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1 Introduction and

e 2tet 2 t"
Let f(t) be a formal power series ih. The Appell = ZOG“(X) — (|t] < m).
polynomialsAn(x) defined by €+l g n!

o tn In this sense, the Bernoulli numbeB, := B,(0), the
f(t) e = Z}An(x) n 1) Euler numberg&, := 2"E, (%) and the Genocchi numbers
= Gn := Gp(0) have found considerable applications in
have found remarkable applications in different branchegNumber Theory, Special Functions, Combinatorics and

of mathematics, theoretical physics and chemiszrg4]. ~ Numerical Analysis. It is clear that

Three special cases of these polynomials are the Bernoulli ¢ ® {n
polynomialsBn(x), the Euler polynomial&s(x) and the —_— = Z}Bn — (t| < 2m),
Genocchi polynomials 19 Gp(x) (see [L9]) that are -1 & n

generated by choosing id)(the following values off (t):

2¢ 1 © " m
t 2 2t -~ =Y E,— t| < =
= — = — = — |
f(t) a1 f(t) a1 and f(t) L e24+1 cosh nZO n! ( 2)
respectively, so that we have and
2t d tn
tet d t" —— =Y Gy — (It| < m).
_— = — d+1 !
a1 nZan(X) o (t| < 2m), + nZO n
The Apostol-Bernoulli polynomials defined by
2et d t" tet d t"
siimyEW g (W<m ré 1= 3, AN
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(AeC;|t|<2m when A=1;t|<|logA| when A #1),

where %, , ‘= %n(0;A) denotes the Apostol-Bernoulli
numbers, were introduced by Apostd] [see also 22))

in order to evaluate the Hurwitz-Lerch zeta function
®(zs,a):

00

®zsa) =3

n=0
(aeC\Zy;seC when |z <1;0(s)>1 when [7=1)

for negative integer values o, Z, being the set of
non-positive integers. Apostadl] gave several elementary
properties of #n(x;A) including (for example) the
following interesting recursion formula for the numbers
ﬁn‘)\:

2
(n+a)s

oK
&

whereS(n,k) denotes the Stirling numbers of the second

kind defined by
(_1)k K i(K in
(=D )i
ki ng ]

The Apostol-Euler polynomialé,(x; A) and the Apostol-
Genocchi polynomial&,(x;A) are defined, respectively,

(—A)"

P (A — 1)k

= Sn—-1k  (A#1),

S(nk) =

by
26t d L tn 1
reri- 2eh g (U< loa-))
and
2tet d t"
Fa1 = 2 A06A) o (< fleg(=A)]).
where
éna = 6n(0;1) and 9, ==%(0;A)

extensions and generalizations, see (for exampgle] %],

(61, [7], [9], [10], [12], [19], [16], [17] and [23].

Our present paper is organized as follows. In Section

2, we introduce a parametric type of the
Apostol-Bernoulli polynomials  %n(x;A), the
Apostol-Euler  polynomials &n(x;A) and  the

Apostol-Genocchi polynomial$/y(x;A) by means of
three separate generating functions. In Sectirnwe
obtain several basic properties of the introduced
parametric Apostol-Bernoulli polynomials and, in
Sections4 and 5, we simply record without proof the
corresponding basic properties of the introduced
parametric  Apostol-Euler polynomials and the
Apostol-Genocchi polynomials. Finally, in Secti@h an
application of the introduced polynomials is presented by
computing some new series of the Taylor type involving
the Apostol-Bernoulli numberss,, 5, the Apostol-Euler
numberss;, ) and the Apostol-Genocchi numbefs,) .

2 Parametric Type of Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi
polynomials

We begin by introducing the binomial convolution of two
sequences, andby, given by

n=
so that, by the Cauchy product, we have

) tn
Ch R
25

where ¢, denotes the binomial convolution of the
sequences, andby, defined as follows (sed §):
n n

n n
n = anxbp = b= _by. 2
S k;(k)ak ) k;(k)ankk @

For p,q € R, it was proved in 20] that the Taylor

At)B(t)

denote the corresponding Apostol-Euler number and theypansions of the two functions Ple cogqt) and

Apostol-Genocchi numbers, respectively.

et sin(qgt) are given by

Recently, many authors studied these Apostol type

Bernoulli, Euler and Genocchi polynomials and the
corresponding numbers. In particular, Cenkci and Gn [
considered a g-analogue of the Apostol-Bernoulli
polynomials%n(x;A). Luo (see 13] [14]) computed the

[°) tk
t — J—
ep Coiqt) - kzz Ck( pa q) k'

and

Fourier expansions and integral representations of the

Apostol-Bernoulli - polynomials %n(x;A) and the
Apostol-Euler polynomialg,(x;A). Prévost 21], on the

tk

ept Sln(qt) = z S((pv q) Fa
k=0 '

other hand, investigated the Padé approximation for these

polynomials. Also, in §] and [11], a g-extension of
Apostol-Euler polynomialséy(x;A) was studied. Other
notable developments involving these Apostol type
polynnomials, including also the Genocchi and
Apostol-Genocchi  polynomials, and their various

where

(5]
Ck(p,q) =

J:

o) ©
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and

[

_ k _ _
Spa)=Y (-1 ( , )p“‘lqz‘“- (4)
1;) 2j+1

By noting the definitions ofCn(p,q), Si(p,q) and the
Apostol type numbers%,,, &,, and ¥,,, we can

introduce two parametric kinds of Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials as

follows:
20 (P.GA) = ZoaxCo(pa)  and B (p.giA) = ZnaxS(p.a). (5)
EI(P.GA) =6 +Ca(pa)  and  ET(P.GA) = xS(P.G)  (6)
and
GO (P.GA) =% +Ca(p.)  and G (P.GA) =% +Si(p.a),  (7)
whose exponential generating functions are given
respectively, by
P cosa - §O%é°)<p.qm‘n—", and % i - 5 A pan 2 e
n= - = !
2 o) - §O£n(“><p.qm§ and 2 i - foﬁ.ﬁs)(p.qm‘n—n, ®
n= g = !

2tePt il tn
S cosat) = > A% (p.ci) o
n=0 }

pt © n
and 22 singqt) = > 49 (pg:2) ‘W (10)
n=0 y

el
A1

Hence, according to the relatio?)(we can representthese
polynomials as follows:

(c Af"n“, a2 _/\:”na,
(p.g:A) k;)()»*‘nfk,/\ck(l’-m and Zn” (p,G;A) kzo(k)Anfk,)\ﬁﬂ(p»CI)» (11)

n n
eﬂﬁ”(p.qm:kzo(:)ﬁn,k_Ack<p.q> and ﬁés)(pqm:kzo B

(Dnsasea
and

n
4700 3 (()h-kacoa s 4 pan- as)

éo (D) ncrscpa.

We note from the above equations that

29 79

3 Basic Properties of 2\ (p,q;A) and
A (p.GA)

Proposition 1 For every ne N, the following identities
hold true

ABY (14 p,iA) — 2 (p,G:A) =nG1(p,q)  (14)
and
ABE (1+p,gA) — B (p, g A) =nS1(p,q), (15)

N being the set of positive integers aNg := NU{0}.

Proof. We have

_te"(Ad —1+1)
e -1

© L

Cn(p,0)

cogqt) = te” cogqt) +

IS no e
Zj/? (1+p.GA) Ta 7 cosay

+§DJ<° qu)

n=

_chn1p7 —+ZDQ9 pq/\)n,,

8

'which proves the first assertioi4). The proof of the
second assertiori ) is similar.

Corollary 1 The relationg14) and(15) imply that

ABy (LG A) = By 1 (0,GA) = (2n+1)(-1)" 6"
and
ABY (LgA) — #5(0,G;4) = 2n(—1)" L gL,

Proposition 2 For every ne N, the following identities
hold true

D /n
A (p+ragr) =Y <k>%’§c)(p,q;A) Mk (16)
K=0
and
(s) - (M L0 n-k
n(p+r,q:A)=% 2 (pgA) e (17)
& \K
Proof. We apply the relation8) to obtain

d ept
2©) .
n;ﬂn (p+r.,q,/\) nl (Aé 1cos<qt>

n

(p.O:A)=Zn(pid), &7 (p.OA)=tn(piA)  and (P.0A) = Zn(piA). _ %(ZD( )ngc) DA ) :17
Thus, for example, we have .
P which proves the resultlg). The other resultl(7) can be
I 29 1 4© 2-2 ) roved similarly.
29 (=0, (p.aA)= 7 an - 2 1) e p y
2 pain) o, A9 pan—o, o pan =2 Corollary 2 Itis asserted that
(c) (c = 2 +2 B 22 n_l
(pan- 31 PN 12 P e (©) . ©)(n o n\ .
49 2214012 5 M2440 2214012 5 222 " (P+1LGA)—Zn"(p.GA) = Z) k 93k (p.G:A)
(Pad) = 3 P 3P 3 3 k=
A+1) A+1) (A+1) A+1)
() (0 g n)— ® 2 9 ahrdg 4
&7 (paa) =0, Apan- 7. &7 pah = R P G and
/O 0 o 9 (0 o 2 (© gy A +4 4 n-1
7\ (i) =0, 2% (pgA) = —— 957 (i) = - . n
0 1 JEEN 2 A+rn2 T ar12 :%r(]S)(p_'_l’q;)\)_:%SS)(p’q;)\): Z ( >93|(<s>(p,q.)\)
99 (pgr)-o, 99 (pgr)-o, <¢2<s)(p.q:/\):%. K=o k
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Now, by combining these results and Propositipwe
find the following recurrence relations:

(C) 1 n-1
Bn'(p,qA) = 1 {ncq 1(p,a)—A () (p,g; A)}

k=
(18)
and
Sy y— [nsnl(p,q)—A:Z; (E)%ﬂp,qm},
(i9)
where

20 (p,g;A) = 25 (p,g;A) =0,

Proposition 3 For every ne N, the following identities
hold true

4 (c) . _ ) .

0—p{<@n (P.GA)} =nZi(paA),  (20)

9 {00 axy| —

3120 (PaA) | = -nZi(paid), (D)

9 290l —nz® (n o

ap{%n (p7q!)\)}_ ‘@n_l(paqv)\) (22)
and

9 {290 gl —nz© (oo

d—q{% (p,q,/\)}—nﬂnfl(p,m)- (23)
Proof. In view of the equationg), we have
S s {Aman} 5 - ;;eft cotat) = i%ﬁm:ﬁ o

Y 1(p.aA) ZM (P, GA) —

which proves the resul20). The other results2(), (22

Furthermore if they are considered as polynomials in the
variable g then

(-1 AN oo (N-3)(-1)3 /0

A1 n(nle)(p’/\ifl)q 2+2 A1 (3)
AP BMA+Dp AN+

29 (0. ‘[p37m+ a7 (A-1@ ]q e

P’ (P, qA) = (n even

3(-1)7 n) [?27%
n o

AA+D)]

(26)
and

)52 13 2p  ARA+D)
ny 2 n-1, 312 (Mo 2Ap D\ -3
= R Y (3)(" )\—1+(/\,1)2>q
2 (p.qA) =

(,1)'371 - 1) (p7 71) 2 % (g) (27)

4.

‘p373)\p2 3)\()\+1p7/\(/\2+4/\+1)
A-1 (A-1)2 A-1)3

(n odd).

Proof. We first prove 24) by applying the principle of
mathematical induction om Indeed, it is known fromX(8)
that

1
%§°)(p,q;A)=m,
2 2
P (p.aA) = Ry
and
6 3 3A(A +1)
A (p.aA) = - 1p2—(A_1)2p—A_1q2+ 310

Therefore, the assertio24) holds true fom= 1,2 3. We
now assume that it is valid for— 1. By referring to 20),
we have

9 (20 gl _NN=1) no NN-1)(N-2)A , 3
dp{ﬁn (P.aA) | =" p a-1r P

In order to complete the proof, it is sufficient to integrate
the above equation with respect to the variapléo get
the result 24). By virtue of the relation Z3), the result
(25) can be derived similarly.

To prove @6), we suppose that it holds true for

and @3) can be proved similarly. 1,2,3,--- ,n—1.If n=2m, then from (.8) we have
" . (©) c 1 m-1 2m—1 1
Proposition4 The polynomials %y’ (p,g;A) and ggr%(p7q;/\): —~ l2m Z)(_l)k p2m-1-2k o2k
r(f)(p,q;)\) are, respectively, of degreesl and n— 2 A-1 K= 2k
in the variable p It is also asserted that 2m-1
(n—1)A 4%( ) qu)]
(©) ) n-1_ NN n-2,
(24) Hence, clearly, the coefficient @™ 2 in the right-hand
and side of £8) is equal to
i _1\m-1 2m-1 m-1-2m+2 2m <2m71)(71)m—1
(o)~ N0=29 o n-DM-2R p5 raen (G o) v Aams)
7 A-1 (/\ - 1)2 = (=™ 2m(2m—1) (pf L)
(25) A-1 2-1
(@© 2018 NSP
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and the coefficient of?™ 4 is equal to

)\—il [2m<71)m*2 @2:3 v’ 7’\{ <2niT 1) 35\11); <2m37 l)
(e )

<2nfm2 — D" om—2)(2m—3) (pf ﬁ)
* <2m 3) (;,71)2”

_ (2m;37)(171)m (2;1) <p37 Ai)\ ) 33)\({;&) 3 A(A(Zl\t?); 1))

So, the assertior26) is true forn= 2m. In the second case,

takingn=2m+1in (18), we get

1 2m .
B 1 (p.GA) = 1 {(ijL 1) z (1) <2k> pAm-2 2k

k=0

) ;(zm“)ﬁ“ pqm] (29)

Hence, clearly, the coefficient gf™ in the right-hand side
of (29) is equal to

A 1 1{(2m+ 1)(~ 1)m<§2)] _ W“

and the coefficient of?™? is equal to

(2m+1>(71)m’1( m )p A{(Z'Tz‘#) ( Al)mr 2m(zm—1) (p %1)
) e

SRV e i)

which completes the proof 026). By combining £3) and
(26), we can also obtain the resultd).

.
-1

Proposition 5 The following identities hold true

n-1
© (o 'zl n (© 2k
n (P, A) = %(—1) ok ) P a(P.0:A)a™ (30)
k=
and
(2]
5 (pA) = > (—1)"(2err 1)%,§5>2k,1(p,0;)\)q2"“7
=0
(31)
in which

B (p.0A) = By a(pid)  and BV (p.0A) = Bo a 1(piA)

are the Apostol-Bernoulli polynomials.

Proof. According to 1) and @3), we first observe that

;:zkk{ Poan |-k g Aman  (orz- 27

becaus%’n (p,0;A) is a polynomial in the variablg of
degreen for evenn and of degreen — 1 for odd n
according to Propositio®. The Taylor expansion of

2V (p.g;7) gives
1 9k {

2 (p.q+hA) = zw o

' (p.aia) bk

in whichh € R. Since
¥ (p,0;4) =0

for everyn € Z*, by settingg = 0 andh = g, we obtain
the assertion30). In a similar way, the resul3() can be
derived.

Proposition 6 Ifme N, ne Z™ andA > 0, then

29 (m AR =m 1y A ( 5 ﬂ )
Ra; % n B\ (p+ )
(32)
and
k q
mh 1 m ~ M
(mpgqx\ 20/\ BE ( mm/\)'
(33)
Proof. To prove @2), it suffices to consider the following
relation:
S A% 20 kg, "« te(Prm)t qt
2 A ('”mm ) =" ra1 o(in)

and then take a sum from both sides of the above equation
to obtain

m-1 k (© kK q tn
kzo{pm‘?"( 5505
m-1, 1 t\k

AMmem

n) &, (17eh)

© 1\ (N
cos(ql) 5 min () (mpq:Am) ‘n,‘

()
T 1
mem —1

In a similar way, we can proveg).

=m

>

In the next two sections, we just present the
corresponding basic  properties of@@n (pq)\)

E(p,gA), %9 (p.gA) and 4 (p.q;A). The proofs
are similar and will, therefore, be omitted.

4 Basic Properties of 6% (p,q;A) and
22 (p.g;A)

Proposition 7 For every ne N, the following identities
hold true

A& 1+ p,gA) + 67 (p,gA) =2Ca(p.a)  (34)
and and
%{%ﬁ”(p.q;m}:(—nk*l( o5 A acapan) (ko2 [2]) )\a?n (1+p,q; )\)+£,§ )(p,q;/\) =2%(p,q). (35)
(@© 2018 NSP
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Corollary 3 The relationg34) and (35) imply that Proposition 10 If 6% (p,q) and &% (p,q) are considered as
polynomials in the variable ghen they are of degree n and-1,
2SS (LqA) +E9(0,g,A) =2(—1)" ¢ respectivelyand it is asserted that
and © g e 2 g 2 aa
én (PGA) =5 1P 2P +
Aéa2n+1(1 g )‘)+éazn+1(0 GiA) =2(=1)" g™
and
Proposition 8 For every ne Z*, the following identities
hold true &9 (p.agA) = /\ziql phl 2”((;\‘; 32)‘ p24 ..
D /n
&9 (p+r.gA) = %<k>oﬁf°(p,qmr . .
k= Furthermore if gn( )(p,q) and 5,1( )(p,q) are considered as
polynomials in the variable ,ghen
and
n-1 ntl
N /n (D Z o0y A )t 20 2
éan(s)(p—k r,q;)\) = Z (k) glfs)(p,q;)\) r“‘k. ’ <r11>< 3(7£ 1>3/\ (- 1)pA /\](./\2—4/\+1))qn,3+__
k=0 A% (paia) = : o G427 (+3° (n odd)
Corollary 4 Itis asserted that A o 1™ an- 1) LI
A+l A+l A+l A+1
(n even
&9 (p+1.42) — 4% (p.aA) = nf )6 (p.aih)
’ ’ Lo \k/) K and
-1 ntl
and ey e 2e e
n—1 (n odd)
n s
&I Pp+1,aA) - &7 (p.gA) = > (k) & (p.aA). SR P SRR PP
k= )\+nl 37£1 3)\()\—1)p)\j:;\()\2—4/\+1) N3,
o . (3)(,) P ) R 1 A 1K Jas
Now, by combining these results and Proposifipwe (n ever).

have the following recurrence relations:
Proposition 11  The following identities hold true

1
#par) - 1 v a3 (1) 4 pa A)] 4
n
&par) =y (—1)"(2k> 6\ (PO:A) o
and k=0
Cy- 1 el \ A and
gﬂ (pvq'A) ﬁ 23‘! l(p7 ) A z k éak (p7q1A) )
K=
(s) 'z k n (c) 2k+1
where E7(p,gA) = kZO(—l) <2k+1>é"n72k71(p,0;)\) g,
P 2 CYRIN -
(P.GA)=5—7 and &7 (pgA)=0. i which
Proposition 9 For every ne N, the following identities hold é",ff)zk(p,o;)\) =&n-k(PA)
true: and
( . .
ai {&@%(par}=ng(par), 6371 (P.0iA) = 61 (PiA)
P are the Apostol-Euler polynomials.
4 (c) . _ (s) . Proposition12 If n € N, A > 0 and m is an odd positive
aiq {gn (p>q1)\)} - _ngnfl(p7qvA)7 integer, then
4 &9 (mpaam) 'S L1k A O (,HE ﬂ-A)
—{éﬁs)(p,qﬂ)} =n67 (p.g:A) T 2 ’ m’m'’
ap n
and a.nd
4 (s) . _ nel© . () L et Ky K o k q,
g1 (PaA) | =nG%(paiA) a9 (maaah) =5 Cufah g0 (pe L)
(@© 2018 NSP
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5 Basic Properties of %\% (p,q; A ) and ai {%(S)(p,q;)\)} =g (p.g;A)
I, P
n(P,asA) and
Proposition 13  For every ne N, the following identities hold . {% (p,C]'/\)} _ ngrgf)l(nq;/\).
AR (14 p.GA) + % (p.GA) =2nC1(pg)  (36) N " "
Proposition16 If %’ (p,q) and %7 (p,q) are
and considered as polynomials in the variabletpen they are
A%@(M— D.GA) +%(s>(p’ GA) =208 1(p.). 37) ?r::{egrees A 1 and n— 2, respectivelyand it is asserted
Corollary 5 The relationg36) and (37) imply that 2n o2nin—=DA
g (p7q)\) )\+1pn 1 (/(\+1))2 pn 2+...
A0 (LGA) + 9501 (0,g:A) = 2(2n+ 1)(~1)" 2" ;
an
and 2n(n—1)q ny _ aA
4 (p.GA) = pri-1 s P
AZS(L,GA) + 94 (0,6:2) = an(~ 1) . o ()%

Furthermore if %\ (p,q) and%® (p,q) are considered

Proposition 14 For every ne N, the following identities hold as polynomials in the variable, ¢hen

true:
n (—1)% an(n— 1)(;77 e 2+z(n73)(71)3
(c) Oy n\ (c . n—k s i1 31
Worian =3 ()4 Gans OO
ﬁrgc)(p.q:/\): (n eve)
and
n—1 ntl
n 2n(-1) 2 iy 61 2 (m\(2_ 2p  AQA-D 3
%fns)(p-i-l’,Q.A) = z (E)gk(S)(p7q|A) rnik- At A (3>( A ()\+1)2>(n odd)
k=0
and
Corollary 6 Itis asserted that n32 n
a1 2 a1, 612 (n)<2 2p /\(/\*1)>qn—3+,,.
n-1 A+1 A+1 \3 At a2
g(q 1TaA _g(c) A) = n g(c) ‘A (n even
n (p+ 7qv ) n (p7qv ) 2 k “k (p7qv ) 2 nt+l n-1
=) (. (D7 (o A ) g2, 203D 2
aig 2nin- <2p/\ )q * , A1
3 BA(A -1 AAc—4X +1 n—
and <3)<p3—/\—fl+ (/\(+1))p7 ((/\+1)3 ))q 4+( »
n-1 '
%ﬁs)(er LgA) —%S)(pﬂ;)\) = Z (E)gk(s>(p,q;)\). Proposition 17 The following identities hold true
K=0
7
Now, by combining these results and Propositl@we can (© A — k(M p© ) o2k
derive the following recurrence relations: G (P.GA) k:O( 1 2k Y0P, 0:A) g
4 (p,q;A) = % 2nCy-1(p,q) —A Z ( ) k(c) pq)\)} and
(s) bl k( N (© 2k+1
and G (P gA) = k; (-1) <2k+1)€€n2kl(p,0;)\)q ,
@ . M e ; ;
%% (p.G:A) = A 2nS,-1(p,a) - Akzb<k)€k <qu)} in which ©
- Go(P,0A) =G k(piA)
where and

G (P,OA) =% 2 1(PA)
(c) A (s) N n—2k—1(PY; n—2k—1(P;
% (PGA)=0 and  %"(p.GA)=0. are the Apostol-Genocchi polynomials.
Proposition 15 For every ne N, the following identities  Proposition 18 Ifn< N, A > 0and mis an odd positive

hold true integer, then
1 Mt K k g
2L p.an} = p.ar). 4 (mpaAn) =nf L z<—1>kAm%<°>(p+M;A)
ap o
and
9 [ 1 o () D2 L1 ik E (9 Lkoa.
3 A7 (P.GA) | = 2P N, 7 (mpaian) =mt 5 (ARG (pr [ ih ).
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6 New Taylor Type SeriesInvolving the Thus, upon setting = Z, we obtain
Apostol Type Numbers B (]
%n,)h éon7,\ and E4n7/\ cos(%)ﬂsin(%n) —2% ,Zo( 1) <2kj>+'2 5 ,Zo (-1 <2jk+l>"

One of the applications of the relatior®,((9) and (0) is
that they can be considered as the Taylor expansion ovhich leads to the relationst4) and @5). The relations
some special functions about 0 involving the Apostol  (46), (47) and @8) are also clear by noting the relations
type numbers#, 5, &) and%, ,. In other words, upon (3) and @).
substituting the relations1(), (12) and (3) into the  We now consider some particular illustrative examples.
relations 8), (9) and (0), we find that

Examplel In (38), we takep = 0 andq = 1. Then, by

£, (tp.a) = ,\;e[il cogat) = i Li B aC(p, q} ;—n, (38) noting @6) and @7), we obtain
ff}%(t;o,l) = )\ettfl cost = 3 {n (E).%H,M cos(k?nﬂ 2
© teft [ tn n=0 [k= n
o5 (tp.0) = 55— sin(a) = L Caer () Q} e @9 3] {
n= ) < ny "
-3 [kzb(ZK)%nZM 1>} .
1, p.0) =~ cosat) = § cmal & o
aatPa) =377 2 k Sk n’ Therefore, we have
© 2et ° tn ' ocos— S [%](71)k (”)% v
feattpd) =37 sm<qt>:n: L Sk Cl pq} N @D A1 pa kZO 2k) A |l
- . . as well as
fic)A <t p q) Aée+l COS(QU = |:k (E)gn—k,/\ck<pv q)} :T' (42) [n_gl] n
o [{& : t I k( N\, t
and Ad — sint = S [kZO( 1) (2k+ 1) 'gnZkl,)\] o
5p.0) = 2o sinat) = ;{z (E)%fmckmq)} L@
oL 1 oo [%] (_1)k n tn
whereCy(p,q) andS(p,q) are defined ing) and @). el cost = > <2k> En—2kA R
In order to evaluate the above functions for some specific n=0 | k=0 ’
parameters, we first prove the following identities:
k krt 1 oo [n;zl} (_1)k n tn
.p) =22 pfcos| — ), 44 int — v
Ck(p,p) p < 4) (44) Yoo St 2 LZO 5 (2k+1)éan72k71,)\ i
k K kT[
S(p,p) =22 p"sin{ -], (45)
0 [%] k n
t (=% /n t
k7T cost = [ ( )gn72k,)\ —
Ck(07q) _ qk 003(7) , (46) Ad 41 n;) K=o 2 2k n!
and
. (kT _
S(0,0) = o sm(;) T 1 N . n
sint = i
rer1 ZO L 2 (2k+ 1) Gz o
and n=01] k=

C(p,0)=p* and S(p.0)=0. (48) Example2 Puttingp=q=1in (38), we get
Itis easily observed that i

f(C> (t1,1) = ] cost = 20{2022 ( ) - k,\coskn} —.
cosk +isin(kf) = (cosGHsmG) n

( ) (sind)? (cosd)* 2 In a similar way, we have

oMﬁ

tn

(2] ‘ te _krmt
i i in6)2i 1 (cose)- 21 smt 22 PBh— kA SIN— | —,
+i 1; (-1 (2]+l>(sm )21 (cosh) e _ E E 7|
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¢ 21Z k4 (n kit | t"
Y COSt_nZO LZOZZ (k)éank”\ COS(I)} o

¢ : S|& k4, /n (k| t"
Y] sint _nzo L(;ZE (k) En—k SIH<Z>] R
te S|l ki /n kit | t"
el cost_nZ0 LZOZZ <k>g"“ cos(jﬂ o

and

. hd n kK_q n . T tn
Fran] sint = nZO LOZE (k>%_k,A Sm(?)] =
7 Per spective

In this paper, we have introduced a new kind of
parametric Apostol-Bernoulli polynomials, Apostol-Eule
polynomials by [14] Q.-M. Luo, The multiplication formulas for the Apostol

polynomials and Apostol-Genocchi

defining six special generating functions. We have

[6] Y. He, S. Araci and H. M. Srivastava, Some new formulas for
the products of the Apostol type polynomiafgjv. Difference
Equations2016 (2016), Article ID 287, 1-18.

[71Y. He, S. Araci, H. M. Srivastava and M. Acikgdz, Some
new identities for the Apostol-Bernoulli polynomials arnet
Apostol-Genocchi polynomialsAppl. Math. Comput262
(2015), 31-41.

[8] K. W. Hwang, Y.-H. Kim and T. Kim, Interpolation functian
of g-extensions of Apostol's type Euler polynomialg,
Inequal. Appl2009 (2009), Article ID 451217, 1-12.

[9] L.-C. Jang and T. Kim, On the distribution of tlegEuler
polynomials and thg-Genocchi polynomials of higher order,
J. Inequal. Appl2008 (2008), Article ID 723615, 1-9.

[10] T. Kim, On theg-extension of Euler and Genocchi numbers,
J. Math. Anal. Appl326 (2007), 1458—1465.

[11] Y.-H. Kim, W. Kim and L.-C. Jang, On thg-extension of
Apostol-Euler numbers and polynomiakbstr. Appl. Anal.
2008 (2008), Article ID 296159, 1-10.

[12] D.-Q. Lu and H. M. Srivastava, Some series identities
involving the generalized Apostol type and related
polynomials,Comput. Math. Appl62 (2011), 3591-3602.

[13] Q.-M. Luo, Fourier expansions and integral represiota
for the Apostol-Bernoulli and Apostol-Euler polynomials,
Math. Comput78 (2009), 2193-2208.

Bernoulli and Apostol-Euler polynomials of higher order,

systematically investigated some basic properties of each _Integral Transforms Spec. Fun@0 (2009), 377-391.
of these parametric Apostol-Bernoulli polynomials, [15] Q.-M. Luo and H. M. Srivastava, Some generalizations

Apostol-Euler  polynomials

new series of the Taylor type containing

Apostol-Bernoulli numbers#,,, the Apostol-Euler

numberss;, , and the Apostol-Genocchi numbéfs, .
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