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Abstract: In this paper, we have introduced weighted Maxwell-Boltemadistribution and abbrivated as WMD. Different
characteristic properties of the introduced distributiawe been studied in detail. Although the estimators arel@dated in a closed
form but parametrs are estimated through the fitting of WM fmarticular data sets using the technique of MLE. In ordeshimw

the validilty, potentiality and flexibility of WMD in statifcal modelling, we have fitted it to four different types aftd sets. After the
fitting of WMD to the considered data sets, comparison has Ibegde between the special cases of WMD in terms of having leas
values ofBIC, AIC & AICC. Random numbers from WMD are generated by using the In@dsenethod. Simulation has been carried
out with the help of programming language R.

Keywords: Length-biased Maxwell-Boltzmann distribution (LBMD), @a-biased Maxwell-Boltzmann distribution (ABMD),
Moment generating function, Characteristic function, i&glity, Entropy, Bonferroni curve, Lorenz curve, OrdetaSstics,
AIC, AICC, BIC.

1 Introduction make such adjustment. Thus, it is very imperative to use
) o the concept of weighted distribution while dealing with a
The concept of weighted distributions can be traced fromsiochastic process in which the observations are being
the work of Fisher23], in connection with his studies, on generated or recorded with varying probability. In order
how methods of ascertainment can influence the form ofq jncrease the accuracy and to draw sound results, our
distribution of recorded observations. Later it was main motive becomes to give importance to model
developed and formulated in general terms by C.R. Ragpecification. One of the unifying approaches for this
[5] in connection with modelling statistical data, where rpose is to use the concept of weighted distributions.
the usual practice of using standard distributions for theThe jmportance of weighted distributions can be
purpose was not found to be appropriate. It is quiteynderstood from L.L. Macdonald2f] discussing the

obvious that while studyjng the real world random need for teaching weighted distribution theory.
phenomena, the observations may be recorded with an

amount of inherent bias. As a result of which these There are some traditional theories and practices
recorded observations will not have the original which have been occupied with replication and
distribution unless every observation is given an equalrandomisation like environmentric theory. Observations
chance of being recorded. C.R. R&} introduced a new also fall in the non-experimental, non-replicated and
class of distributions known as weighted distributions non-randomised categories. Thus our main interest lies in
after analyzing the situations where observations arelrawing the inference about random phenomena with
recorded with varying probabilities. higher degree of accuracy. We can’t guarantee the degree
The concept of weighted distribution is very of accuracy of results unless the suitable and flexible
important, because of the fact that weighted distributionsmodel are used for statistical modelling. G. P. Patil and C.
take into consideration the method of ascertainment, byR. Rao P] quoted "Although the situations that involve
adjusting the probabilities of actual occurrence of eventsweighted distributions seem to occur frequently in various
We may arrive at wrong conclusions, while failing to fields, the underlying concept of weighted distributions as
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a major stochastic concept does not seem to have beesf gases, which explains many fundamental properties of
widely recognized”. Thus it is very essential to identify gases, including pressure and diffusion. This distributio
the stochastic processes where observations are recordeddsometimes referred to as the distribution of velocities,
with varying probabilities so that the validity and energy and magnitude of momenta of molecules. It was
importance of weighted distributions in statistical Tyagi and Bhattacharya2f,27] who considered the
modelling can be understood. Maxwell distribution as a lifetime model for the first time
The concept of weighted distributions attracted a lotand discussed the Baye’s and minimum variance unbiased
of researchers to contemplate on and to carry out researabstimation procedures for it's parameter and reliability
on the same. G.P.Patil and C.R.R&p §tudied weighted function. Chaturvedi and Ran2] obtained classical and
distributions and size biased sampling with applicationsBaye’s estimators for the Maxwell distribution, after
to wildlife populations and human families. Van Deusen generalizing it by introducing one more parameter.
[23] arrived at size biased distribution theory Empirical Baye’s estimation for the Maxwell distribution
independently and applied it in fiting assumed was studied by Bekker and Roug][ Kazmi et al. [28]
distributions to data arising from horizontal point carried out the Bayesian estimation for two component
sampling. Subsequently, Lappi and Baile§5] used mixture of Maxwell distribution, assuming type |
weighted distributions to analyze HPS diametercensored data. Herein, we considered Maxwell
increment data. Rad] studied the weighted distributions distribution and constructed its weighted version. Paié
arising out of method of ascertainment. In fisheries,of a random variableX following Maxwell distribution
Taillie et. al [7] modelled populations of fish stocks using with rate parametef is given by (2).
weights. In ecology, Dennis and Pa#l] [used stochastic
differential equations to arrive at weighted properties of O\ /o 32 Av2 /o) -
size-biased Gamma distribution. K.G. Janarddd§ [ f(x6) = V2/mo2x°exp(~0x7/2):x 6 >0 (2)
characterized the weighted Lagrange distributions. K.G
Janardan and B.R. Raolq studied the Lagrange
distributions of the second kind and weighted
distributions. G.S. Lingappaiah 1]] discussed
Lagrange-negative binomial distribution in its simple and 0241
weighted forms. R.S. Ambagaspitiya24 defined Efw(x)] = 27T ((w+3)/2) 3)
weighted generalized Negative Binomial distribution. mow
Asgharian, M.et al. [19] worked on the length-biased
sampling with right censoring. Govel§] studied the  Now, from the definition(1), we will have thedf of WMD
estimation and application of size-biased distributians i as given by (4):
forestry. Kvam P2 discussed about the Length bias in
the measurements of Carbon Nanotubes. Etaal.[1] 6(@+3)/ 230+ 2ex (— 632/ 2)
characterized the transmuted weighted Exponential fo (X 0,w) = R
distribution and discussed some of it's application. Reshi 2 F((w+3)/2)
et al. [14] worked on new moment method of estimation
of parameters of size-biased classical gamma distribution

Weight function: The weight function considered is
w(x) = x®, where w > 0 is the weight parameter.
Therefore,

(4)
Cdf, Reliability function and hazard rate of WMD are
respectively given by (5), (6) and (7)

Definition: Let us suppose thaX be a continuous
o I ((w+3)/2,6%2/2)

random variable of interest such tha ~ f(x;6). Fo(x0,0)=1— (5)
However if the sample observations are selected with r((w+3)/2)
probability proportional to weighted functiom(x) = x%,
where w > 0 is the weight parameter. Then the 2
distribution, with Pdf given by: Rw (X6, w) = r ((;“(j(L 31/2’)%)/ 2) (6)
W
w(x) f (x;0)
f(x0,0) = ———F—-+= 1
089 = "Ewix] v o OO0y
X; 0, w) =

Is called the weighted distribution of random variaile © 20t/ (23 (23 ox2/2)

Table-1: Special cases of WMD at different values ofv

2 Derivation of Weighted Maxwell weight(@) | @=0 =1 w=2
Distribution (WM D) Distribution MD LBMD ABMD

) ) ) ] ) | fo(c0) NEGLES 022 (1/2623e-04/2 {221 (5/2)} 05/2e 6x2/2
In Physics and Chemistry there is a lot of applications of ; N ;
Maxwell (or Maxwell-Boltzmann) distribution. The  rexe | 1-[82002 4 [CoF2 L8250/

Maxwell distribution forms the basis of the kinetic energy
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Variance:
2["((w+3>/2>l'((w+5)/2)—{/'((w+4)/2)}2
6l (w+3)/2)

hot 6 @)

Ru(t 6, )
4

10

g~ =

(13)
Variation, Skewness and Kurtosis: Coefficient of

00 05

: : variation, skewness and kurtosis are respectively given by
1(c): Reliability curve 1(d): Hazard rate curve (14), (15) and (16)
Fig. 1: Curves of density, distribution, reliability and hazartera
function at different values of rate and weight parameter. \/I'((a)+3)/2)l'((w+5)/2)—{l'((a)+4)/2)}2
CV.=
r((w+4)/2)
(14)
3 Structural properties of WMD
brop . I (@+3)/2)?
3/2
M (@0+3)/2)T (0+5)/2)~ {T ((w+4)/2)}]
In this section, various structural properties of WMD has w+4 w+5 [(@+4
been discussed. X [I‘(w—%)— rE)r 3( ) {r(#3°)} ]
2 r(%°) {r(e)y°
Theorem 3.1.Ther" moment about origin of a random (15)
variableX following WMD is given by:
2
{r (%)}
o (2N (w+r+3)/2) Yo = 5 X
=(= S Sl N e’ S’ S 2
i=(5) Flaoram rrede @ e e ()]
[r (7)) 6 (T ()
Proof. 2 r(wTJrg) {,-(wTw)}z
4 3
_r NUCHINECSI I
ur:/ X fe (X 6, w) dx
0
, w g(w+3)/2yw+2 ) Theorem 3.2. The moment generating function and
H :/o r2(w+1)/2,- ((w+3)/2)exp(—6x /2) dx characteristic function of a random variatefollowing
o(@+3)/2 . WMD are respectively given by (17) and (18).
I W+r+2 _O\2
He= 2<w+1>/2r((w+3)/2)/o X ep (—0x°/2) dx © tr (2\72T (w+r+3)/2)
Mx(t): a\n (17)
H=13 Ao
6 I ((w+3)/2
(@+3)/2) @ (1t) 2\ (w+r+3)/2)
W0=2"\8) Twrzy MO
Moments First four moments about origin are given as r=0
follows: Proof. From the definition of mgf we have:
(@© 2018 NSP
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My (t) = E [€¥] 4.1 Renyi Entropy
Mx (t) = /oo €%fe, (X, 0, w) dx Information measure propose by Alferd Renyi known as
0 Renyi entropy of orded for a random variablX is given
o Xe(w+3)/zxw+2exp(_exz/2) by:
M (©) :/ ¢ S D)2 o O 1 ® 5
0 (@+3)/2) (8) - 5loa| [T(T0F e o
o 4T 9(w+3)/2f6>° Xw+r+2exp (—9X2/2) dx - 0
My (t) = Zoﬁ AU (01 3))2) whered > 0,86 #1
2t 2\ (w+r+3)/2)
My (t) = 2. (5> M (@13)/2) 4.2 Shannon Entropy

Shannon’s measure of information for the outcome of a
Also, we have random process is given by:

Py (t) = Mx(1t) ys=E[—logf (X)] (21)

Shannon entropy is one of the special case of Renyi
entropy as the ordé®) of Renyi entropy tends to 1. i.e.

Therefore,

L2 2\ (w+r+3)/2) _
HO=2 (5) r(wt3)/2) Vo= limy=(9) (22)

Theorem 4.1.Renyi and Shannon entropy of WMD is

. . . . . respectively given by:
Fisher’'s Information matrix: Fisher’'s Information

matrix of WMD is given by: %) 1 log l(26)<5‘1)/21' (2w+25+1)/2)
YR(O)=7— >
32log{ f(x0,w)} 9%log{fu(x0,w)} 1-6 5(6w+26+1)/2{l- (w+3)/2)}
26?2 80w (23)
1(8,w)=—nE 1
02log{ fo (%6, 02log{ fe (%6, =—|3 —log(26) + 21 r 3)/2
og{aw‘% w)} og{aag w)} Ys 2[ + w—1og(20) + 2log{rl ((w+3)/2)}
n(wJEB) 2_ne —(w+2)¥ ((w+ 3)/2)] (24)
[(O,w)=| 26 , (19)
(9,@) o Gv(28) Proof. From (20), we have,
, 1 e . 5
where(x) = ogf(a) ’,__g)) is known as digamma or ¥&(0) = 1—5log _/0 {fo(x6,w)} dx]
Psi function. 1 - 6@2+_3X¢,J+ze)(p(_529x2) 5
w(®) = 15108 | [ o 2 )| gy
1-6 o | 27T (w+3)/2)
4 Information m res of WMD M s
ormation measures o 5L g 6242 3042 e 50 i
Theory which deals with the study of transmission, 1-9 280+ 0)/2 ([ ((w+3)/2)}°
processing, utilization, and extraction of information is - (5-1)/2
called Information theory. Abstractly, information can be . (5) _ 1 log (26) I ((2w+26+1)/2)
viewed as the resolution of uncertainty. It was Claude E. 1-90 O0w+26+1) /24T ((w+ 3)/2)}5

Shannon §], who originally proposed the information
theory in a landmark article. In this article, "information  From (22), we have,
is thought of as a set of possible messages, where the goal 1

is to send these messages over a noisy channel, and therjg = lim log
to have the receiver reconstruct the message with low 6-11-90 [
probability of error, in spite of the channel noise. The 1
quantification, ~ storage, and communication of yg=1lim log
information is having a key measure known as entropy. 5-11-0 l

(20)(5=V/21 ((2w+26+1)/2)
5(0w+26+1)/2 (I (w+ 3)/2)}5 ]
(26)0-V/2r (2w+25+1)/2)

5(0w+26+1)/2 (I (w+ 3)/2)}5 ]

The amount of uncertainty in the value of a random 1

variable or the outcome of a random process is measureds = 5 [3+ w—109(26) + 2log{I" ((w+3)/2)}
in terms of entropy measure. A number of Information B

measures have been proposed by various authors. (0+2)¥ ((w+3)/2)
Shannon and Renyi entropy are two of them. hence the Theorem.
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Table-2: Characteristics of WMD at diff. values of 6 & w

q
Renyi Entropy L (p) = pB(p) = 1/‘ Xf (X) dX (26)
2] @ | Mean variance c.v. Vi Yo [ ghtan:on u 0
ntropy
02 05 07 09999 Where'q = F—l(p) andu —E [X]

0 1.59577 0.45352 0.42202 0.48569 3.10816 1.41796 1.160B0737 0.9961759 0.996154
1 1 1.87997 0.46571 0.36299 0.40569 3.05929 1.45294 1.18976386 1.0192720 1.019250

2 2.12769 0.47293 0.32321 0.35424 3.03698 1.47584 1.2066P816 1.0318190 1.031796 Theorem 51 The Bonferroni and Lorenz curve for a
random variableX following WMD is respectively given
0 1.12838 0.22676 0.42202 0.48569 3.10816 1.07139 0.813B3080 0.6496023 0.649580

2 | 1| 132934 023285 0.36299 0.40569 3.05929 110637 0.843186E9 0.6726989 0.672676 by (27) and (28)
2 | 150451 023646 0.32321 0.35424 3.03698 1.12927 0.860DBLSO 0.6852455 0.685222

r(w+4)/2)—T (w+4)/2,6°0/2)

5 | 1 | 0stors 008314 036290 040565 308020 .62 O 90T 02145598 0214501 B(p) = (27)
2 0:95153 0:09459 0:32321 0:35424 3:03698 0:67112 0:401.‘!?1!3&4 0:2271001 0:227077 pr ((w"’ 4)/2)
From Table-2, it is quite evident that on increasing the r(w+4)/2)—T (w+4)/2,6°6/2)
value of weight parametgww) for the fixed value of rate L(p)= r(w+4)/2) (28)

parameter(8), mean, variance and entropy increase .

whereas the coefficient of variation, skewness andT0Of-From (25), we can write,

kurtosis start decreasing. While on increasing the value of q

rate parameter for the fixed value of weight parameterB(p) = _/ Xfe (X; 6, w) dx

mean, variance and entropy decreases whereas the other

three characteristics i.e. coefficient of variation, skessm B I ((w+3)/2)

and kurtosis remains unaffected due to their independencg(p) - p\/2/6r ((w+4)/2)

from 6 . It can also be seen from the last two columns of (00+3)/ 25042 )

the table-2 that Renyi entropy approaches to Shannon % /q 6 X exp(—ex /2)
0

entropy as the ordd®) of Renyi entropy tends to 1. 2+D/21 ((w+3)/2)
B(p) _ 9(w+4)/2fgxw+3exp (—9X2/2) dx
5 Statistical properties of WMD p @AM ((w+4)/2)
‘ gt 2% {r (wTH))_r(wTH’CFTQ)}
5.1 Bonferroni and Lorenz curve = 0 2% (254) g(wi4)/2

In economics, Lorenz curve is a graphical representatioré r(w+4)/2)—T ((w+4)/2,q26/2)

of the distribution of income or of wealth. It was (p) = pr ((w+4)/2)

American economist Max O. Loren2]] who developed

Lorenz curve in 1905 for representing inequality of the Also from (26), we havel,. (p) = pB(p). Therefore,
wealth distribution. The Lorenz curve is usually

represented by a functidr(p), wherep is the cumulative L(p) = I (w+4)/2)-T ((w+4)/2,6°6/2)

portion of the population, represented by the horizontal r((w+4)/2)

axis, andL denotes the cumulative portion of the total

wealth or income, represented by the vertical axis. LorenZ1ence the Theorem.

curve and the associated Gini index are off course the

most popular indices of income inequality. However, o

there are some measures which despite possessirfg2 Order Statistics

interesting characteristics are not used often for

measuring income inequality. Bonferroni curve (BC) is LetX(1),X2)-.-.Xn) be an ordered random sample of odd
one such measure, which have the advantage of beingize (i.e.n=2m+1, m=0,1,2,..) from WMD. Then
represented graphically in the unit square and can also be Pdf of X4) (minimum order statistics), X
related to the Lorenz curve (Giorgi and Monddd[, (maximum order statistics)) (r'" order statistics) and
Giorgi [12]). The Bonferroni and Lorenz curves are not X1, (sample median) are respectively given by (29),
only used in economics in order to study the relation(30), (31) and (32)

between income and poverty, it is also being used in

reliability, medicine, insurance and demography. ThePdf of X

Bonferroni and the Lorenz curves for a non-negative

random variablX ~ f(x) are respectively given by (25) n{r((w+3)/2, exz/z)}nfl
and o) bon) = @2 (w1 3)/2))
q
B(p) = p—lu / xf (x) dx (25) X [6<‘*’+3>/2x°’+2exp(—ex2/2)} (29)
0
@© 2018 NSP
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Pdf of Xy, Now, we can write
_n{r(w+3)/2) - (w+3)/2,6x/2)}"* | S
P () = 2@D/2{T ((w+3)/2)}" ElSI=E ﬁx"
(0+3)/2,w+2 a2 2
< [oe e e (-0¢/2) 0 aﬂ=E[§4EWﬁ
Pdf of X(r): Xn
2 E 2
| w+3\1"-r w+3 w+3 6x2 -1 E [—i2‘| = [512]
oo HECEENTr () (2 ) x| EX
Xrin = Wil ) n
(r=1!n—n27 {I (%2} using (35) and (36), we obtain
w+3
x |8°7 x“ 2exp (—6%%/2) (31)
| | | Em _ TEA ) (&Y
Pl o Xmsa %fL A ()T (99) - G- {r (24))
fxen (X) = (2m+1)! 9<w+3>/zxw+z@(p(_exz/2) Applying lim on both sides, we get

m m! 2(w+1)/2[l— (wT_,_?,)]Zerl ( )
w+3 8x\1*"
X[r (—2 7)]

6 Characterization of WMD

Theorem 6.1.Let X;,X5,.., Xy, be a random sample of

o 2
. imE E‘ —
size n drawn from WMD. Then, the square of sample n-e " | X2 u
coefficient of variation is asymptotically unbiased ST

ime | S T (e (%50 - {r (%54}
it (%)’
fg] Ve Ed) ey
Rt r(%Y

—| = =(cv.)?

estimator of the square of population coefficient of hence the Theorem.

iation.
\I\//Iaa:It?\:r)T?atically, lime [%} - |imE[%r—>(9)z,

n—oo H

whereX, and S are respectively the mean and variance 7 Estimation of parameters

of the sample.

Proof. Since, the sample mea(X,) is an unbiased
estimator of population megm) with variancea?/n. i.e.

EX\| =, var (X)) =0%/n (33)
Also, we have,

var (%) = E[%7] - [E (%) )2 (34)

EX’] = var (%) +[E (%))

Using (9) and (13), we can write

2[F (4217 (%49 - - (44}

~ 2

(
EXa] =
n [ (%2))°
(35)
Also, E[SF] = 02, Therefore
2|1 (283) 1 (245) — {r (254))?
ey L) )1 N e
o[ (47)]

7.1 Maximum Likelihood Estimation

Letxy, X, ...,Xy be a random sample of sibéfrom WMD.
Then it's likelihood function will be given by (37).

9n(w+3)/2 l—I in::L Xiw+2

_ BRI
HOO " ST (a2 2 )
(37)
Log likelihood function is given by:
logL (8, w|x) — {@mg(e) M|og( 2)

—nlogl ((w+3)/2) + (w+2) _Z'ngi

6 n
32 x?} (38)

Differentiating Log Likelihood function partially with

respect tof , w and equating to zero we will have the

(@© 2018 NSP
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following system of equations. "currentnoise” represents the current noise of four
resistors mounted in a combination of 3 on different
5|09L0(697w|x) o n(‘;”r:z”) _0 (39)  crematic plates.
SlogL(8.wh) O 2i=1% o > wear<-abrasion$wear
OgL (b, wiX) . o > wear
g0 2 lewitloalz) =W (@t 3/2] 1 oss 236 218 268 251 241 227 229 234

[10] 273 274 226 195 270 230 225

Dataset entitled aswear" is a vector regarding the
The above system of equations is non-linear and can’'t bemount of wear recorded on feeding four materials into a
solved manually for8 and w. In order to overcome the wear testing machine on using a Latin square design.
said hindrance, programming language R has been used
for obtaining the estimates of parameters.

x XPH29(@13)/2exp (—0x2 /2) =0 (40)

8.1 Smulation study

7.2 Moment estimator Herein, we have generated a data set of 100 observations

. from WMD with the help of Inverse transformation
The Moment estimator for rate parameéeof WMD can  method. In Inverse transformation method, random

be obtained by equating the first theoretical moment tonympers from a particular distribution are generated by

sample momen(X) as given below: solving the equatiof (x) = p, for x at preassigned values
N of parameters. Wher& (x) is the distribution function
2r (w+4)/2) =Y %/n characterizing a particular probability distribution apd
0 ((w+3)/2) ,Z\ ' is any number from the interval [0,1] i.qa ~ U(0,1).

Following the same procedures for generation of random

~ nr ((w+4)/2) 2 numbers from WMD we will have:
Bhom = 2 ( . ) (41)
I ((w+3)/2) L1 ((w+3) 9_x2)
Fo(x0,0)=1-—F%-2-=p  (42)
r==)

8 Comparison between different special cases
of WMD in terms of fitting Now, on solving the equation (42) fog at 100 different
values of p with rate parametef6) = 3 and weight
In this section, we have fited WMD to four different Parametefw) = 3, we will obtain 100 different values of
types of data sets. The considered data sets include three Since,Cdf is bijective in nature and is having a unique
real life and a simulated one. Comparison is madeinverse known as Quantile function. Therefore for each
between the special cases of WMD in terms possessinyalue of p, we will have a unique value ok e.g. if
least values of comparison criteridlC, AICC, BIC).  P=025,p=0.5andp=0.75, the resulting solutions

The R code for generating three real life data sets is a¥vill be the first quartile(Qy) , Median (Qz) and third
follows. quartile (Qsz) respectively. The equation (42) can't be

solved manually fox. Hence, the programming language

> install.packages(*faraway") R has been used for obtaining the solution of same
> I!bra.ry(farallway) . equation. The resulting simulated data set along with it's
> lightintensity <- starslight R-code is as follows:
> lightintensity
[1] 5.23 5.74 4.93 5.74 5.19 5.46 4.65 > Data<-function(n,s,t,w)
[8] 5.27 5.57 5.12 5.73 5.45 5.42 4.05 + {set.seed(s)
[15] 4.26 4.58 3.94 4.18 4.18 5.89 4.38 + U=runif(n,0,1)
[22] 4.22 4.42 4.85 5.02 4.66 4.66 4.90 + library(zipfR)
[29] 4.39 6.05 4.42 5.10 5.22 6.29 4.34 + cdf<-function(x,t,w)
[36] 5.62 5.10 5.22 5.18 5.57 4.62 5.06 + {fn<-1-lgamma((w+3)/2,(t *X"2)/12,
[43] 5.34 5.34 5.54 4.98 4.50 + lower=FALSE)/gamma((w+3)/2)}
Dataset namgd dﬁghtintgnsity" _is related to the I ]Ejoart(?_iﬁolﬁgg?g?u)‘;l? empty vector
I(c:)gz(a;ng]g]lof light intensity of 47 stars in the star cluster fn<-function(x){cdf(x,t,w)-U[il}
' + uni<-uniroot(fn,c(0,100000))
> currentnoise<-resceram$noise + data=c(data,uni$root)}
> currentnoise + return(data)}
[1] 1.11 0.95 0.82 1.70 1.22 0.97 1.60 > Simulateddata<-Data(100,1,3,3)
[8] 1.11 1.52 1.22 1.54 1.18 > Simulateddata
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[1] 1.09103 1.20576 1.41003 1.90537

[5] 1.01379 1.87957 2.02599 1.50616

[9] 1.47052 0.77178 1.01934 0.98022

[13] 1.53688 1.21804 1.64417 1.33284

[17] 1.57439 2.40454 1.21387 1.65510 z
[21] 1.98785 1.02713 1.49575 0.90299
[25] 1.09299 1.22010 0.56954 1.21629

[29] 1.81368 1.17271 1.31708 1.43837

[33] 1.32865 0.99339 1.73368 1.51502

[37] 1.68011 0.87210 1.58212 1.24569

[41] 1.72278 1.49052 1.66313 1.38941 20 Emprcatand e ety cures 200 Emprcl e iy e
[45] 1.36542 1.67270 0.63361 1.31219

[49] 1.59321 1.54373 1.31258 1.79630

[53] 1.27278 1.06696 0.79424 0.85611

[57] 1.14718 1.35410 1.50755 1.24119

[61] 1.91839 1.12252 1.29390 1.16436 z
[65] 1.49484 1.08242 1.31351 1.63917
[69] 0.82510 1.82569 1.17136 1.75493

[73] 1.17938 1.16580 1.31128 1.86427

[77] 1.80263 1.22406 1.65492 2.10077

[81] 1.26932 1.56798 1.23423 1.15687

00 01 02 03 04 05 06 07

0,010 0.015 0.020

0.005

00 02 04 06 08 10 12

0.000

00 05 10 15 20 25 30 35

[85] 1.62632 1.01510 1.56625 0.89644 200 Empasana sty cres 200 Enpetc i ety cuves
[89] 1.06781 0.93158 1.06081 0.76412
[93] 1.48514 1.82775 1.65724 1.68482 2
[97] 1.29008 1.24449 1.70621 1.44414 .
Table-3: MLE's and different comparison criteria .
MLEs g -
Data Distn. e bne  Bom -2 AIC BIC  AlCC i
WMD 36.543461 1.554255 1.55432 79.65030 83.65030 87.35(%9280 :
Light Intensity MD 0 (known) 0.117949 0.10137 161.8250 163.8250 165.6752 163.914 o | =
LBMD 1 (known) 0.157263 0.14069 148.2356 150.2356 152.0858 150.325 °

ABMD 2 (known) 0.196571 0.18021 138.1773 140.1773 142.0275 140.266

(Light Intensity) (Current Noise)

2(e): Emperical and fitted CDF curves 2(f): Emperical and fitted CDF curves
WMD 7.952079 6.746568 6.75085 2.427700 6.427700 7.3975¥8103
Current Noise MD 0 (known) 1.847923 1.64286 9.941077 11.94108 12.42598 12.3411
LBMD 1 (known) 2.463956 2.28015 7.294335 9.294335 9.779241 9.69434
ABMD 2 (known) 3.079832 2.92065 5.549149 7.549149 8.034055 7.94915 24 —— 24
WMD 59.566281 0.001085 0.00108 143.6269 147.6269 149.1728.549 R — Emperical 3
Amount Wear MD 0 (known) 0.000053 0.00004 178.4599 180.4599 181.2325 180.746 — wMD
LBMD 1 (known) 0.000070 0.00006 173.6843 175.6843 176.4569 175.970 I — [’15‘3MD A

ABMD 2 (known) 0.000093 0.00008 170.2925 172.2925 173.0651 172.578 — ABMD

F(x)
F(x)

WMD 5.105472 4.050502 4.04862 69.93130 73.93130 79.141460530

Simulated Data MD 0 (known) 1.499127 1.35267 110.6245 112.6245 1152297 112.665
LBMD 1 (known) 1.998917 1.87739 92.00237 94.00237 96.60754 94.0431
ABMD 2 (known) 2.498724 2.40475 80.89320 82.89320 85.49837 82.9340

50 100 150 200 250 300 350 05 10 15 20 25

(Simulated Data)
2(g): Emperical and fitted CDF curves 2(h): Emperical and fitted CDF curves

9 Conclusion Fig. 2: Density and distribution curves fitted to four different

. . . . types of data sets.
In this paper, various characteristic properties of WMD

have been studied and discussed in detail. Three real life
data sets and a simulated one is considered for illustrating
the validity of WMD in statistical modelling. After the

fitting of WMD to the considered data sets, different Maxwell distribution (MD). Hence, it can be concluded

measures of goodness of fit lik¢C, BIC andAICC have  that WMD proves to be more flexible and best fitted

been computed for the special cases of WMD and argjistribution in comparison to it's special cases in the
reported in table-3. The probability model with lowest cyrrent study. Therefore, distributions in the order oftbes
AIC, BIC and AICC is considered to be the best fitted fit for the considered data sets, are given as below:
model. From table-3, it is evident that WMD possesses(Best) WMD — ABMD — LBMD — MD (Good)

the least values ofAIC, BIC and AICC followed by

ABMD, followed by LBMD and then finally followed by
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The main motive behind the construction of WMD [24]R. S. Ambagaspitiya, Insurance: Mathematics and
and fitting of it's special cases to the considered data sets Economicsl6, 107-127 (1995).
was to assess its potentiality and flexibility in modelling a [25] R.A Fisher, Annals of Human Genetifs13-25 (1934).
particular data set. From the current study, it is concluded26] R.K Tyagi, S.K Bhattacharya, Estadisti¢a, 73-79 (1989).
that if there is any intuition that the observations in a [27] R.KTyagi, S.K Bhattacharya, Statisti28, 563-567 (1989).
stochastic process are recorded with probabilitied28] S. Kazmi, M. Aslam, S. Ali, SOURCE International Journa
proportional to some weight function(x, w), then it is of Applied Science & Technologg, 197-218 (2012).
better to contemplate on the need for studying weighted
distributions and their application in modelling.
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