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Abstract: In this paper, we firstly consider the properties of Genogdtynomials, Fourier series and Zeta functions. In the ighec
cases, we see that the Fourier series yield Zeta functiommsn Rere, we show that zeta functions for some special vataes
be computed by Genocchi polynomials. Secondly, we consfteFourier series of periodic Genocchi functions. For autexes
of Genocchi functions, we construct good links between @ehiofunctions and Zeta function. Finally, since Genocahidtions
reduce to Genocchi polynomials over the interiall), we see that Zeta functions have integral representatiotesrns of Genocchi
polynomials.
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1 Introduction and

1 00 o1 e—t dt
Fourier series plays an important role in the principal (9= m/o 1_et
methods of analysis for mathematical physics,
engineering, and signal processing. While the originalwhererl” (s) is Gamma function fotle(s) > 0 withse C
theory of Fourier series applies to periodic functions known as .
occurring in wave motion, such as with light and sound, r(s) :/ t5-letdt (see L1)).
its generalizations often relate to wider settings, such as 0
the time-frequency analysis underlying the recent theorie

of wavelet analysis and local trigonometric analysis. ., erging series representations for the Riemann Zeta
Hurwitz found the Fourier expansion of the Bernoulli function ¢ (s) at s = 2n+ 1. We also note that the

polynomials over a century ago. In general, FOUrierge o i numbers are interpolated by the Riemann zeta
analysis can be fruitfully employed to obtain properties of ¢, tion at negative integers, which plays an important
the Bernoulli polynomials and related functions in a role in analytic number theory and has applications in

simple manner. Very recently, the Fourier seriesyp,qjoq  propability theory and applied statistics, as
expansions of some special polynomials have bee ollows:

studied in details, sed]J[8].

The Riemann zeta function is useful in number theory for
investigating properties of prime numbers including
special function of mathematics and physics that arises irwhereB,, stands for Bernoulli numbers defined by means

Srivastava 13,14,18] developed the family of rapidly

Bn
¢=nm= _n:i

definite integration given by of the following generating function:
(9= L (seC;De(s) > 1) (1) S Bl =L (| <2m)
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A few Bernoulli numbers are listed below: (see P1,[10],[16],[17,[19],[20],[21]). In the special cases,
we have
B—1B——}B—}B——iB—i
0— 4, b1 — 2; 2—67 4 = 307 6_427 _Gn+1(X)

Hn(x,—1,1) := En(Xx)
and n+1

Boni1=0 forn>1

(see p],[6],[11], [18], [22] for detalils).
Euler also gave the following interesting equality

where E, (X) and G, (x) are called, respectively, Euler
polynomials and Genocchi polynomials. These
polynomials in the value = 0 reduce to Euler numbers
(Zn)z,](_l)nﬂ and Genocchi numbers denoted IB84(0) := E, ve
S 2 By, n=0,1,2,---. Gn (0) := Gy, cf. [8],[22.

2(2n)! Recently, Araci and Acikgoz have derived Fourier
xpansion of Apostol Frobenius-Euler polynomials in the
aurent series form, as follows:

Z(2n) =

From here one may see that Riemann zeta functions aﬁ
even natural numbers can be computed by using this

equality (see4],[5],[11],[13],[14],[18]), for example, u—1 U X
HOcud) = =——=nt (2)" 5 aw@A.uZ ()
(-2 2@-T =T u -
( )’_ _'iv ( )’_ 7;7 ( )’_ 567'“
where
A andp functions are also defined, respectively, by
d 1 25-1 Tix 1
A=Y ST {(s) (seC;0e(s)>1) z=e™anday,(A,u)= < (see B]).
—0 1k — A
" @) (2rik—tog (§))
and
©  (_pm In the special cases of the parameterand A, one can
=9 — L _ (seC:DOe(s)>0 3 easily derive that
B n;o (2m+1)° ( &>0 6 Fourier expansion of Euler polynomialS[[[8]):
(see f],[5)).
A further generalization of Riemann zeta function is on! e2mi(k+3)x
Hurwitz zeta function given by Hn(x,—1,1) :=En(x) =

22 (e p
{(sa)= Zﬁ:oﬁs (seC;0e(s) >1;a#0,-1,-2,---).
Fourier expansion of Genocchi polynomials
Obviously that {(s,1) := {(s) (see [L1]). Digamma ([1],[8]):
function is also known as
i k+l)x
. d . I—/(S) . _ . - 2n| 62 ( 2
W(s)= gslogl (s)= 75 (s€Cile(s)>0) NHn-1(x,—1,1) 1= Gn(X) = 2" kgz ki)™ (6)

which has integral and series representations, resphgctive In this paper, our main focus is going to be Genocchi

as follows: numbers and polynomials whose history can be traced
® /[ @=X e back to Italian mathematician Angelo Genocchi

W(s):/o <7+e—x—1) dx (1817-1889). From Genocchi’s time to the present,

Genocchi numbers and polynomials have been

and extensively studied in many different context in such

1 = /1 1 branches of Mathematics as, for instance, elementary
Y()=—-y—=+ Z (E — k—) (4) number theory, complex analytic number theory,
S & +s Homotopy theory (stable Homotopy groups of spheres),
differential topology (differential structures on sph&re
theory of modular forms (Eisenstein series)p-adic
analytic number theorypfadic L-functions), quantum
physics (quantum groups). The works of Genocchi
® {n 1-u numbers anpl their combinatorial relat_ions have received
ZOHn (XUA) — = ———& (U#ALA#LUu#A) much attention 1,3,7,12,15]. For showing the value of
= nt Aé-—u this type of numbers and polynomials, we list some
properties known in the literature:

wherey := 0,57721.. is Euler-Mascheroni constant (see
[11]).
Apostol Frobenius-Euler polynomials are known as
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- Theorem 1The following equality holds
—Series representations of Genocchi polynomials

arising from its Fourier expansion (seg)f on) — 1 (2m™ (—1)”G
n o e el vy R TR
Gon (¥) 4(—1)"(2n)! Z cos((2m+ 1) nx) o
2n (X) = ;
" e = (2m+ 1)2n which seems to be a similar formula given by Euler as
4(-1)"(2n+1)! & sin((2m+ 1) 1x) follows
e o 2 2m 17 Clom — 2T

2(2n)!

— Generating function of Genocchi polynomials (see Proof. Substitutings = 0 into Eq. ) yields

[7], [19)):
o n " (—1)" 2 1
2t ——~ — _— =
> 6ol oy = gy a7 o amap A
By using well-known equaliton = 2(1— 4") Bop in [14],
B we have
— A few Genocchi polynomials (se&][[15): n(_1\"
A (2n) = 7"; ((Zn)l!) (1-4")Ban. 9)

Go(X) = 0, Gy () = 1, Ga(x) = 2% 1, Gy (x) = B 3. Thus, from (p]) and ©), we complete the proof.

Theorem 2The following equality holds true

B (—1)" 2+t 1
- | . . B+ D= Zonor Gz )
—The symmetric property for Genocchi polynomials

(see [1],[19]):

Proof.It is proved by using?) for the valuex = 1. So we

omit the proof. 2
Gn(1—x)=(-1)"Gn(x).
Theorem?2 shows thatf functions at odd positive
integers can be computed by Genocchi polynomials at
_ x= 3, for example,
—A recurrence relation for Genocchi polynomials (see

[71.[19)): 5(1)2273(3):_...'

_ n+1 o _ _ n—1
(=177 Gn (%) = Gn () —2nx Recall from Eq. 8) that forx € R

[ee]

The n—th periodic Genocchi function may be introduced Gonia (X) = (=1 (2n+ 1)1 Z sin[(2m+ 1) ¥

in the following way: So((2m+1)m> L
10)
Gn(X) :=Gn(x),(0<x< 1) andGy (x+1) = —Gn(x) (XER) When x > 0 we can derive uniformly convergent
, ~ i series forez%ﬂx) from (10) and integration from zero to
(see 1]). Note that the period 0B, is 2 since infinity using the well-known formula in complex
Gn(X+2) = —Gn(x+1) =Gn(x). analysis
* sin(ax) m
——dx=— 0). 11
| a7 @0 1
2 Main Results Theorem 3For n € N, we have
Now we are in a position to state and prove the zeta ¢ (on41)— (=" /°° Gani1 (X) o
functions and the uniform integral representations for (2n+ 1)1 (2201 1) Jo X
Genocchi polynomials as follows. (12)
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Proof.By (10) and (L1), we see that

/‘ Goni1(X) dx — "(2n+ 1)1 2 1/ sin[(2m+1) nx]d
0 X ((2m+1) m)*"* X
_ 4(-1)"(2n+1)! i s
7-[2n+1 & 2m+l 2n+1 2
_2EnT @, oy

2

which, from @), gives the following relation:

4 (—1)" ® Gons1 (X)
(m+MQMH—DA x o

{(2n+1)=

Thus our assertion is proven.

Theorem 4The following equality holdstrue

o G n )
S5 22 dx = [ Gany1 (X) <>—1< — k=1 m) dx.
(13)

One may see that this equality is closely related to E). (
So we derive that

w(%l) _W(g)+le1:%_kzl(x+2k)(i+2k—1)'

Thus, our assertion follows from E43) and last equality
on the above.

3 Perspective

We have derived new identities related to zeta functions.
From these identities, we have computed some values of
zeta functions using Genocchi polynomials. After that,

we have considered the Fourier series of periodic
Genocchi functions. For odd indexes of Genocchi

functions, we have constructed some new relations
between Genocchi functions and Zeta functions. Since
Genocchi functions reduce to Genocchi polynomials over

Proof.From the definition of periodic Genocchi function, the interval [0,1), we see that Zeta functions for odd

we have

/ Gzn+1()d _/lGZn+1 & +/ Gzn+1()dx
0

X
_ / GZn+1

Integrating by substitutior=t + 2k in the second integral
on the right hand side of the above equality yields

/-oo é2n+l (X) dx — /1 G X "
0 X 0 X

Now it is sufficient to analyse the integg{aljr1 Giﬁjzlk
Gony1 (1)

follows:
0 Ganya(t) 1
dt_/_l t+2k dt+/() t+ 2k

/1 Gon1 (1)
—1 t+2k
1Gons1(u—1) 1 Gonya (1)
/o u—1r2k M /o trok &
1
»

GZn+1 (U) 1 G2n+1 (t)
o1 kUt /o
1
- _/o (x+ 2K) (x+ 2k— 1)

t+ 2k
Gan+1(X)
Thus, the proof is completed.

/ 2"*1 Gons1 (X) dx
21 X '

1 Gonya (t)

—1 t+2k
(14)
dt as

k=1

dt

dt

dx.

Theorem 5For n € N, we have
{(2n+1)= le()(%fo Gan1 (x) (21 + W (%) — ¥ (3)) dx

Proof.From @), we derive

x—1 X 1 1 > 1 1
w< 2 )_w<§)_i_x—1+k;x+2k_x+2k—1
11 _% 1
X X &y (x4+2K) (x+2k—1)°

positive integers have integral representations in terfins o
Genocchi polynomials.

References

[1] Luo, Q-M., Fourier expansions and integral
representations for Genocchi polynomials, J. Integer
Seq, Vol. 12, Article 09.1.4.2009

[2] Luo, Q-M., Fourier expansions and integral
representations for the Apostol-Bernoulli and
Apostol-Euler polynomials, Math. Comp., Vol. 78,
No. 268 2193-2208 (2009).

[3] Bayad, A.,Fourier expansions for Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi  polynomials,
Math. Comp., Vol. 80, No276, 2219-2221 (2011).

[4] Scheufens, E.E.Euler polynomials, Fourier series
and zeta numbers, Int. J. Pure Appl. Math., Vol. 78,
37-47 R012.

[5] Scheufens, E.E.,Bernoulli polynomials, Fourier
seriesand Zeta numbers, Int. J. Pure Appl. Math., Vol.
88, No. 1, 65-752013)

[6] Ryoo, C.S., Kwon, H.I., Yoon, J., Jang, Y.&qurier
series of the periodic Bernoulli and Euler functions,
Abstr. Appl. Anal., Article ID 856491, 4 page2(14)

[71 Kim, T., Kim, D.S., Jang, G-W., Kwon, JEourier
series of sums of products of Genocchi functions and
their applications, J. Nonlinear Sci. Appl., Vol. 10,
1683-16942017).

[8] Araci, S, Acikgoz, M., Construction of Fourier
expansion of Apostol Frobenius-Euler polynomials
and its applications, Adv. Difference Equ.201867.

[9] Simsek, Y.,Generating functions for g-Apostol type
Frobenius-Euler numbers and polynomials, Axioms,
Vol. 1, 395-403 2012)

[10] Kim, T., Identities involving Frobenius-Euler
polynomials arising from non-linear differential
equations, J. Number Theory, Vol. 132, 2854-2865
(2012)

(@© 2018 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 5, 951-955 (2018)www.naturalspublishing.com/Journals.asp NS P 955

Serkan Araci was bornin
Hatay, Turkey, on October 1,
1988. He has published over
than 100 papers in reputed
international journals. His
areas of specialization include
p-adic Analysis, Theory of

[11] Srivastava, HM, Choi, JZeta and g-Zeta functions
and associated series and integrals, Elsevier Science
Publishers, Amsterdam, London and New York
(2012)

[12] Kim, T. Rim, S.-H, Simsek, Y, Kim, D.On the
analogs of Bernoulli and Euler numbers, related
identities and Zeta and L-functions, J. Korean Math.
Soc, Vol. 45, No. 2, pp. 435-4532008) Analytic Numbers, g-Series

[13] Srivastava, H.M. Further series representations for S\ and q—PonnomiaIls, Theory
(Zlggsj;l)’ Appl. Math. Comput. Vol. 97, 1-15 of Umbral calculus, Fourier

[14] Srivastéva H.M.Some rapidly converging series for series and Nevanlinna theory. Curr_ently., he WOf!(S as a
Z(2n+1) ,Préc .Amer Math. Soc.. Vol. 127. No. 2 lecturer at Hasan Kalyoncu University, Gaziantep,

1 ' ' ' T " 777" Turkey. On the other hand, Araci is an editor and a referee

385-396 (999) . ; . : S
[15] Araci, S, Sen, E, Acikgoz, MTheorems on Genocchi fﬁr several international journals. For details, onel_czﬁrt Vi
the ink:

polynomials of higher order arising from Genocchi i i
basis, Taiwanese J. Math., Vol. 18, No, 2, 473-482 http://ikt.hku.edu.tr/ENG/Academic- Staff/Serkan- ARK9
(2014)

[16] Araci, S., Duran, U., Acikgoz, M., Abdel-Aty, M.,
Theorems on g-Frobenius-Euler polynomials under
sym 4, Utilitas Mathematica, Vol. 101, pp.129-137
(2016)

[17] Araci, S., Acikgoz, M.,0On the von Saudt-Clausen’'s
theorem related to g-Frobenius-Euler numbers, J.
Number Theory, Vol. 159, 329-332016)

[18] Srivastava, H.M.,Some simple algorithms for the
evaluations and representations of the Riemann zeta
function at positive integer arguments, J. Math. Anal.
Appl., Vol. 246, 331-3512000)

[19] Duran, U., Acikgoz, M., Araci, S.On higher order
(p,q)-Frobenius-Euler polynomials, TWMS J . Pure
Appl. Math., Vol. 8 No, 2, 198-20&017.

[20] Araci, S., Acikgoz, M., Diagana, T., Srivastava, H. M.,
A novel approach for obtaining new identities for the
A extension of g-Euler polynomials arising from the
g-umbral calculus, J. Nonlinear Sci. Appl., Vol 10,
1316-13252017)

[21] Araci, S, Acikgoz, M. A note on the Frobenius-Euler
numbers and polynomials associated with Bernstein
polynomials, Adv. Stud. Contemp. Math., Vol. 22, No.
3,399-406 2012)

[22] Araci, S, Acikgoz, M.,Computation of Nevanlinna
characteristic functions derived from generating
functions of some special numbers, J. Inequal. Appl.
2018128.

Mehmet Acikgoz
received M. Sc. And Ph. D.
From Cukurova University,
Turkey. He is currently
Full Professor at University
of Gaziantep. His research
interests are approximation
theory, functional
analysis, p-adic analysis
and analytic numbers theory.

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp
http://ikt.hku.edu.tr/ENG/Academic-Staff/Serkan-ARACI/9

	Introduction
	 Main Results
	Perspective

