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Abstract: Our main focus in this work is to generalize the theory of bfgé& semi rings from the algebraic setting to the framevadrk
bornological sets. More specifically, the concept of a neucstire bornological semi ring (BSR) is introduced and saomgstructions
in the class of bornological semi rings are discussed. Itiqudar, the existence of arbitrary projective limits antigrary inductive
limits of bornological semi rings is ensured. Additionaltiie description of the category of bornological semi rimggresented.
We also discuss the concept of product, coproduct and film@upt in the category of bornological semi ring. In the cahtender
consideration, general results concerning projectivédiand inductive limits as well as an isomorphism theoreenestablished.
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1 Introduction bornological semi ring (BSR) is introduced and some
constructions in the class of bornological semi rings are

A bornological space is a type of space in functionaldiscussed. In particular, the existence of arbitrary

analysis and it is very useful to solve the problem of projective and inductive limits of bornological semi ring

boundedness for a set of elements and functions. Thas ensured. We consider the product, coproduct and fiber

means the main goal for bornology is to determine theproduct in the category of bornological semi ring. In the

boundedness, location and setting the boundary for angontext under consideration, general results concerning

area. A bornology on a set is a family 8 of subsets of projective and inductive limits as well as an isomorphism

X, such that; theorem are established.

This research consists of four sections. Section two

contains the basic facts on bornological groups. In

Section three we study BSR also give some results. In

Section four some constructions of BSR are discussed.

The elements of are called bounded subsetsXflLet X The study of bornological structures has been carried out

andY be two bornological sets. A map: X — Y is in various context, as one may see in the referen@s ([

called bounded if the image of every bounded subs#t of [3], [5], [8], [9]).

is bounded irY.

Starting the year 2012 P.Pombo if] [began to study

some of fundamental constructer of the so-called2 Basic Definition and terminology

bornological groups (BG). Thus, the main goal of

algebraic bornology is to deal with the problems of |, yhis section, we review some results on bornological

boundedness of algebraic structures.@hthe concept of  gats groups and semigroups. We start with the following

bornological semigroups was introduced. In7] [ theorems and concepts frodi [
conditions to introduce a bornology on a group were |

discussed. In 1] Bambozzi introduces and studies the Theorem 21

boundedness of rings. A bornological ring is a set Let | be a non-empty setX,f3);, be a family of
equipped with both ring and a bornology structures with bornological sets indexed by | and X be a set. Suppose
certain compatibility axioms. In this paper the concept ofthat, for every i€ I, a map v: X — X is given.

—Every singleton sefx} is in S3;
—If AcC B, andB € 3 thenA € 3;
—f3 is stable under a finite union.
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Consider the family3 of all subsets B of X such that for 3 Bornological Semi Rings

any i€ | theimage WB) is boundedin X Thenf is a
bornology on X.

The bornologyB on X defined by the theorem above

is called the initial bornology oX for the mapsy;,i € 1.

Theorem 22
Let | be a non-empty setX,[)ici be a family of

bornological sets and X be a set. Suppose that, for every 2

iel,amap y: X — X is given and letB be the
bornology on X generated by family=AJu;(). Thenf
iel

is the finest bornology on X for which each mapisi
bounded.

Definition 23

Let (X, ) be a bornological set and ¥ X. Then the
family of subset of Y defined Iy = {BOY:Be B} is
a bornology on 'Y andY, By) is said to be a bornological
subset of X, 3).

A subfamily By of B is said to be a base for the
bornology 3, if every element of is contained in an
element of By. In other words,[3, is a base for a
bornology onX if and only if By coversX and every finite
union of elements ofy is contained in a member @.

A bornology 8; on a setX is a finer bornology than a
bornologyB, on X (or 3, is a coarser bornology thgh)

if
BiC Be.
Now we define the notion of a bornological group.

Definition 24
A bornological group is a set G with two structures.

1.Gis a group;

2.G is a bornological set such that these two structures

are compatible as follows.
(Dthe product function f G x G — G is bounded;
(ithe inverse function hG — G is bounded.

semi

In this section, we introduce the concept of bornological
ring and study the basic properties of the
bornological semi rings. As we mention earlier, the

concept of bornological ring is a set equipped with two
structures ring and bornology such that

1.(R,+,B) is a bornological group;
(R,-, B) is a bornological semigroup.

Definition 31
A semiring(A,+,-) and a bornology3 on A is said to
be a bornological semi ring if

1.(A,+,B) is a bornological semigroup;
2.(A,-,B) is a bornological semigroup.

Example 32

1.Consider the commutative rindZ,+,-) and a
bornology ={BCZ:BC (—,b]|, forbe Z} onZ
generated by the half line

{heZ:n<a, foracZ}.

(Z,+,-) is bornological semi ring, i.e., the product
map with respect to the addition and the
multiplication are bounded

f:Zx7— 7.

In other words, for any two elements.,B, € 3 we
have B <C (—»,a,B, < (—o,bl. Then
B + By C (—,a+ b] and therefore B+ B, € . In
the same way it can be proved thag B, € (3.
However, (Z,) is not a bornological ring since
(Z,+,B) is not bornological group but it is a
bornological semi ring.

2.Consider the ringdR, +,-) let B be the bornology on
R generated by the sefs,b) = {xe R:a<x<b}

The boundedness conditions above are equivalent to the Wwhere ab € R and a < b. The addition and

following condition: the functionf : G x G — G such
thatf(g1,02) = glgz‘1 for eachg, g2 € Gis bounded.

Definition 25

multiplication on R are bounded andR,f) is a
bornological semi ring.

Example 33

A bornological semigroup is a nonempty set S with two 1.Let A be any semi ring, the bornology consisting of all

structures:

1.S is a semigroup with a binary operation f;
2.Sis a bornological set.

Such that the function fSx S— S is bounded.

We illustrate this by example.

Example 26
Let us consider S (N,+) and 8 be the family of all
finite subsets dN. ThenN is a bornological semigroup.

finite subsets of A is a semi ring bornology.

2.1f Ris a Hausdorff topological ring, then the bornology
consisting of all relatively compact subsets of R is a
semi ring bornology.

Proposition 34

Let A be a semi ring anf# a bornology on AThenf3
is a semi ring bornology if and only if there exists a basis
{Bj :i €I} for B such that for every,ij € | Jkg,k; €1,
Bi+Bj CBj1U...UBn =By, andB-Bj C Bj1U...UBjy =
B, -
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Proof. Furthermore, we give a sufficient condition to the
If (A,B) is a bornological semi ring then codomain of bornological semi ring to be bornological
semi ring.
Bi + Bj
Theorem 38
and Let (A, B) be a bornological semi ring and :fA — A’
Bi-B; be an epimorphism of semi rings. Then
are bounded and hence must be contained in a finite union Bi ={BCA :f1(B)ep}
of the elements of the basis by the concept base of the
bornology. is a semi ring bornology on’A
On the other hand, ifA, B) has such a basis, then for any
two bounded subseB;, B, € 3 we have that Proof.
Let By, B, € Br. Then there exisBf, B € B such that
B1 C Bi, f(B}) = By and f(BY) = B, so f(BA+BA) = f(B)) +
and f(B3) = B1+B, andf (B} -B5) = f(BY)- f(B)) = B1-By,
B, C B thereforeBs is a semi ring bornology oA'.
2 o
for someiy, iz € 1. Then Proposition 39
Let (A, B)ici be a collection of a bornological semi
B1+ B> C Bj, +Bj, C By, ring, then i is a semi ring bornology on A.
iel
B1-By C Bil . Bi2 C Bk2 Proof.
for some ki,k;, which shows that additive and It is known thatB = NG is a bornology, we must
multiplication are bounded maps. i€l
show that it also is a semi ring bornology. L&t B, € 3,
Remark 35 thenBy1,B, € B for anyi € I, henceB; + B, € 3 and
Any finite semi rings is a bornological semi ring with B; - B, € i sincef3; are semi rings bornology. Therefore
the collection of all subsets of A. B;+B, € B and By - By € 3, i.e., the additive and

. . multiplication operation are bounded.
However, we need the following property to clarify the

property of base for this structure. A morphism of bornological semi  rings
Proposition 36 Y : (A Ba) — (A,Bu) is defined to be a bounded semi

Let B, be a base for a semi ring bornology on A ring homomorphism ify(B) € By for all B € Ba. It is

and letp3; be a family of bounded sets containifg i.e., clear that the composition of two bounded semi rings
Bo C B C B. Then thaiB; is also a base of. homomorphisms is bounded, so we can define the

category of bornological semi rings den&ernSR, with

Proof. objects bornological semi rings and arrows bounded semi
Let B be a bounded subset (&, 3). Sincefy is abase  ring homomorphisms.

for (A,B), thenB is contained in an element @ by the =~ The category of bornological semi rings admits limits,

concept of base, i.& C B whereBg € Bo. But foc 5  colimits given as follows. LetA;,fi)ici be a family of

B; then eactBy € S, also belongs t@;. SoBis contained ~ bornological semi rings, then the direct product

in an element o, and henc; is also a base faiA, B). (A. Bi)ie is defined to be the semi r|ng|A. equipped
Theorem 37 W|th the bornology generated by the famlly

Let (A, B) be a bornological semi ring and fA" — _ ) o n
A be a homomorphism of semi rings. Then the bornology DB' ={B:BC DB"B' €Bi}-

Bs = {BCA': f(B) € B} is a semi ring bornology on’A

This bornology is the coarser bornology ppA; such that
Proof. icl

Let B1,By € Bt i.e., f(B1),f(Bz) € B. Sincep is a all the projections
bornological semi ring anél is a homomorphism, one has
I_l : I_|A4 — Aj
f(B1+By) = f(B1) + f(B2) € 3, henceB; + B, € Sy, ie
and are bounded. Moreover we can describe the coproduct in

BornSR, by endowing® A; with the bornology
f(By-Bz) = f(B1)- f(B2) € B, henceB - B, € . €l

Thusp; is a semi ring bornology oA'. ieglﬁi ={B:BC igBiv Bi € B, Bi = Oforalmostallic 1},
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we get the coproduct iBornSR. In this setting we have Proof.

that the canonical projections Let B be a bounded subset @, i.e. B=VNC,
_ V € 3, C subsemi ring ofA, sincef} is a base fo3 (by
r| : ”Ai — A hypothesis), that implieg C By for someBy € 5y by the
1€ concept of base. Therefd®,=V NA C BoNA'. Then,3}
and the canonical injections is a base fop,.
ij:Aj = @A Proposition 44
i€l Let | be a non-empty se{A;, ) be a family of
are morphisms of bornological semi rings. bornological semi rings indexed by | and A be a semi

ring. Suppose that, for everyagl, amap v: A— A is
Now we give the details of the descriptions of the 9iven. Then the initial bornology3 is a semi ring

fiber product (pullback) irBornSR. Given two bounded ~bornology on A.

semi ring homomorphism of bornological semi rings Proof

g')b. (A, B’a) ?A(ALBAJ’ g (ﬁz’ﬁAz) f)d(p%?’ﬁfal) tr][ﬁ Let By, B € B. To prove that the initial bornologg
'ber pro uct(A, Ba) _X(_AlﬁAl)( 2:Pr,) is defined as the 1 A %is 75 semi ring bornology we must to show that
fiber product of semi rings B;+ B, € B andB; - B, € B. Sincevi(By), Vi(By) are
_ . _ bounded inA; by Theoren?21, for everyi € | , andf is
Axa Ao ={(ab) €AxAz: ¢(a) = y(b)} semi ring bornology on4; such thaty; is semi ring
equipped with the bornology generated by the family homomorphism, S0 we get
{B1 xp, B2} such thatB, is bounded inA and B is  Vi(B1) + Vi(B2) = Vi(B1 + Bz) € [i. Therefor,
bounded inAs. B; + B, € B. The same hold true foBj - By, i.e., the

initial bornologyB on A is semi ring bornology.

; ; ; Remark 45
4_Some Constructions on Bornological Semi Let (A1, B1) be a bornological semi ring and A be
Rings. endowed with the initial bornology for evengil for the

. . . . maps v. Then a map v (Aq,B1) — (A,B) is bounded if
In this section, some constructions in the class Ofand only if yov is bounded.

bornological semi rings are discussed. In particular, the
existence of arbitrary projective limits and inductive The most important particular case of the initial
limits of bornological semi rings is ensured. bornologies is product bornology. Let us discuses briefly
Theorem 41 a bit more general operation called bornological product
of arbitrary family of bornological semi rings.

Let (A be a bornological semi ring and’Abe .
subsem(i ’Bzing of A g Then theg collection The next theorem shows that the product of a collection

By = {BNA:Be B} is a semi ring bornology on ‘A of bornological semi rings is also bornological semi ring.

induced from(A, 3). Theorem 46
Suppose that {(A,B),iel} is a family of

Proof. : ] .
It is obvious thap3, is a bornology o\ by Definition bornological semi rings, A- iD,A' 's the product of the

23. We have to prove that for eveB,B, € By implies  semi rings Awith the product bornolog$ = [15. Then
B:+ B, € By andBs - B € By. Indeed, sincdB; = BN ] . o iel

A, B € B thenB, C B, thusB; € B. And the same reason (A B) is a bornological semi ring.

B, € B. HenceB; + B, € B andB; - B, € B sinceA’ is a
subsemiring oA thereforeB; +B, C A'. AlsoB;-B, C A'.
Moreover,B; + By = (B1 +B2) NA andB; - B, = (By -
By) N A, thenB; + B, € By andBy - By € By

Example 42 4.1 Projective and Inductive Systems and limits.
Let us consider(Z,+,-) where Z is the set of all

integer numbers with the collection of all finite subset of Projective Systems and Limits

Z is a bornological subsemi ring ofR,+,-) with the  Let (A)iei be a family of semi rings. Suppose that for

usual bornology which is a bornological semi ring. every pair(i, j) € | x| such thai < j, there exists a semi

ring homomorphismgyij : Aj — A such that the system

of homomorphisms (pjj) satisfies the following

conditions:

Proof.
The proof follows immediately from Propositiai

Proposition 43

Let (A,By) be a bornological subsemi ring of
bornological semi ring A, 3) and letf3p be the base of the
semi ring bornology3. ThenB) = {BoNC:Bg € Bo} is a ()For every i €I, pi : A — A is the identity
base of the semi ring bornologg. homomorphism ofy;
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(iFor everyi, j,k elements of such that < j < k we
havepik = pij © Pjk-

Then the systeniA;, pij) is called a projective system of
semi rings.

The notion of the projective system of semi rings can
be extended for the bornological semi rings case a
follows.

Let | be a non-empty set an@, pij) be a projective
system of semi rings indexed Hy such that for every
i €l, (A,B) is a bornological semi rings. The system
(Ai, Bij, pij) is called an projective system of bornological
semi rings if the homomorphisms
pij = (A}, Bj) — (Ai, Bi) are bounded whenevex j.

Let us conceder the projective limits. The projective
limit of semi rings is given as follows.
Let (A, pij) be a projective system of semi rings. There
exists a semi ring\ and, for every € I, a homomorphisms
pi : A— Aj, such that:

() pi = pij o pj Whereveri < j;

(il)For every semi ringd’ and family of homomorphisms
gi : A" — A such thaty = pjj oqj fori < j, there exists
a unique homomorphisom: A’ — A satisfyingg = pjo
g.

The semi ringA is unique up to isomorphism and is called
projective limit of the projective systeniA;, pji). For
everyi € |, the mapp; : A— A is called the canonical
projection ofA ontoA;.

Here is an extension of the notion of Projective limit
to bornological semi rings case.
Let (A,Bi,pij) be a projective system of bornological
semi rings andA be the semi ring which is the projective
limit of the system(A;, pij). For everyi € |, denote byg;
the semi rings bornology ofA; and by p; the
homomorphism ofA into A;. The projective limit semi
ring bornology on A with respect to semi rings
bornologiess; is the initial semi ring bornology oA for
the mapg; andA.

Theorem 47

Let A be a semi ring, for everyd I, (A,B) be
bornological semi rings and the map ; ube
homomorphism. Thef is the semi ring bornology on A.

Proof.

It is clear thatB is a bornology oA by Theoren22.
We have to show that it is a semi ring bornology. Let
B1,B> € B, then B; = _Ului(Bil) and B, = _UIUi(BiZ)-

IS IS

Therefore,

Jui(Biz+Biz) = Jui(Bi1) + | Jui(Bi2) =B1+ B2 € B.

iel iel iel

Definition 48
The bornologyB on A constructed in Theore#d is
called final semi ring bornology.

Remark 49

Let (A1,B1) be a bornological semi ring and A be
Sendowed with the final semi ring bornology for the map
Ui, i €l. Thenamap u (A B) — (A1,B1) is bounded if

and only if uo u; is bounded for every4 I.

Inductive Systems and Limits

For a family of semi rings the concept of inductive system
is defined as follows.

Let (A)icl be a family of semi rings. Suppose that for
every pair(i, j) € | x| such thai < j, there exists a semi
ring homomorphisnuji : A — A; such that the system of
homomorphisméu;i) satisfies the following conditions:

()For every i €I, ui : A — A
homomorphism ofy;

(iFor everyi, j,k elements of such that < j < k we
haveuki = Ukj o Ujj.

is the identity

Then the systengAj, uj;) is called an inductive system of
semi rings.

We give the extension of the inductive system to the
bornology case as follows.
Let! be a direct set an@, uji) be an inductive system of
semi rings, indexed b, such that for everye I, (A, 3)
is a bornological semi rings. The syst¢m, uj; ) is called
an inductive system of bornological semi rings if the
homomorphismsuji : A; — Aj are bounded whenever
i <j.

Let (Aj,uji) be an inductive system of semi rings.
There exists a semi ringh and for everyi € I, a
homomorphisms; : Ay — A, such that:

(()ui = uj o uji wherevei < j;

(iiyFor every semi ringA, and family of homomorphisms
Vi : A = A, such thay; = vjouji fori < j, there exists a
unigue homomorphism: A — A’ satisfyingv; = vou;.

Then the semi ring\ is unique up to isomorphism and
is called inductive limit of the inductive systefi, ujj).
Here we consider the concept of inductive limit to
bornology case.

Let (Ai,Bi,uji) be an inductive system of bornological
semi rings andA, 3) be the bornological semi ring which
is the inductive limit of the systerf&;, 3, uji). For every

i €1, denote byg; the semi rings bornology o& and by

u; the homomorphisms of; into A. The inductive limit
semi ring bornology onA with respect to semi ring
bornologiesB; is the final semi rings bornology oA for
the mapay;. endowed with such a semi ring bornology is
called the bornological inductive limit of the bornologiica
inductive systentA;, uij ).
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Theorem 410 [9] D. P. Pombo Jr. and F. Farias, On Bornological Group of
Let (A, ) and(H,B’) be two bornological semi rings Continuous Mappingsinternational Mathematical Forum
and v: (A,B) — (H,B’) is bounded homomorphism, (2014),9(5), 217-224.
with v surjective. Then, there exists a (necessarily unique
bornological semi ring isomorphism
vV = (A/ker(v), ") — (H,B’) making the diagram.
commutative(where q is the canonical surjection and
B” is the quotient bornology), it is necessary and
sufficient that for each B B’ there exists a Be 8 such
that v-1(B) C Byker(v).

Anwar Nooruldeen,
She got her Master of
Science in  (bornological
space) . Afterward, she
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in the Faculty of engineering,
University of Diyala.

Proof.

In order to prove the necessity of the condition, let us

suppose the existence of a functigras in the statement She study a PHD Degree
of the theorem. IB € B’ is arbitrary, the boundedness of in the field of Mathematic
(V)" implies the existence of &8; € B so that at University Putra Malaysia.
(V)~1(B) = q(B), thus v1(B) = Bjker(v). Let us
establish the sufficiency of the condition. We first suppose
that B’ = v(B), the inclusionv(B) C B’ being obvious.
On the other hand, B € 8’ is arbitrary, there is 8, € 8
) that vi(B) <C Biker(v), hence
B = v(v1(B)) C v(Biker(v)) = v(By) thusB € v(B). Let
V' be the unique semi ring isomorphism frofyker(v)
onto H such that v = VvV o g Obviously,
v = (A/ker(v),”") — (H,B'). Moreover,
V)™t = (H,B) — (A/ker(v),"”) is a bounded
homomorphism, in view of the equalitig®d = v(8) and
(V) tov=aq.

l. S. Rakhimov,
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5 Conclusion

This work is concerned with the idea determine the
boundedness of algebraic structure (ring). New structure,
namely bornological semi ring are defined to solve the
problem of boundedness for ring. More specifically, the
category of bornological semi ring are described.
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