@a®...»a and

y=b10b®...0by

Fa T (((p,x,1) € AY),((r,y,0q) € A")) }ir € G)

= 3{T(par®@a®...®an,r) € A",
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((rb1oby®...0bmq) € A"))};r € G)
= (AT ((Fa{T(((p,a1,01) € A),((ta,82,02) €A),
((On—1,an,r) €A} €G,i=12...n—1)
©y (HqJ{T (((r blaQn) S A), ((QnabZaQnJrl) S A)a
((Qn+m—1abma q) €A))}ig; €G,
j=nn+1..n+m-1)}reqG)
— (Hqiar{T (((p7 alan) S A) ((q17a27q2) S A)7
* ((Qn—laanvr) S A)7 ((ra bvan) S A)7
((Gn,2,0n11) €A), ..., ((Gnrm-1,bm,q) € A))};
g,reG,i=12...n+m-1)
S (PaCaRe...0000hobo...0bnq) € AY)
= ((p,x0Y,q) € AY) O

Theorem 32. Let 1 = (G1,71,A1), S2 = (G, ¥2,A2)
and.3 = (Gs, ¥3,A3) be IB— T — FSA over finite groups
G1,Gy, G3 respectively. (i) If< f,g >: 91 — %% and
< f’,g/ > . — Y3 are homomorphisms. Then
< fof,dog>: .7 — .7 is a homomorphism. (ii) If f
and g are onto and also i f,g> and < f,g > are
strong homomorphism thes f'o f,g/ og > is also a
strong homomorphism.

Proof(i) Clearly f' o f : G; — Gz andg og: %1 — 4.
Sincef andf are group homomorphisms.
= f o f is also a group homomorphism.
Let p,q€ Gy andxe
Fa ((p,x.0) € A1)
= ((1(p),9(x), f(a)) € Az)
— ((f ( (p).g(g (x)), T ((9))) € As)
= ((f o F)(p), (g °g)(), (f o f)(q)) € Ag)
Therefore < f o f,gd og > % — ¥ is a
homomorphism.
(ijLet < f,g> and< f',g > be strong homomorphisms.

Clearly f o f is also a group homomorphism.
Fa (((,f’o H(p), (9'09)(30,(f'o f)(a)) € As)
— ((F (£(p)).9 (9(x)), f (f(q))) € As)

Lemma 33. Let< f,g>: .1 — % be a homomorphism
where.”1 = (G1,¥1,A1) and. .7, = (Gp, ¥2,A2) are IB—
T — FSA over the finite groups :Gand & respectively.
Define d : #1* — ¥2* such that §(0) = 0 and g@ao
@O...0an) =0(a1) ©g(az) ©®...©g(an) where
ai,a,...,a) € 71 then g(xoy) = g*(x) © g*(y) for all
Xy€en

ProofLetx,y € #1* such that
X=a10a®...0ayandy=b10b®...0by
wherea;,bj € 71andi=1,2,....n; j=1,2,....m
By the definition ofg* we have
g'(x) =g (@atax®...0an)

=g(a) ©g(a) ®...©g(an)
g'(y) =g"(b1ob®...0bny)

=g(b1) ®9(b2) ®...© g(bm)

gxoy)=g(@oad...0a0bi b o ... by)
=[9(a1) ©9(a2) ©...®g(an)]®
[9(b1) ©9(b2) © ... © g(bm)]
=g" (x)©g(y)
O
Theorem 34. Let 1 = (G1,7,A1) and

S = (G, 72,A2) be IB—T — FSA over the finite groups
G; and G respectively. Lekk f,g>: . — %% be a
strong homomorphism. If f is one-to-one and onto, g is
one-to-one then kK, ((f(p),g*(x),f(q)) € A)
= ((p,x.0q) € Ar") forall p,g € Gy, xe 71"

ProofGiven f is one-to-one and ontg,is one-to-one.
Case(i): Ifx=0and letp,q € G;. HereA =0
Fa ((p).g7(0), T(a) € A2)
— ((f(p),0,f(q)) e A") =0
AlsoF) ((p:x.q) € Ar") = ((p,0,0) € A1") — 0

!/ ! . . Th f
Since< f ,g > is astrong,homom/orpmsm. s e&? (Ogig*()(% £(q)) € A2") = ((p.%.q) € Ar*) if x=0
= (Eiu,v{((u,y,v)eAz)};f () = f'(f(p)), Case (i) Let X = ay ® @ © ... © a, where
() = 1'(F(@).d () = d ([G)uv e Gay € 72) al’?ﬁ’ (g ST < Ao
Since f andg are onto, there existss € G; andz¢ % = ((f(p),g" (@10 a®...0a), f(q)) € A*
such thatf (r) = u, f(s) = vandg(z) = — ((f(p),g(a1) ©9(a2) ©...© 9(an), f(q)) € A")
= (I0s((10).0). 1(5) € AR (1) = (), CRIT(U{HR) glan) 1y € 8a). (1, 9(22) 12) < o),
n—1, ) 2 I =44,
f'(f(s) = f'(f(a),9(9(2) = g (g(x);r,5€ G1,2¢€ “1/1) —>(3qlg{(Tfé( g( ()79)( g,f)(;h)?A )Az)a
i f [ h hism. t),9(a2), f(q2)) € A2
MEE o o) T <y con
f(b)—f( > g<> g( 2); a,bgel,teﬁ}; Since fis onto 1=12..n-1)
P e T e o
1 1 Oh-1,an,q) € A1 10 € G,
i=1,2..n-1
(Ea b{((a’t’b)EAl)} f( ( )):f (F(p)); Since f,g are one—lto-one anr:zk f?g > is a strong
f(b '(g(t) =g : homomorphism.
)= (a(b)g gl(,%(e))“/l)g(g()()) = ((pa1Ga®...0a,q) € Ar)
< f'of,g og> is a strong homomorphism. o —pxa) €A) [
(@© 2017 NSP
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Theorem 35. Let 7 = (G1,71,A1) and ((0,X1OX2®...OXn,r) € A%), (ke B)))

S = (G, ¥2,A2) be IB— T — FSA over the finite groups  — (T ((3ui{(T ((gk,x1,u1) € A), ((u1,Xo,Uz) € A),

Gy and & respectively. Let fi 57 — % be a v ((Up—1, %, p) EAN U €Gi=1,2,...,n—1),
homomorphism then (i) If B is ammplication-based (Avi{T(((0,%1,v1) € A), ((V1,%2,V2) € A), ...,

T-fuzzy normal subgroupf .7, then A= f o B is also an ((Vn—1, %, 1) €A LVi € Gi=1,2,...n—1),(ke B)))
implication-based T-fuzzy normal subgroofp ;. (ii)If f = (T (3vi, u{T (((ak x1,u1) € A), ((u1,%2,U2) € A),

is onto and B is animplication-based T-fuzzy normal S ((Un—1,%n, P) € A), ((9,X%1,V1) € A),

subgroupof .73, then C the image of B in(6) is an ((vi,%2,V2) € A),...,((Vn—1,%n,T) € A), (ke B))};
implication-based T-fuzzy normal subgroof.75. u,vi €G,i=1,2,...n—-1))

ProofBy theorem23 and theoren24 we have that the -~ (HV"(LEIJI)EZ((SSE’X;) © A(\)(h(n(ql,x;vég gﬁ%’ (keB),
image and pre-image of amplication-based T-fuzzy (Vi Xa,V2) € A, (Vo1 X F) € A)
subgroupof a finite group is also ammplication-based U,V € G,i = 1’ 2,..n—1)

T-fuzzy subgroupAnd by theorem21, pre-image of an (v, u{T (((ulvl—l) B), (U, Xz, Up) €A), ...,
implication-based fuzzy normal subgroups an ((Un—1,%n, P) € A), ((V1, X2, V2) €A, ...,
implication-based fuzzy normal subgroup (Vn_1,%,T) € A))}:Ui,vi € G,i=1,2,...n—1)

It is enough to prove that the image of an—>(E|v|,u|{T(((u1,x2,u2)e )((Vl,Xz,Vz)EA)

implication-based fuzzy normal subgroups an
implication-based fuzzy normal subgroup

Let B be animplication-based T-fuzzy normal subgroup

of 7.
Letx,yeC
Ex (xyeC) — (f(p)f(q) € C) since fis onto
— (f(pg) € C) fis an homomorphism
— (pge B)
—(qpeB)

since B is an implication-based
fuzzy normal subgroup

— (f(ap) €C)

— (f(a)f(p) €C)

— (yxeC)

Therefore C the image of B in f(G) is an
implication-based T-fuzzy normal subgroaip#5. O

Theorem 36. Let ¥ = (G, ¥',A) be an IB-T-FSA over a
finite group G. Let B be anmplication-based T-fuzzy
normal subgroumf G. Then B is arimplication-based
T-fuzzy kernel of & if and only If
’:)\ (T(((qkaxa p) EA*)?((q7X7r) EA*)?(kEB))) -
(pr~teB)forall p,g,r,kc G and xe 7*.

ProofLet B be animplication-based T-fuzzy kernef .~

The theorem is proved by the method of induction onProoflLet

ord(x) =n.

Case(i): Letp,g,r,ke Gandx=10

Fx (T(((ak.0,p) € A%),((q,0,r) € A%), (k€ B)))

— (T(0,0,(ke B)))

—0

— (pr~teB) hereA =0

Therefore the result holds for= 0

Case(ii): Assume that the result hold for alE »* such
thatord(x) =n—1,n> 0. Now [etX =X ©X2 ® ... ®Xn

) € B) ((U2,X3, 3) € A)a"w((unfbxna p) € A)a
((v2,%3,V3) € A),.... ((Vn-1,%n,T) € A))};
u,vi €G,i=12,...n—1)
— (i, u{T ((uv2t) € B), (U, X3,U3) €A, ...,
((Un—laxn, p) € A)7 ((V27X37V3) € A)7 t
((Vn—1,%,1) €A Ui, v €Gi=12,...n—1)

(U1V1

— (35, u{T ((Un-1Vn-1"1) € B), ((Un-1,%n, P) € A),
((Vn—1,%,1) €A Ui, vi €Gi=12,...n—1)
— (i, U{T ((Un-1Vn-1"%) € B),
((anl'anl_lunflaxna p) €A),
((Vn—1,%n,F) €A Ui, v €Gi=1,2,...n—1)
— (3, u{T (((Vn-1-Va—1"tUn_1,X, p) € A),
((Vn-1,%n,) € A), (V-1 "Un_1) €B)) };
u,vi €G,i=12...n—1)
since B is an implication-based T - fuzzy normal
subgroup
— (pr~teB)
The converse is trivial. O

Theorem 37. Let.” = (G, #,A) be an IB-T-FSA over a
finite group G. Let B be anmplication based-T-fuzzy
subgroupof G. Then B is arimplication-based T-fuzzy
subsemiautomaton of . if and only if
Fa (T(((a,x,p) €A),(qeB))) — (p € B) for all
p,g € G and xe 7.

B be an
subsemiautomatoof ..
We prove the theorem by the method of induction on
ord(x) =n.

Case(i): Letp,ge Gandx=0

Fa (T(((a,0,p) € A%),(q € B)))

—(T(0,(qe B)))

—0

— (peB)hereA =0

Case(ii): Assume that the result hold for ale ¥ such

implication-based  T-fuzzy

wherexi, Xo, ..., Xn € 7. that ord(x) = n—1 and n > 0. Now let
Ex (T(((gkx, p) € A"),((g,x,r) € A"), (ke B))) X=X OX2®...O Xy, Wherexy,Xo,..., X, € 7.
= (T(((Ak X1 O X2 © ... O %n, P) € AY), Fa (T(((a.x,p) € A"),(q € B)))
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= (T(((4,X1OX2®...O %, p) € AY),(q € B)))
= (Fu{T (((a,%1,u1) € A), (U1, X2, U2) € A),...,
((Un—1,%n, P) € )a(qu))};
ueGi=12...n-1)
— (Elul{T (((qaxlaul) S A)a (q S B)v ((ulaXZaUZ) S A)a
'7((unflaxn7p) EA))}’
ueGi=12...n-1)
= (Fu{T (((u1 € B), ((u, %2, U2) €A, ...,

((Up—1,%, P) EA)} Ui €G,i=1.2,...n—1)

— (U{T (((un-1 € B),((Un-1,%1, P) €A)) };
ueGi=12...n-1)

— (HUI{T ((((Un—laxna p) € A)7 (Un—l € B))}’
uyeGi=12...n-1)

—(peB)

The converse is trivial. O

Theorem 38. Let A (G1,71,A1) and
S = (Go,¥2,A2) be IB— T — FSA over the finite groups
G; and G respectively. Lek f,g >: .71 — %5 be an
homomorphism. Then (i) If B is amplication-based
T-fuzzy kernel of . then A= foB is an
implication-based T-fuzzy kernalf .#7. (i) If B is an
implication-based T-fuzzy subsemiautomatin, then
A f o B is an implication-based T-fuzzy
subsemiautomatauf .77 .

Proof(i) Let B be animplication-based T-fuzzy kernef
% thenA = f o B is animplication-based T-fuzzy normal
subgroupof .71 by theorens5.

Let p1, 01,1,k € Gy andx, € 71

Now < f,g >: .71 — .%% is an homomorphism. Therefore
f(p1) = p2, f(ow) = G2, f(r1) =12, f(ky) = ko and
g(x1) = X2 Wherepp, 2,12,k € Gz andx € 72.

Fa (T (((qake, X1, p1) € Aa), (1, X1,11) € Aa), (Ke € A)))

— (T (((o2kz, X2, P2) € A2), (a2, X2,T2) € Az), (k2 € B)))

— (par2~t € B)

since B is an implication-based T-fuzzy kernel

G; and G respectively and let f be an onto strong
homomorphism from .7 to . If B is an
implication-based T-fuzzy subsemiautomatins, then

C the image of B in (G) is animplication-based T-fuzzy
subsemiautomatawf ..

ProofLet B is an implication-based T-fuzzy
subsemiautomaton of .. Therefore B is an
implication-based T-fuzzy subgroupf G;. Let
P, P2,g2 € Gy. andx € ¥
Fx (T((P2€C). (02 €C)))
= (T((Fp2{(p1 € B)}; f(p1) = p2. p1 € G1),

(Jo{(qz € B)}; f(qu) =2, o € G1)))

= (3p1, @{T((p1 € B), (1 €B))}; f(p1) =
f(q1) =02, p1,01 € G1)
— (3p1,qr{(p101 € B}; f(p1) = po,
f(a1) = 02, P1,01 € Gy)
SinceB is animplication-based T-fuzzy subgroapG;.
— (FZ{(ze B)}; f(2) = f(p1an) =
f(p1)f(on) = p20e,z€ Gy)

P2,

— (P92 €C)
Therefore=) (T((p2 €C),(qz€C))) —
NowFE, (p~teC)
— (3a{(aeB)};f(@=pt.qeGy)
— (3af{(aeB)}; f(g ) =p,qeGy)
— (Fa{(a*eB)};f(a!)=p,aeG)
SinceB is animplication-based T-fuzzy subgroapG;.
= 3Ir{(reB)};f(r)=p,reG
—(peC)
Therefore=, (p~t€C) — (peC).
Similarly we can prove thdt, (pcC) — (p~tC).
ThereforeC is animplication-based T-fuzzy subgroap
Go.
':)\ (T(((q27x7 p2) € AZ)a (QZ S C)))
= (T(((d2: %, p2) € A2),(Fu{(qs € B)};

f(d1) = 02,01 € G1)))

(P22 €C)

— (f(p1)f(ri- 1) €B) — (39{T(((92,%, P2) € A2),(t € B))};
— (f(pirit) €B) f(d) =G, 01 € Ga)
—(priteA) Let p1,01 € Gy be such that(p;) = ppandf(q1) = 0
Therefore A = f o B is an implication-based T-fuzzy NOWFx (T(((d2,X, p2) € A2). (a1 € B)))
kernelof .#;. = (T(((f(a),x f(p1)) € Az), (a1 € B)))
(illet B be an implication-based T-fuzzy — (T(EUVI((UXV) €A} ) =f(a) =0,
subsemiautomatonof .%» then A = f o B is an f(v) = f(p1) = p2,u,ve Gy), (a1 € B))
implication-based T-fuzzy subgroap.#; by theoren23. (Hu,v{T(((u,x V) €A1, (queB))}; F(u) = f(an) =
Letpy,qs € Gy andx; € % G2, F(v) = T(p1) = P2, U,V € Gy
Ex (T(((qu, %1, p1) € A), (qu € A))) - (3, v{T(((u,x,w €EA1),(UeB))} f(u) = f(m) =
— (T (2, X2, P2) € A2), (02 € B))) G2, f(v) = f(p1) = p2,u,vE€ Gy)

— (p2€B) — (A (veB)}i f(V) =p2,veGa)
since B is an implication-based T-fuzzy subsemiautomatoti¢® B is ~ an implication-based  T-fuzzy

— (f(p1) €B) subsemiautomatowf G;.
—(pLeA) — (p2€C)
Therefore A = f o B is an implication-based T-fuzzy HeNce™ (T(((G2.x p2) € A2), (2 €C)))
subsemiautomatoof .%;. 0~ — Cnu{(p2€C)} f(n) =020 € Ga)

— (p2€C)

Theorem 39. Let 4 = (G;,7,A;) and Therefore C is an implication-based T-fuzzy

S = (Gy,7,Az) be IB—T — FSA over the finite groups

subsemiautomatawf .. O
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Theorem 310. Let A (G1,7,A1) and
2= (Gy, 7 ,Az) be IB—T — FSA over the finite groups
G; and & respectively and let f be an onto strong
homomorphism from#; to .%, satisfying the following
conditions. If Ex  ((f(gk,x f(p) € A

= (@K, xp) € A1) and Ex ((F(@),x f(r) € A

— ((q',xr) € A;) then gk = g’k where pp,

a.9.9 ' kk € Gi and xe ¥. If B is an

implication-based T-fuzzy kernef .71, then C the image
of B is also anmplication-based T-fuzzy kernéel .#%

ProofLet B be animplication-based T-fuzzy kernef ..
By theorem39, C the image oB is animplication-based
T-fuzzy subgroupf G.
By theorem35, C is animplication-based T-fuzzy normal
subgroupof G,.
Let p2,02,r2,ke € Gy andx € 7.
Fa (T (((geke, X, p2) € Az), ((d2,%,T2) € A2), (k2 € C)))
= (T (((d2ka, X, P2) € A2), (G2, X,T2) € Az),
(FKka{(ks € B)}; f(ka) = ko, k1 € G1)))
— (Fka{T (((a2ke, X, P2) € A2), (G2, X, 12) € A2),
(k1 €B)}; f(ki) =ko, k1 € Gy)))
Now let pl,ql,rl € G; be such thatf(p1) = po,
f(du) = o, f(ra) =ro2.
Fa (T (((azke,x, p2) € Az), ((CI2,X r2) € Az), (ki € B)))
= (T (((f(drke),x, f(p1)) € A2),
(f ( 1), X f(r1)) € Az), (k1 € B)))
S (7 (39K (K ) € A £(8) = (pa)
f(d) = f(an), F(K) = f(kn).p’.q K € Gy),
(Gar{((a.xr)eA)}f(a)=f(a),
(') = f(r1).q"r €Gy), (ka €B)))
= (39,44 K. {T((@K x P € A,
(@ xr') € A). (k€ B)}: F(p) = f(pa),
f(a)=f(q)=f(a),f(k)="f(ky),
f(r) = £(r2),p.,d.d" K. € Gy
= (T(((q’k’,x, ) €A (A, xr) €A, (ke € B)))
for somep,q.q ,K,r' € Gy
= (T((d"kax ) € A0), (0 x1') € Ag), (ks € B)))

)
x, f(r
X

. by (1)
— (p(r') e B) sinceBis an IB-T-fuzzy kernel 06,
/ -1
—(p2(r2) €C)
Hence

Fa (T (((a2k2, X, p2) € A2), ((d2,%,T2) € Az), (k2 € C)))
— (Fka{T (((a2ke, X, p2) € A2), (G2, X, 12) € A2),
. (ki € B)}; f(ki) = ko, ki € G1)))
—(p2 (r2) €C)
ThereforeC is an implication-based T-fuzzy kernel of
5. O

Definition 36. Let A andB be two implication-based T-
fuzzy subgroups of a finite group such thaA < B. Then

Alis called an implication-based T-fuzzy normal subgroup
of Bif Fy (T((y € A),(x€ B))) — (xyx1 € A) for all
X,y € G.

Definition 37. Let B be an implication-based T-fuzzy
subsemiautomaton of an IB-T-FS& = (G,7,A). An
IB-T-fuzzy subgroupC is called an implication-based
T-fuzzy kernel ofB if

(i) C<BandCis an implication-based T-fuzzy normal
subgroup oB.

(iFx (T(((akx p) €A),((a,xr) €A),(keC))) —
(pr-teC)forall p,r.ke G, x€ ¥ andq € SupgB).
Definition 38. Let A andB be two implication-based T-
fuzzy subgroups of a finite groupthen the produdh-Bis
defined by=) (3y,z{T((y€ A),(z€ B))};yz=X,y,z€ G)

— (xe A-B)forallxe G.

Lemma 311. Let A and B be two implication-based T-
fuzzy subgroups of a finite group G then the producBA
is an implication-based T-fuzzy subgroup of G.

ProoflLetx,y € G.
2 (T(XEA-B),(yEA-B)))
= (T(Bu,v{T((ue A),(ve B))};uv=xu,ve G),
G,m{T((l € A),(meB))};Im=y;l,me G)))
= Bu L, m{T((T(UEA),(veB))),(T(( € A),
(meB))))};uv=xIm=y,u,v,l,me G)
= Bul,m{T((T((ue A),(I € A)),(T((vEB),
(meB))))};uv=xIm=y;u,v,I,me G)
by lemma22
— (Fu,v,|,m{T((ul € A),(vme B))};ulvm= xy;
u,v,l,me G)
— (xyeA-B)
AndE, (xe A-B)
— (Au,WT((ueA),(veB))};uv=xu,veG)

— (Ju, V{T((ve B) (ue Az)} uv=x;u,ve G)
= (Au,T((vteB),(uteA)) vl = uyt
=xtuveQG)
— (BuT(uteA),(vieB)viut=x1
u,veG)
— (x1eA-B)
Therefore=) (xc A-B) — (x 1€ A-B)

HenceA- B is animplication-based T-fuzzy subgroap
G. O

Lemma 312. Let A and B be two implication-based

T-fuzzy normal subgroups of a finite group G then the
product A-B is an implication-based T-fuzzy normal

subgroup of G.

Lemma 313. Let B be an implication-based T-fuzzy
normal subgroup and C be an implication-based T-fuzzy
subgroup of a finite group G thennB=C-B..

Theorem 314.Let. = (G, ¥,A) be an IB-T-FSA.(i) Let

B be an implication-based T-fuzzy kernel and C be an
implication-based T-fuzzy subsemiautomatons6fthen
B-C is an implication-based T-fuzzy subsemiautomaton of
. (i) Let B and C be an implication-based T-fuzzy
kernels of.# then B-C is an implication-based T-fuzzy
kernel of.”
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Proof(i) By lemma 311, B-C is an implication-based
T-fuzzy subgroup oG.
Letp,ge Gandxec 7.

Fa (T(((a,x,p) € A), (g€ B-C)))
= (T(((a,x,p) €A),(3a,b{T((a€ B),(beC))};

ab=qga,becG)))

= (T(((ab,x,p) € A),(Fa,b{T((a€B),(beC))};
ab=q;a,be G)))

— (3a,b{T(((ab,x,p) € A),(T((a€ B),(beC))))};
ab=q;a,be G)

— (Fa,b{T(((ab,x,p) € A),(a€B),(beC))};
ab=qa,beG)

Since k) ((ab,x,p) € A) — ((a,x,r) € A)

— (3a,b{T((T(((ab,x,p) € A),((a,x,r) € A),(a€ B))),

(T(((a,xr) €A),(beC))))};ab=qgabe G)

— (3p,1{T(((pr 1) €B),(reC))};

(pr-Yr=p;p,r € G)
—(peB-C)

Therefore B - C is an
subsemiautomaton of .
(i) By lemma312 B-C is an implication-based T-fuzzy
normal subgroup o®.

Letp,g,k,r € Gandx e 7.

Fa (T(((akx, p) € A), ((9,x1)

implication-based T-fuzzy

A),(keB-C)))

S
— (T(((akx. p) € A), ((G,x.T) € A),
(3b,c{T((beB),(c€C))};bc=k;b,ce G)))
— (3b,¢{T(((abex, p) € A),((g,x1) € A),

(beB),(ceC))};bc=k;b,ce G)
— (Fo,c{T((T(((gbcx, p) € A), ((ab,x,u) € A),
(be B)),(T(((gbx,u) € A),((a.x1) € A),
(ceC))))};bc=kb,ceG)
Since k) ((qabx, p) € A) — ((gb,x,u) € A)

— (Fput,ur YT ((puteB),(urteC))};
(pub(ur-t) =prtpureaG)
— (pr1eB-C)

ThereforeB - C is an implication-based T-fuzzy kernel of
.
O

Theorem 315. Let.” = (G, 7,A) be an IB-T-FSA. Let B
be an implication-based T-fuzzy subsemiautomato# of
and C be an implication-based T-fuzzy kernels6fsuch
that=, (e B) — (e< C). Then (i)C is an implication-
based T-fuzzy kernel of-B. (ii) BNC is an implication-
based T-fuzzy kernel of B.

Proof(i) Letxe G
':)\ (XE C)
— (exe C)
— (T((e€C),(xeC)))
— (T((eeB),(xeC));ex=Xx)
— (IX{T((eeB),(xeC))};ex=x;x€ G)

— (xeB-C)
Letx,ye G
Fa (T((yeC)),(xeB-C))
= (T((yeQ)),(xe ))
= (T((yeC)),T((x€C),(x 1 €C)))

Sincek, (xeC) — (x te€C)

— (T((yeC),(xeC),(x t€C)))
= (T((xeC),(yeC),(x *eC)))
— (xyxteQ)
Therefore C is an implication-based T-fuzzy normal
subgroupof B-C.
= Cis animplication-based T-fuzzy kernef .~
= Cis animplication-based T-fuzzy kernei B - C.
(i) Letx,ye GE, (T((xe BNC),(ye BNQC)))
— (T((T((xe B),(x€C))).(T((y€ B).(y€C))))
= (T((T((xeB),(y€ B))),(T((x€C),(yeC)))))
by lemma22
(T((xy€ B).(xyeC)))
— (xye BNC)
d Ea (XE BQC)
(T((xeB),(x e C
(U@leB C))
— (x1eBNC)
ThereforeBNC is animplication-based T-fuzzy subgroup
of G.
F (T((y€BNC), (x€ B)))
— (T((y€B),(xeB)))
Sincek, (ye BNC) —
— (T((ye B),(T((xE€ B),(x L £B)))))
Sincek, (xeC) —
—+ (T((ye B),(xe B),(x 1 €B)))
—+ (T((xeB),(ye B).(x 1 €B)))
— (xyxteB)
ThereforeBN C is animplication-based T-fuzzy normal
subgroupof B.
Let p,r.k € G, xe ¥ andqg € SupgB).
Ex (T(((akx p) € A), ((g,x1) € A), (ke BNC)))
5 (T(((akx p) € A), ((g,xF) € A), (k€ B), (k€ C)))
= (T((T(((akxp) € Al (k€ B)). (T(((@kx.p) € A)
(@.xr) €A),(keC))))
— (TU(T(((kx,prY) € A), (ke B))),
(T(((akx,p) € A),((@.x1) € A), (ke C)))))
Since F, (gkx,p) € A
((k,x,pr-t) € A)

— (T((prteB),(pr1eC))

SinceC is an implication-based T-fuzzy kernel and

B is an implication-based T-fuzzy subsemiautomaton.

— (pr~teBnC)

ThereforeBNC is animplication-based T-fuzzy kernef
O

An
_>
%

(yeB)
(x1eQ)

_>

4 Conclusion

In this paper, we have characterized a subsystem namely

implication-based T-fuzzy semiautoma(dB-T-FSA) of
a finite group. Further using the concept
implication-based T-fuzzy subgroup and
implication-based T-fuzzy normal subgrowp a finite
group, implication-based  T-fuzzy  kernel and
implication-based T-fuzzy subsemiautomataf an
IBFSA are defined. The necessary and sufficient
conditions for implication-based fuzzy kernelnd

of

(@© 2017 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.11, No. 4, 1105-1113 (2017)www.naturalspublishing.com/Journals.asp %N Swf’)d 1113

implication-based fuzzy subsemiautomatdéran IBFSA  [16] Xuehai Yuan, Cheng Zhang, Yonghong Ren,Generalized
are proved. fuzzy groups and many-valued implicatiof3jzzy Sets and
The concept of Fuzzy finite State Machine is applied  Systemsl38, (2003), 205-211.
in various fields as in recurrent neural networks, gesturd17] Selva Rathi.M and Michael Anna Spinneli.J, Implicatio
recogntion, vision based hand gesture recognition, fuzzy Based Fuzzy Normal Subgroup of a Finite Group,
signal processing and many more. Fuzzy Logic Finite International Journal of Applied Engineering Researvhl.
State Machine Models are used in Real Time Systems to 10, No. 80, (2015), S - 8. o o
tune the event - driven behaviour of controllers. For all8] Selva Rathi.M and Michael Anna Spinneli.J., Implicati
fuzzy based vehicle control application where online ~Based Fuzzy Semiautomaton of a Finite Group and its
tuning is not advisable, the performance of the controller g(;i%ertlesAlP Conference Proceedingdoi: 1739:020010,
could be improved by implication-based T-fuzz .y ,
semiautomatan‘lla'his ensur)és bgtter control of the vehic)I/e. [19] Mingsheng Ying, A New Approach For Fuzzy Topology (1),

H h K ‘molicati b df Fuzzy Sets and Syster39, (1997), 303 - 321.
ence e wor on implications-base uzzy [20] Salvatore Sessa, On Fuzzy Subgroups and Fuzzy Ideals
semiautomaton and  implication-based T-fuzzy

) . . under trianglular normFuzzy Sets and Systed8B, (1984),
subsemiautomatocan be further studied to apply in real 95-100.

time systems and in medical field. [21] Abu Osman M.T, On the Direct Product of Fuzzy
SubgroupsFuzzy Sets and Systeriig, (1984), 87 - 91.
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