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1 Introduction

The concept of soft sets was first introduced by
Molodtsov [1] as a general mathematical tool for dealing
with uncertain objects. Maji et al.[2] introduced the
concept of fuzzy soft set and some of its properties. Tanay
and Kandemir [3] introduced the definition of fuzzy soft
topology over a subset of the initial universe set. Later,
Roy and Samanta [4] gave the definition of fuzzy soft
topology over the initial universe set. Majumdar and
Samanta [5] introduced the notion of generalized fuzzy
soft set as a generalization of fuzzy soft sets and studied
some of its basic properties. Chakraborty and Mukherjee
[6] gave the topological structure of generalized fuzzy
soft sets. Kharal and Ahmad [7,8] defined the notion of a
mapping on classes of soft (fuzzy soft) sets.

In this paper, we define the notion of mappings on
families of generalized fuzzy soft sets. We also define and
study the properties of generalized fuzzy soft images
(inverse images) of generalized fuzzy soft sets, and
support them with examples and counterexamples. Also
we introduce generalized fuzzy soft continuity of
mappings. Furthermore, we use the notion generalized
soft quasi-coincidence to characterize fundamental
concepts of generalized fuzzy soft topological spaces
such as generalized fuzzy soft closures and generalized
fuzzy soft continuity. Finally, generalized fuzzy soft open
(closed) mappings and generalized fuzzy soft
homeomorphism for generalized fuzzy soft topological
spaces are investigated.

2 Preliminaries

First we recall basic definitions and results.

Definition 2.1. ([9]) Let X be a non-empty set. A fuzzy set
A in X is defined by a membership functionµA : X → [0,1]
whose valueµA(x) represents the ‘grade of membership’
of x in A for x ∈ X. The set of all fuzzy sets in a setX is
denoted byIX , whereI is the closed unit interval[0,1].

Theorem 2.2.([9]) If A,B∈ IX , then, we have:
(1) A ≤ B ⇔ µA (x)≤ µB(x) , ∀ x∈ X.
(2) A = B ⇔ µA (x) = µB(x) , ∀ x∈ X.
(3)C= A ∨B ⇔ µC (x) = max(µA (x) , µB (x)) ,∀x∈

X.
(4) D = A ∧ B ⇔ µD (x)= min(µA(x) , µB (x)) ,∀x∈

X.
(5) E = AC ⇔ µE (x) = 1 − µA(x) ,∀ x ∈ X.

Definition 2.3. ([1]) Let X be an initial universe set andE

be a set of parameters. LetP(X) denotes the power set of
X andA ⊆ E. A pair ( f ,A) is called a soft set overX if f
is a mapping fromA into P(X), i.e., f : A −→ P(X). In
other words, a soft set is a parameterized family of
subsets of the setX. Fore∈ A, f (e) may be considered as
the set ofe−approximate elements of the soft set( f ,A).

Definition 2.4. ([4]) Let X be an initial universe set andE
be a set of parameters. LetA⊆ E. A fuzzy soft setfA over
X is a mapping fromE to IX , i.e., fA : E −→ IX, where
fA(e) 6= 0̄ if e∈ A ⊂ E, and fA(e) = 0̄ if e /∈ A, where0̄
denoted empty fuzzy set inX

Definition 2.5. ([5]) Let X be a universal set of elements
andE be a universal set of parameters forX. LetF : E −→
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IX andµ be a fuzzy subset ofE, i.e., µ : E −→ I . Let
Fµ be the mappingFµ : E −→ IX × I defined as follows:
Fµ (e) = (F (e) , µ(e)), whereF(e) ∈ IX and µ(e) ∈ I .
ThenFµ is called a generalised fuzzy soft set (GFSSin
short) over(X,E).

Definition 2.6. ([5]) Let Fµ andGδ be twoGFSSsover
(X,E). Fµ is said to be a GFS subset ofGδ or Gδ is said
to be aGFSsuper set ofFµ , denoted byFµ ⊑ Gδ , if

(1) µ is a fuzzy subset ofδ ;
(2) F(e) is also a fuzzy subset ofG(e), ∀e∈ E.

Definition 2.7. ([5]) Let Fµ be aGFSSover (X,E). The
complement ofFµ , denoted byFc

µ , is defined byFc
µ=Gδ ,

where δ (e) = µc(e) andG(e) = Fc (e), ∀e ∈ E.
Obviously (Fc

µ)
c=Fµ .

Definition 2.8. ([6]) Let Fµ andGδ be twoGFSSsover
(X,E). The union ofFµ andGδ , denoted byFµ ⊔Gδ , is
The GFSSHν , defined asHν : E −→ IX × I such that
Hν (e) = (H (e) ,ν (e)), whereH (e) = F(e) ∨ G(e) and
ν (e) = µ (e)∨δ (e) , ∀e∈ E.

Let {(Fµ)λ ,λ ∈ Λ}, whereΛ is an index set, be a
family of GFSSs. The union of these family, denoted by
⊔λ∈Λ (Fµ)λ , is The GFSS Hν , defined as
Hν : E −→ IX × I such thatHν (e) = (H (e) ,ν (e)),
whereH (e) =

∨
λ∈Λ (F(e))λ , andν (e) =

∨
λ∈Λ (µ(e))λ ,

∀e∈ E.

Definition 2.9. ([6]) Let Fµ and Gδ be twoGFSSsover
(X,E). The Intersection ofFµ andGδ , denoted byFµ ⊓

Gδ , is theGFSS Mσ , defined asMσ : E −→ IX × I such
that Mσ (e) = (M (e) ,σ(e)), whereM (e) = F(e)∧G(e)
andσ (e) = µ(e)∧δ (e), ∀e∈ E.

Let {(Fµ)λ , λ ∈ Λ}, whereΛ is an index set, be a
family of GFSSs. The Intersection of these family,
denoted by⊓λ∈Λ (Fµ)λ , is the GFSS Mσ , defined as
Mσ : E −→ IX × I such thatMσ (e) = (M (e) ,σ (e)),
where M (e)=

∧
λ∈Λ (F(e))λ , and σ (e)=

∧
λ∈Λ (µ(e))λ ,

∀e∈ E.

Definition 2.10. ([5]) AGFSSis said to be a generalized
null fuzzy soft set, denoted bỹ0θ , if 0̃θ : E −→ IX × I
such that 0̃θ (e) = (0̃(e) ,θ (e)) where0̃(e) = 0 ∀e∈ E
andθ (e) = 0 ∀e∈ E ( Where0(x) = 0, ∀x∈ X).

Definition 2.11. ([5]) A GFSSis said to be a generalized
absolute fuzzy soft set, denoted by1̃△, if 1̃△ : E −→ IX ×

I , wherẽ1△(e) = (1̃(e),△ (e)) is defined bỹ1(e) = 1,∀e∈
E and△ (e) = 1,∀e∈ E ( Where1(x) = 1,∀x∈ X ).

Definition 2.12.([6]) Let T be a collection of generalized
fuzzy soft sets over(X,E). Then T is said to be a
generalized fuzzy soft topology( GFST, in short) over
(X,E) if the following conditions are satisfied:

(1) 0̃θ and1̃△ are inT.
(2) Arbitrary unions of members ofT belong toT.
(3) Finite intersections of members ofT belong toT.
The triplet(X,T,E) is called a generalized fuzzy soft

topological space (GFST- space, in short) over(X,E).
The members ofT are calledGFSopen sets in(X,T,E).

and complements of them are called aGFS- closed sets in
(X,T,E). The family of allGFS- closed sets in(X,T,E)
is denoted byT

′
.

Definition 2.13.([6]) Let (X,T,E) be aGFST-space and
Fµ be aGFSSover (X,E). Then the generalized fuzzy
soft closure ofFµ , denoted byFµ , is the intersection of all
GFS- closed supper sets ofFµ . Clearly,Fµ is the smallest
GFS- closed set over(X,E) which containsFµ .

Definition 2.14. ([6]) A GFSS Fµ in a GFST-space
(X,T,E) is called a generalized fuzzy soft neighborhood
[GFS-nbd, in short] of theGFSS Gδ if there exists aGFS
open setHν such thatGδ ⊑ Hν ⊑ Fµ .

Definition 2.15.([6]) Let (X,T,E) be aGFST-space and
Fµ be aGFSSover(X,E). Then the generalized fuzzy soft
interior ofFµ , denoted byF◦

µ , is the union of allGFSopen
subsets ofFµ . Clearly,F◦

µ is the largestGFSopen set over
(X,E) which is contained inFµ .

Definition 2.16.([10]) The generalized fuzzy soft setFµ ∈
GFS(X,E) is called a generalized fuzzy soft point (GFS
point in short) if there exists the elemente∈ E andx∈ X
such thatF(e)(x) = α (0 < α ≤ 1) andF(e)(y) = 0 for
all y∈ X−{x} andµ(e) = λ (0< λ ≤ 1). We denote this
generalized fuzzy soft pointFµ = (xα ,eλ ).

(x,e) and (α,λ ) are called respectively, the support
and the value of(xα ,eλ ).

Definition 2.17.([11]) For any twoGFSSs Fµ andGδ over
(X,E). Fµ is said to be a generalised soft quasi-coincident
with Gδ , denoted byFµqGδ , if there existe∈ E andx∈ X
such thatF(e)(x)+G(e)(x)> 1 andµ(e)+ δ (e)> 1.

If Fµ is not generalised soft quasi-coincident withGδ ,
then we writeFµqGδ ⇔ For everye ∈ E and x ∈ X,
F(e)(x) + G(e)(x) ≤ 1 or for everye ∈ E and x ∈ X,
µ(e)+ δ (e)≤ 1.

Definition 2.18.([11]) Let (xα ,eλ ) be a generalized fuzzy
soft point andFµ be aGFSSover(X,E). (xα ,eλ ) is said
to be generalised soft quasi-coincident withFµ , denoted
by (xα ,eλ )qFµ , if and only if there exists an elemente∈ E
such thatα +F(e)(x)> 1 andλ + µ(e)> 1.

Definition 2.19. ([11]) Let Fµ and Gδ are GFSSsover
(X,E). Then the followings are hold:

(1) Fµ ⊑ Gδ ⇔ Fµ q̄(Gδ )
c;

(2) FµqGδ ⇒ Fµ ⊓Gδ 6= 0̃θ ;
(3) (xα ,eλ )q̄Fµ ⇔ (xα ,eλ )∈̃(Fµ)

c;
(4) Fµ q̄(Fµ)

c.

Theorem 2.20.([6]) Let (X,T,E) be aGFST-space and
Fµ be aGFSSover(X,E). Then

(1) (Fµ)
c = (Fc

µ)
◦;

(2) (F◦
µ )

c = (Fc
µ).

Definition 2.21.([11]) Let (X,T,E) be aGFST-space. Let
Fµ be aGFSSover(X,E). Then the generalized fuzzy soft
boundray ofFµ , denoted byFb

µ , is defined asFb
µ = Fµ ⊓

Fc
µ . clearly,Fb

µ is the smsllestGFSclosed set over(X,E)
which containsFµ .
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Theorem 2.22.([11]) Let (X,T,E) be aGFST-space. Let
Fµ be aGFSSover(X,E). Then

(1) (Fb
µ )

c = F0
µ ⊓ (Fc

µ)
0.

(2) Fb
µ = Fµ ⊓Fc

µ = Fµ \F0
µ .

Definition 2.23. ([8]) Let FS(X,E) andFS(Y,K) be the
familes of all fuzzy soft sets overX andY, respectivly.
Let u : X −→Y andp : E −→ K be two functions. Then a
mapping fup : FS(X,E) −→ FS(Y,K) is defined as
follows: for a fuzzy soft setfA ∈ FS(X,E),∀k ∈ K and
y∈Y. Then

fup( fA)(k)(y) =






∨
x∈u−1(y)(

∨
e∈p−1(k)∩A) fA(e))(x),

i f u−1(y) 6= φ , p−1(k)∩A 6= φ ,
0, otherwise.

fup( fA) is called a fuzzy soft image of a fuzzy soft set
fA.

Definition 2.24.([8]) Let u : X −→Y andp : E −→ K be
mappings.

Let fup : FS(X,E)−→ FS(Y,K) be mapping andgB ∈

FS(Y,K). Then f−1
up (gB), is a fuzzy soft set inFS(X,E),

defined by
f−1
up (gB)(e)(x) = gB(p(e)(u(x)), ∀e∈ E,x∈ X.

f−1
up (Gδ ) is called a fuzzy soft inverse image ofGδ .

If u andp are injective then the fuzzy soft mappingfup
is said to be injective. Ifu and p are surjective then the
fuzzy soft mappingfup is said to be surjective. The fuzzy
soft mappingfup is constant, ifu andp are constant.

3 Generalized fuzzy soft mappings

Definition 3.1. Let GFS(X,E) and GFS(Y,K) be the
familes of allGFSSsover (X,E) and(Y,K), respectivly.
Let u : X −→ Y and p : E −→ K be mappings. Then a
mapping fup : GFS(X,E) −→ GFS(Y,K) is defined as
follows: for a GFSSFµ ∈ GFS(X,E),∀k ∈ K andy ∈ Y,
then

fup(Fµ)(k)(y)

=






(
∨

x∈u−1(y)
∨

e∈p−1(k) F(e)(x),
∨

e∈p−1(k) µ(e)),
i f u−1(y) 6= φ , p−1(k) 6= φ ,

(0,0), otherwise.

fup is called a generalized fuzzy soft mapping [GFS
mapping for short ] andfup(Fµ) is called theGFS image
of aGFSS Fµ .

Definition 3.2. Let u : X −→ Y and p : E −→ K be
mappings. Letfup : GFS(X,E) −→ GFS(Y,K) be a GFS
mapping and Gδ ∈ GFS(Y,K). Then
f−1
up (Gδ ) ∈ GFS(X,E) is defined as follows:

f−1
up (Gδ )(e)(x) = (G(p(e)(u(x)),δ (p(e)), for

e∈ E,x∈ X.
f−1
up (Gδ ) is called theGFSinverse image ofGδ .

If u and p are injective then the generalized fuzzy soft
mapping fup is said to be injective. Ifu and p are

surjective then the generalized fuzzy soft mappingfup is
said to be surjective. The generalized fuzzy soft mapping
fup is called constant, ifu andp are constant.

Example 3.3.
Let X = {a,b,c},Y = {x,y,z},E = {e1,e2,e3,e4} and

K = {e
′

1,e
′

2,e
′

3}. Let u : X −→ Y andp : E −→ K be tow
mappings defined as

u(a) = z u(b) = y u(c) = y,

p(e1) = e
′

1 p(e2) = e
′

1, p(e3) = e
′

3, p(e4) = e
′

2.
Let Fµ ∈ GFS(X,E) andGδ ∈ GFS(Y,K) where.

Fµ = {(e1 = { a
0.5,

b
0.7,

c
0.6},0.3),

(e2 = { a
0.3,

b
0.5,

c
0.1},0.8),(e3 = { a

0.9,
b

0.1,
c

0.5},0.1)},

Gδ = {(e
′

1 = { x
0.1,

y
0.9,

z
0.5},0.2),

(e
′

2 = { x
0.4,

y
0.8,

z
0.6},0.4),(e

′

3 = { x
0.5,

y
0.9,

z
0.6},0.8)}.

Then theGFSimage ofFµ underfpu : GFS(X,E)−→
GFS(Y,K) is obtained as

fup(Fµ)(e
′

1)(x) =
(
∨

s∈u−1(x)
∨

e∈p−1(e
′
1)

F(e)(s),
∨

e∈p−1(e
′
1)

µ(e))

= (0,
∨

e∈{e1,e2}
µ(e)) (asu−1(x) = φ )

= (0,µ(e1)
∨

µ(e2))
= (0,0.3

∨
0.8) = (0,0.8),

fup(Fµ)(e
′

1)(y) =
(
∨

s∈u−1(y)
∨

e∈p−1(e
′
1)

F(e)(s),
∨

e∈p−1(e
′
1)

µ(e))
= (

∨
s∈{b,c}

∨
e∈{e1,e2}

F(e)(s),0.8)
= (

∨
s∈{b,c}(F(e1)

∨
F(e2))(s),0.8)

= (
∨

s∈{b,c}({
a

0.5,
b

0.7,
c

0.6})(s),0.8)

= (0.7
∨

0.6,0.8) = (0.7,0.8)
fup(Fµ)(e

′

1)(z) = (0.5,0.8). By similar calculations, we
get fup(Fµ) = {(e

′

1 = { x
0,

y
0.7,

z
0.5},0.8),(e

′

2 =

{ x
0,

y
0,

z
0},0.1),(e

′

3 = { x
0,

y
0.5,

z
0.9},0)}. Next, for

p(ei), i = 1,2,3,4, p(ei) ∈ p(E) = K, we calculate
f−1
up (Gδ )(e1)(a) = (G(p(e1))(u(a)),δ (p(e1)))

= (G(e
′

1)(z),δ (e
′

1))
= ({ x

0,1,
y

0.9,
z

0.5}(z),0.2))

= (0.5,0.2),
f−1
up (Gδ )(e1)(b) = (G(p(e1))(u(b)),0.2))

= (G(e
′

1)(y),δ (e
′

1))
= ({ x

0,1,
y

0.9,
z

0.5}(y),0.2)

= (0.9,0.2),
f−1
up (Gδ )(e1)(c) = (0.9,0.2). By similar calculations,

we get
f−1
up (Gδ ) = {(e1 = { a

0.5,
b

0.9,
c

0.9},0.2),(e2 =

{ a
0.5,

b
0.9,

c
0.9},0.2),(e3 = { a

0.6,
b

0.9,
c

0.9},0.8),(e4 =

{ a
0.6,

b
0.8,

c
0.8},0.4)}.

Definition 3.4.Let fu1p1 : GFS(X,E)−→ GFS(Y,K) and
gu2p2 : GFS(Y,K) −→ GFS(Z,D) be GFSmappings and
Fµ ∈ GFS(X,E).

Then gu2p2 o fu1p1 : GFS(X,E) −→ GFS(Z,D) is
GFS mapping defined as follows:∀d ∈ D,∀z ∈ Z, then
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(gu2p2 o fu1p1)(Fµ)(d)(z)

=





(
∨

x∈(u2 o u1)−1(z)
∨

e∈(p2 o p1)−1(d)F(e)(x),∨
e∈(p2 o p1)−1(d) µ(e)),

i f (u2 o u1)
−1(z) 6= φ ,(p2 o p1)

−1(d) 6= φ ,

(0,0), otherwise.

If Mσ ∈ GFS(Z,D). Then(gu2p2 o fu1p1)
−1(Mσ ) is a

GFSSin GFS(X,E), defined as follows:∀e∈ E,∀x∈ X.
(gu2p2 o fu1p1)

−1(Mσ )(e)(x)
= (u2 o u1, p2 o p1)

−1(Mσ )(e)(x)
= (M(p2(p1(e)))(u2(u1(x))),σ(p2(p1(e)))).

Proposition 3.5.Let fup : GFS(X,E) −→ GFS(Y,K) be
a GFS mapping andFµ ,Hν ∈ GFS(X,E) andGδ ,Mσ ∈
GFS(Y,K) . Then

(1) The generalized fuzzy soft union and generalized
fuzzy soft intersection of generalized fuzzy soft images
fpu(Fµ) and fup(Hν) in GFS(Y,K) are defined as

( fup(Fµ)⊔ fup(Hν))(k)(y)
= fup(Fµ)(k)(y)

∨
fup(Hν)(k)(y),

( fup(Fµ)⊓ fup(Hν))(k)(y)

= fup(Fµ)(k)(y)
∧

fup(Hν )(k)(y).∀k∈ K,y∈Y.
(2) The generalized fuzzy soft union and generalized

fuzzy soft intersection of generalized fuzzy soft inverse
imagesf−1

up (Gδ ) and f−1
up (Mσ ) in GFS(X,E) are defined

as
( f−1

up (Gδ )⊔ f−1
up (Mσ ))(e)(x)
= f−1

pu (Gδ )(e)(x)
∨

f−1
up (Mσ )(e)(x),

( f−1
up (Gδ )⊓ f−1

up (Mσ ))(e)(x)

= f−1
up (Gδ )(e)(x)

∧
f−1
up (Mσ )(e)(x).∀e∈ E,x∈ X.

Where⊔ and⊓ denoted generalized fuzzy soft union
and generalized fuzzy soft intersection of generalized
fuzzy soft images and generalized fuzzy soft inverse
images inGFS(X,E) andGFS(Y,K), respectively.

Theorem 3.6 Let fup : GFS(X,E) −→ GFS(Y,K) be a
GFS mapping. ForGFSSs Fµ andHν ∈ GFS(X,E), we
have.

(1) fup(0̃θX ) = 0̃θY ,
(2) fup(1̃△X )⊑ 1̃△Y ,
(3) If Fµ ⊑ Hν , then fup(Fµ)⊑ fup(Hν),
(4) fup(Fµ ⊔Hν) = fup(Fµ)⊔ fup(Hν),
(5) fup(Fµ ⊓Hν)⊑ fup(Fµ)⊓ fup(Hν).
Proof (1) Fork∈ K andy∈Y,
fup(0̃θX )(k)(y)

= (
∨

x∈u−1(y)
∨

e∈p−1(k) 0̃(e)(x),
∨

e∈p−1(k) θX(e))

= (0,0) = (0̃(k)(y),θY(k)) = 0̃θY(k)(y).
(2) Fork∈ K andy∈Y,
fup(1̃△X )(k)(y)

= (
∨

x∈u−1(y)
∨

e∈p−1(k) 1̃(e)(x),
∨

e∈p−1(k)△X(e))

≤ (1,1) = (1̃(k)(y),θ (k) = 1̃△Y(k)(y).
(3) Considering only the non-trival case, fork∈ K and

y∈Y, and sinceFµ ⊑ Hν , we have

fup(Fµ)(k)(y)
= (

∨
x∈u−1(y)

∨
e∈p−1(k) F(e)(x),

∨
e∈p−1(k) µ(e))

≤ (
∨

x∈u−1(y)
∨

e∈p−1(k) H(e)(x),
∨

e∈p−1(k) ν(e))
= fup(Hν)(k)(y)

This give (3).
(4) Fork∈ K andy∈Y, we show that
fup((Fµ)⊔ (Hν))(k)(y)

= fup(Fµ)(k)(y)
∨

fup(Hν)(k)(y).
Consider
fup(Fµ ⊔Hν)(k)(y) = fup(Mσ )(k)(y) (say)

=






(
∨

x∈u−1(y)
∨

e∈p−1(k)M(e)(x),
∨

e∈p−1(k) σ(e)),
if u−1(y) 6= φ , p−1(k) 6= φ ,

(0,0), otherwise,

whwer,
M(e)(x) = F(e)(x)

∨
H(e)(x) andσ(e) = µ(e)

∨
ν(e)

for e∈ p−1(k),x∈ p−1(y).
Considering only the non- trival case, we have
fup(Fµ ⊔Hν)(k)(y)
= (

∨
x∈u−1(y)

∨
e∈p−1(k)[F(e)(x)

∨
H(e)(x)],∨

e∈p−1(k) µ(e)
∨

ν(e)). (I)
By Proposition (3.5), we have
( fup(Fµ)⊔ fup(Hν ))(k)(y)
= fup(Fµ)(k)(y)

∨
fup(Hν )(k)(y)

= (
∨

x∈u−1(y)
∨

e∈p−1(k) F(e)(x),
∨

e∈p−1(k) µ(e))
∨

(
∨

x∈u−1(y)
∨

e∈p−1(k) H(e)(x),
∨

e∈p−1(k) ν(e))
= (

∨
x∈u−1(y)

∨
e∈p−1(k)[F(e)(x)

∨
H(e)(x)],

∨
e∈p−1(k) µ(e)

∨
ν(e)). (II)

By (I) and (II) we have (4).
(5) For k ∈ K and y ∈ Y, using Proposition(3.5) we

have
fup(Fµ ⊓Hν)(k)(y) = fup(Mσ )(k)(y), ( say)
= (

∨
x∈u−1(y)

∨
e∈p−1(k) M(e)(x),

∨
e∈p−1(k) σ(e)),

= (
∨

x∈u−1(y)
∨

e∈p−1(k)[F(e)(x)
∧

H(e)(x)],∨
e∈p−1(k) µ(e)

∧
ν(e)).

≤ (
∨

x∈u−1(y)
∨

e∈p−1(k) F(e)(x),
∨

e∈p−1(k) µ(e))
∧

(
∨

x∈u−1(y)
∨

e∈p−1(k) H(e)(x),
∨

e∈p−1(k) ν(e))
= fup(Fµ)(k)(y)

∧
fup(Hν )(k)(y).

= ( fup(Fµ)⊓ fup(Hν ))(k)(y)
This give (5)
In Theorem 3.6, inequalities (2),(5) and implication(3)

cannot be reversed in general, as shown in the following.

Example 3.7.Let fup : GFS(X,E) −→ GFS(Y,K) be a
GFSmapping where

X = {a,b,c},Y= {x,y,z},E = {e1,e2,e3,e4} andK =

{e
′

1,e
′

2,e
′

3}. For (2) we define mappingsu : X −→ Y and
p : E −→ K as

u(a) = x u(b) = y u(c) = x,
p(e1) = e

′

2 p(e2) = e
′

1, p(e3) = e
′

2, p(e4) = e
′

1.
1̃△Y 6⊑ {(e

′

1 = { x
1,

y
1,

z
0},1),(e

′

2 = { x
1,

y
1,

z
0},1),

(e
′

3 = { x
0,

y
0,

z
0},0)}= fpu(1̃△X ).

For (3) and (5), define mappingu : X −→ Yand
p : E −→ K as

c© 2018 NSP
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u(a) = y u(b) = y u(c) = y,
p(e1) = e

′

2, p(e2) = e
′

1, p(e3) = e
′

2, p(e4) = e
′

1.
Choose two generalized fuzzy soft sets inGFS(X,E) as
Fµ = {(e3 = { a

0.3,
b

0.7,
c

0.5},0.2)},Hν = {(e3 =

{ a
0.5,

b
0.1,

c
1},0.3)}. Then the calculations give

fup(Fµ) = {(e
′

1 = { x
0,

y
0,

z
0},0),(e

′

2 = { x
0,

y
7,

z
0},0.2),

(e
′

3 = { x
0,

y
0,

z
0},0)}

⊑ {(e
′

1 = { x
0,

y
0,

z
0},0),(e

′

2 = { x
0,

y
1,

z
0},0.3),

(e
′

3 = { x
0,

y
0,

z
0},0)} = fup(Hν) but Fµ 6⊑ Hν . Also, we

have fup(Fµ) ⊓ fup(Hν) = {(e
′

1 = { x
0,

y
0,

z
0},0),(e

′

2 =

{ x
0,

y
7,

z
0},0.2),(e

′

3 = { x
0,

y
0,

z
0},0)} 6⊑ {(e

′

1 =

{ x
0,

y
0,

z
0},0),(e

′

2 = { x
0,

y
5,

z
0},0.2),(e

′

3 = { x
0,

y
0,

z
0},0)} =

fup(Fµ ⊓Hν).

Theorem 3.8.Let Fµ ∈GFS(X,E), {Fµ}i∈J ⊂GFS(X,E)
whereJ is an index set.

(1) fpu(⊔i∈J(Fµ)i) = ⊔i∈J fup(Fµ)i .
(2) fup(⊓i∈J(Fµ)i) = ⊓i∈J fup(Fµ)i , if fup is injective.
(2) fup(1̃△X ) = 1̃△Y , if fup is surjective.
Proof The straightforward proof is omitted.

Theorem 3.9.Let fup : GFS(X,E) −→ GFS(Y,K) be a
GFS mapping. For GFSSs Gδ ,Jσ and (Gδ )i
∈ GFS(Y,K) ∀i ∈ J, whereJ is an index set, we have.

(1) f−1
up (0̃θY) = 0̃θX ,

(2) f−1
up (1̃△Y) = 1̃△X ,

(3) If Gδ ⊑ Jσ . Then f−1
up (Gδ )⊑ f−1

up (Jσ ),
(4) f−1

up (Gδ ⊔ Jσ ) = f−1
up (Gδ ) ⊔ f−1

up (Jσ ). In general,
f−1
up (⊔i∈J(Gδ )i) = ⊔i∈J f−1

up (Gδ )i ,
(5) f−1

up (Gδ ⊓ Jσ ) = f−1
up (Gδ ) ⊓ f−1

up (Jσ ). In general,
f−1
up (⊓i∈JGδ )i) = ⊓i∈J f−1

up (Gδ )i .

Proof (1) f−1
up (0̃θY)(e)(x)

= (0̃(p(e)(u(x)),θY(p(e))
= (0,0) = 0̃θX(e)(x), ∀e∈ E,x∈ X.
(2) f−1

up (1̃△Y) = 1̃△X ,

= (1,1) = 1̃△X (e)(x), ∀e∈ E,x∈ X.
(3) SinceGδ ⊑ Jσ , we havef−1

up (Gδ )(e)(x)
= (G(p(e))(u(x)),δ (p(e))
= (G(k)(u(x)),δ (k),k ∈ K
≤ (J(k)(u(x)),σ(k)
= f−1

up (Jσ )(e)(x). (4) Fore∈ E andx∈ X, we have
f−1
up (Gδ ⊔Jσ )(e)(x)
= f−1

up (Nψ )(e)(x)
= (N(p(e))(u(x)),ψ(p(e))
= (N(k)(u(x)),ψ(p(e)), p(e) ∈ K,u(x) ∈Y
= (N(k)(u(x)),ψ(k), where
k= p(e) = ((G(k)

∨
J(k))(u(x)),(δ

∨
σ)(k)

= (G(k)(u(x))
∨

J(k)(u(x)),δ (k)
∨

σ(k). (I)
Next, using Proposition (3.5), we get
[ f−1

up (Gδ )⊔ f−1
up (Jσ )](e)(x)

= f−1
up (Gδ )(e)(x)

∨
f−1
up (Jσ )(e)(x)

= (G(p(e))(u(x)),δ (p(e)
∨

(J(p(e))(u(x)),σ(p(e))
= (G(k)(u(x))

∨
J(k)(u(x)),δ (k)

∨
σ(k). (II )

From (I) and (II), we get (4).
(5) For e∈ E, x ∈ X and using Proposition (3.5), we

have
f−1
up (Gδ ⊓Jσ )(e)(x)

= f−1
up (Nψ)(e)(x)

= (N(p(e))(u(x)),ψ(p(e)), p(e) ∈ K
(N(k)(u(x)),ψ(k),k = p(e)
= ((G(k)

∧
J(k))(u(x)),(δ

∧
σ)(k)

= (G(k)(u(x))
∧

J(k)(u(x)),δ (k)
∧

σ(k)
= f−1

up (Gδ )(e)(x)
∧

f−1
up (Jσ )(e)(x).

= ( f−1
up (Gδ )⊓ f−1

up (Jσ ))(e)(x)
This give (5).
The implication in (3) is not reversible, in general, as

can be shown in the following Example.

Example 3.10.Let fup : GFS(X,E) −→ GFS(Y,K) be a
GFS mapping where the mappingsu : X −→ Yand
u : E −→ K ard defined by

u(a) = x u(b) = x u(c) = y,
p(e1) = e

′

1 p(e2) = e
′

3, p(e3) = e
′

3, p(e4) = e
′

1.
Choose two generalized fuzzy soft sets inGFS(Y,K)

as
Gδ = {(e

′

2 = { x
0.6,

y
0,

z
0.5},0.5)},

Jσ = {(e
′

2 = { x
0.2,

y
0.1,

z
0.9},0.3)}.

Then calculations give
f−1
up (Gδ ) = 0̃θX ⊑ 0̃θX = f−1

pu (Jσ ), butGδ 6⊑ Jσ .

Theorem 3.11Let fup : GFS(X,E) −→ GFS(Y,K) be a
GFSmapping. ForFµ ∈ GFS(X,E) andGδ ∈ GFS(Y,K),
the following statements are true.

(1) f−1
up (Gδ )

c = ( f−1
up (Gδ ))

c.

(2) fup( f−1
up (Gδ )) ⊆ Gδ , if fup is surjective, the

equality holds.
(3) Fµ ⊆ f−1

up ( fup(Fµ)), if fup is injective, the equality
holds.

Proof
(1) f−1

up ((Gδ )
c)(e)(x) = (Gc(p(e)(u(x)),δ c(p(e))), if

e∈ E,x∈ X. (I)
On other hand, for everyx∈ X,e∈ E, we have
( f−1

up (Gδ ))
c(e)(x) = 1− ( f−1

up (Gδ )(e)(x), if e∈ E,x∈
X

= (1−G(p(e)(u(x)),1− δ (p(e))), if e∈ E,x∈ X
= (Gc(p(e)(u(x)),δ c(p(e))), if

e ∈ E,x ∈ X.(II )By(I)and(II )wehave(1). (2)
fup( f−1

up (Gδ ))(k)(y)

=
∨

x∈u−1(y)
∨

e∈p−1(k) f−1
up (Gδ )(e)(x))

≤
∨

x∈u−1(y)
∨

e∈p−1(k)(G(p(e)u(x)),δ (p(e)))

= (G(k)(y),δ (k))
= Gδ (k)(y).
Therefore
fup( f−1

up (Gδ ))(k)(y) ≤ Gδ (k)(y), ∀k∈ K,∀y∈Y.

(3) f−1
up ( fup(Fµ))(e)(x) = fup(Fµ)(k)(y)

= fup(Fµ)(p(e)(u(y))
=

(
∨

x∈u−1(u(x))
∨

e∈p−1(p(e))F(e)(x),
∨

e∈p−1(p(e))µ(e))
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≥ (F(e)(x),µ(e)) = Fµ(e)(x), for all e∈ E,∀x ∈ X.
This completes the proof.

Theorem 3.12.Let Fµ ∈GFS(X,E),Gδ ∈GFS(Y,K), and
fup : GFS(X,E)−→ GFS(Y,K) be aGFSmapping. Then

(1) Gδ q̄ fup(Fµ) =⇒ f−1
up (Gδ )q̄Fµ .

(2) Gδ q fup(Fµ) =⇒ f−1
up (Gδ )qFµ .

Proof (1) Gδ q̄ fup(Fµ) =⇒ fup(Fµ)⊑ (Gδ )
c

=⇒ Fµ ⊑ f−1
up ( fup(Fµ))⊑ f−1

up (G
c
δ )

=⇒ Fµ ⊑ ( f−1
up (Gδ ))

c

=⇒ f−1
up (Gδ )q̄Fµ .

(2) Let fup(Fµ)qGδ andFµ q̄ f−1
up (Gδ ). Then

Fµ ⊑ ( f−1
up (Gδ ))

c = f−1
up (G

c
δ ). It follows that

fup(Fµ) ⊑ fup( f−1
up (G

c
δ )) ⊑ Gc

δ . This shows that
fpu(Fµ)q̄Gδ . This is a contradiction.

4 Generalized fuzzy soft continuous
mappings

Defintion 4.1. Let (X,T1,E) and (Y,T2,K) be two
GFST-spaces, a generalized fuzzy soft mapping
fpu : (X,T1,E)−→ (Y,T2,K) is called a generalized fuzzy
soft continuous [in short GFS-continuous] if
f−1
up (Gδ ) ∈ T1 for all Gδ ∈ T2.

Next, we give an example aboutGFS-continuous.

Example 4.2Let X = {x1,x2,x3},Y = {y1,y2,y3},

E = {e1,e2} andK = {e
′

1,e
′

2}.

T1 = {0̃θX 1̃△X ,(Fµ)1,(Fµ)2}, where(Fµ)1 and (Fµ)2
are twoGFSSsover(X,E) defined as follows:

(Fµ)1 = {(e1 = { x2
0.4},0.1),(e2 = { x1

0.1},0.2)},
(Fµ)2 = {(e1 = { x2

0.5,
x3
0.6},0.7),(e2 = { x1

0.7
x2
0.9},0.3)}.

Then T1 is a GFS topology over(X,E) and hence
(X,T1,E) is aGFST-space over(X,E).

T2 = {0̃θY1̃△Y ,(Gδ )1,(Gδ )2}, where(Gδ )1 and(Gδ )2
are twoGFSSsover(Y,K) defined as follows:

(Gδ )1 = {(e
′

1 = { y1
0.4},0.1),(e

′

2 = { y2
0.1},0.2)},

(Gδ )1 = {(e
′

1 = { y1
0.5,

y3
0.6},0.7),(e

′

2 = { y1
0.9

y2
0.7},0.3)}.

Then T2 is a GFS topology over(Y,K) and hence
(Y,T2,K) is aGFST-space over(Y,K).

If fup is a mapping fromX to Y defined as follows:
u(x1) = y2 u(x2) = y1 u(x3) = y3,

p(e1) = e
′

1 p(e2) = e
′

2.
Then it is easy to verify thatf−1

up (Gδ ) ∈ T1 for all Gδ ∈

T2. Thus fup is aGFS-continuous mapping from(X,T1,E)
to (Y,T2,K).

Theorem 4.3Fµ is GFSopen if and only if for eachGFSS
Gδ contained inFµ , Fµ is aGFS-nbd ofGδ .

Proof. (=⇒). Obvious.
(⇐=). SinceFµ ⊑ Fµ , there exists aGFSSopen setHν

such thatFµ ⊑ Hν ⊑ Fµ . HenceHν = Fµ andFµ is GFSS
open.

Theorem 4.4.Let (X,T1,E) and(Y,T2,K) be twoGFST-
spaces. For aGFSmappingfup : (X,T1,E)−→ (Y,T2,K),
the following statements are equivalent:

(1) fup is GFS-continuous;
(2) for GFSS Fµ in GFS(X,E), the inverse image of

everyGFS-nbd of fup(Fµ) is aGFS-nbd ofFµ ;
(3) for eachGFSS Fµ in GFS(X,E) and eachGFS-

nbdMσ of fup(Fµ), there is aGFS-nbdHν of Fµ such that
fup(Hν)⊑ Mσ .

Proof (1)=⇒(2). Let fup beGFS-continuous, ifMσ is
a GFS-nbd of fup(Fµ), thenMσ contains an openGFS-
nbdKγ of fup(Fµ). Since fup(Fµ) ⊑ Mσ , f−1

up ( fup(Fµ)) ⊑

f−1
up (Kγ )⊑ f−1

up (Mσ ). ButFµ ⊑ f−1
up ( fup(Fµ)) and f−1

up (Kγ )

is aGFSopen. Consequntly,f−1
up (Mσ ) is aGFS-nbd ofFµ .

(2) =⇒ (1). We use Theorem (4.3). We prove that if
Gδ ∈ T2 then f−1

up (Gδ ) ∈ T1. Let Fµ be anyGFSsub set of
f−1
up (Gδ ). ThenGδ is an openGFS-nbd of fup(Fµ), and by

(2) f−1
up (Gδ ) is aGFS-nbd ofFµ . This shows thatf−1

up (Gδ )
is aGFSopen set.

(2) =⇒ (3) Let Fµ be anyGFSSover (X,E) and let
Mσ be anyGFS-nbd of fup(Fµ). By (2), f−1

up (Mσ ) is a
GFS-nbd of Fµ . Then there exists aGFSopen setHν in
(X,T1,E) such thatFµ ⊑ Hν ⊑ f−1

up (Mσ ). Thus, we have
an open GFS-nbd Hν of Fµ such that
fup(Fµ)⊑ fup(Hν)⊑ Mσ .

(3) =⇒ (2) Let Mσ be any GFS-nbd of fup(Fµ).
There is aGFS-nbd Hν of Fµ such thatfup(Hν) ⊑ Mσ .
Hence f−1

up ( fup(Hν )) ⊑ f−1
up (Mσ ). Furthermore, since

Hν ⊑ f−1
up ( fup(Hν)), f−1

up (Mσ ) is aGFS-nbd ofFµ .

Theorem 4.5. Let (X,T1,E) and (Y,T2,K) be two
GFST-spaces andfup : (X,T1,E)−→ (Y,T2,K) be aGFS
mapping. Then the followings are equivalent:

(1) fup is GFS-continuous;
(2) f−1

up (Gδ ) ∈ T
′

1, ∀Gδ ∈ T
′

2;

(3) f−1
up (Gδ )⊑ f−1

up (Gδ ),∀Gδ ∈ GFS(Y,K).
Proof (1) =⇒ (2) Let Gδ be aGFS-closed set over

(Y,K). Then,Gc
δ ∈ T2 and by (1)f−1

up (G
c
δ ) ∈ T1.

Since f−1
up (G

c
δ ) = ( f−1

up (Gδ ))
c,

we havef−1
up (Gδ ) is GFSclosed over(X,E).

(2) =⇒ (3) Let Gδ ∈ GFS(Y,K), Gδ ∈ T
′

2 by (1)
f−1
up (Gδ ) ∈ T

′

1. Then

f−1
up (Gδ )⊑ f−1

up (Gδ ) = f−1
up (Gδ ).

(3) =⇒ (1) Let Gδ ∈ T2. Then Gc
δ = Gc

δ . From the
hypothesis,

f−1
up (Gc

δ ) ⊑ f−1
up (G

c
δ ) = f−1

up (G
c
δ ). Then

f−1
up (G

c
δ ) is GFSclosed.

Since f−1
up (G

c
δ ) = ( f−1

up (Gδ ))
c by Theorem (3.11), we

have f−1
up (Gδ ) is GFSopen over(X,E).

Theorem 4.6.Let If fu1p1 : (X,T1,E) −→ (Y,T2,K) and
gu2p2 : (Y,T2,K) −→ (Z,T3,D) are GFS-continuous
mappings, thengu2p2o fu1p1 : (X,T1,E) −→ (Z,T3,D) is
alsoGFS-continuous.
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Proof. For a GFSS
Gδ ∈ GFS(Z,D)(gu2p2 o fu1p1)

−1(Gδ )(e)(x) =

(u2 o u1, p2 o p1)
−1(Gδ (e)(x) =

e(G(p2(p1(e)))(u2(u1(x))),δ (p2(p1(e)))) =

u−1
1 (u2)

−1(G(p2(p1(e)))(x),δ (p2(p1(e)))) =

(u1, p1)
−1((u2, p2)

−1(Gδ ))(e)(x). Hence
(gu2p2 o fu1p1)

−1(Gδ ) = (u1, p1)
−1((u2, p2)

−1(Gδ )),
(u2, p2)

−1(Gδ ) ∈ T2 sincegu2p2 is GFS continuous, and
so (gu2p2 o fu1p1)

−1(Gδ ) = f−1
u1p1

(g−1
u2p2

(Gδ )) ∈ T1 since
fu1p1 GFScontinuous.

Defintion 4.7. A GFS mapping
fup : (X,T1,E) −→ (Y,T2,K) is called GFS constant
mapping ifu : X −→Y andu : E −→ K are constant.

Remark 4.8. In grneral topology spaces the constant
mapping is always continuous, but inGFST-spaces it is
not true in general.

Example 4.9.Let X =Y = {x1,x2,x3},
E = K = {e1,e2,e3} and

fup : (X,T0,E) −→ (Y,T1,K) a constant mapping, where
T0 = {0̃θX , 1̃△X} andT1 = GFS(Y,K).

Consideru(x) = x1,∀x ∈ X and p(e) = e1,∀e∈ E, if
we take

Gδ = {(e1 = { x1
0.5,

x2
0.4,

x3
0 },0.2),(e2 =

{ x1
0.7,

x2
0 ,

x3
0 },0.6)},(e3 = { x1

0 ,
x2
0 ,

x3
0 },0)}, then

f−1
up (Gδ )(e1)(x1) = (Gδ (p(e1))(u(x1)),δ (p(e1))) =

(G(e1)(x1),δ (e1)) = (0.5,0.2)
and similary,
f−1
up (Gδ )(e1)(x2) = (G(e1)(x1),δ (e1)) = (0.5,0.2)

f−1
up (Gδ )(e1)(x3) = (G(e1)(x1),δ (e1)) = (0.5,0.2)

f−1
up (Gδ )(e2)(x1) = (Gδ (p(e2))(u(x1)),δ (p(e2)))

= (G(e1)(x1),δ (e1)) = (0.5,0.2)
and similary,
f−1
up (Gδ )(e2)(x2) = f−1

up (Gδ )(e2)(x3) = (0.5,0.2),
f−1
up (Gδ )(e3)(x1) = (G(p(e3))(u(x1)),δ (p(e3)))

= (G(e1)(x1), δ (e1)) = (0.5,0.2),
and similary,
f−1
up (Gδ )(e3)(x2) = f−1

up (Gδ )(e3)(x3) = (0.5,0.2).
Hencef−1

up (Gδ ) /∈ T0, whichGδ ∈ T1.

Definition 4.10.Let (X,T,E) be aGFST-space. AGFSS
Fµ in GFS(X,E) is called Q−generalized fuzzy soft
neighborhood( briefly, Q−GFSneighborhood) of Hν if
and only if there exists aGFS open setJσ such that
HνqJσ andJσ ⊑ Fµ .

Definition 4.11. A GFSS Fµ in GFS(X.E) is called
Q−GFSneighborhood of a generalized fuzzy soft point
(xα ,eλ )∈̃1̃△X if and only if there exists aGFSopen setJσ
such that(xα ,eλ )qJσ andJσ ⊑ Fµ .

Remark 4.12.If Fµ is GFSopen set, theFµ is aQ−GFS
neighborhood if and only ifFµqJσ .

Theorem 4.13 Let Fµ ∈ GFS(X.E) and (xαeλ ) ∈ 1̃△X

Then (xα ,eλ )∈̃Fµ if and only if each openQ− GFS
neighborhood of (xα ,eλ ) is generalized soft
quasi-coincident withFµ .

Proof. Let (xα ,eλ )∈̃Fµ . For everyGFSclosed setHν
whichFµ , (xα ,eλ ) ∈ Hν . Suppose thatMσ is an openQ−
GFS neighborhood of(xα ,eλ ) andMσ q̄Fµ . ThenFµ ⊑
(Mσ )

c. SinceMσ is Q−GFS neighborhood of(xα ,eλ ),
by theorem 2.19(3),(xα ,eλ ) does not belong to(Mσ )

c.
Therefore, we have that(xα ,eλ ) does not belong toFµ .
This is a contradiction.

Conversely, let each openQ−GFSneighborhood of
(xα ,eλ ) be generalized soft quasi-coincident withFµ .
Suppose that(xα ,eλ ) does not belong toFµ . Then there
exists aGFSclosed setHν which is containsFµ such that
(xα ,eλ ) does not belong toHν . By Theorem 2.19(3), we
have (xα ,eλ )q(Hν )

c. Then (Hν)
c is open Q − GFS

neighborhood of (xα ,eλ ) and by Theorem 2.19(1),
Fµ q̄(Hν)

c, a contradiction.

Theorem 4.14. Let (X,T1,E) and (Y,T2,K) be two
GFST-spaces andfup : (X,T1,E)−→ (Y,T2,K) be aGFS
mapping. Then the followings are equivalent:

(1) fup is GFS-continuous;
(2) f−1

up (Gδ )⊑ ( f−1
up (Gδ ))

0, ∀Gδ ∈ T2;

(3) fup(Fµ)⊑ fup(Fµ), ∀Fµ ∈ GFS(X,E);

(4) f−1
up (Gδ )⊑ f−1

up (Gδ ),∀Gδ ∈ GFS(Y,K);

(5) f−1
up (Gδ )

0 ⊑ ( f−1
up (Gδ ))

0, ∀Fµ ∈ GFS(X,E) ;

(6) ( f−1
up (Gδ ))

b ⊑ f−1
up (Gδ )

b,∀Gδ ∈ GFS(Y,K);

(7) fpu(Fµ)
b ⊑ ( fpu(Fµ))

b,∀Fµ ∈ GFS(X,E).
Proof (1) =⇒ (2).
(2) =⇒ (3). Let Fµ ∈ GFS(X,E) and fup(xα ,eλ ) be

not GFS subset of fup(Fµ). Then there exists an open
Q− GFS neighborhood ofGδ of fup(xα ,eλ ) such that
Gδ q̄ fup(Fµ) and hence f−1

up (Gδ )q̄(Fµ) which implies
( f−1

up (Gδ ))
0q̄Fµ . Since (xα ,eλ )q f−1

up (Gδ ), by (2),
(xα ,eλ )q( f−1

up (Gδ ))
0. PutMσ = ( f−1

up (Gδ ))
0. ThenMσ is

an openQ−GFSneighborhood of(xα ,eλ ) andMσ q̄Fµ .
This shows that(xα ,eλ ) is not GFSsubset ofFµ which
implies that fup(xα ,eλ ) is not GFS subset of fup(Fµ).
Thus fup(Fµ)⊑ fup(Fµ).
(3)=⇒ (4). Let Gδ ∈ GFS(Y,K). Since
fup( f−1

up (Gδ ))⊑ Gδ , we have

fup( f−1
up (Gδ )) ⊑ Gδ . By (3), we obtain

fup( f−1
up (Gδ ))⊑ Gδ . Thus we havef−1

up (Gδ )⊑ f−1
up (Gδ ).

(4) ⇐⇒ (5). These follow from Theorems 3.11(3) and
2.20.
(5) =⇒ (1). Let Gδ ∈ T2. By (5),
f−1
up (Gδ ) = f−1

up (Gδ )
0 ⊑ ( f−1

up (Gδ ))
0 and so

f−1
up (Gδ ) ∈ T1.

(4) =⇒ (6). Let Gδ be aGFSSover (Y,K). By (4),
Theorem 3.9(5) and Theorem 3.11(1),
( f−1

up (Gδ ))
b = f−1

up (Gδ ) ⊓ f−1
up (Gδ ))c ⊑

f−1
up (Gδ ) ⊓ f−1

up (G
c
δ ) = f−1

up (Gδ ⊓ Gc
δ ) = f−1

up (Gδ )
b and

hence we have( f−1
up (Gδ ))

b ⊑ f−1
up (Gδ )

b.
(6) =⇒ (1). Let Gδ be a GFS closed set over(Y,K).
Then(Gδ )

b ⊑ Gδ and f−1
up (Gδ )

b ⊑ f−1
up (Gδ ). By (6) we
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have( f−1
up (Gδ ))

b ⊑ f−1
up (Gδ ). This shows thatf−1

up (Gδ ) is
GFSclosed set over(X,E). Thus, by Theorem 4.5,fup is
GFS-continuous.
(6) =⇒ (7). Let Fµbe a GFSS over (X,E). Then
fup(Fµ) ∈ GFS(Y,K), by (6),
( f−1

up ( fup(Fµ)))
b ⊑ f−1

up ( fup(Fµ))
b and so

(Fµ)
b ⊑ f−1

up ( fup(Fµ))
b. Therefore, we have

fpu(Fµ)
b ⊑ ( fpu(Fµ))

b.
(7) =⇒ (6). Let Gδ be a GFSSover (Y,K). Then for
f−1
up (Gδ ) ∈ GFS(X,E), by (7)

fpu( f−1
up (Gδ ))

b ⊑ ( fpu( f−1
up (Gδ )))

b and so
fpu( f−1

up (Gδ ))
b ⊑ Gb

δ . Therefore, we have
( f−1

up (Gδ ))
b ⊑ f−1

up (Gδ )
b.

5 Generalized fuzzy soft open, closed and
homeomorphism mappings

Definition 5.1.Let (X,T1,E) and(Y,T2,K) be twoGFST-
spaces. AGFSmapping fup : (X,T1,E) −→ (Y,T2,K) is
called a generalized fuzzy soft open [GFS-open in short ]
if fup(Fµ) ∈ T2 for eachFµ ∈ T1.

Theorem 5.2.Let fup : (X,T1,E)−→ (Y,T2,K) be aGFS
mapping. Then the following statements are equivalent:

(1) fup is GFS-open;
(2) fup(Fµ)

0 ⊑ ( fup(Fµ))
0, ∀Fµ ∈ GFS(X,E);

(3) ( f−1
up (Gδ ))

0 ⊑ f−1
up (Gδ )

0,∀Gδ ∈ GFS(Y,K).
(4) f−1

up (Gδ )
b ⊑ ( f−1

up (Gδ ))
b, ∀Gδ ∈ GFS(Y,K);

(5) f−1
up (Gδ )⊑ f−1

up (Gδ ), ∀Gδ ∈ GFS(Y,K).
Proof (1) =⇒ (2). Let (Fµ) be a GFSS over

GFS(X,E). Then (Fµ)
0 ⊑ Fµ . By using (1), we have

fup(Fµ)
0 ⊑ ( fup(Fµ))

0.
(2) =⇒ (3). Let Gδ be a GFSSover (Y,K). Then

f−1
up (Gδ ) is a GFSS over (X,E). By (2),

fup( f−1
up (Gδ ))

0 ⊑ ( fup( f−1
up (Gδ ))

0 ⊑ (Gδ )
0. Therefore,

we have( f−1
up (Gδ ))

0 ⊑ f−1
up (Gδ )

0. (3) =⇒ (4). Let Gδ be
a GFSSover (Y,K). Then By using (3), and Theorem
2.22(1), (( f−1

up (Gδ )
b)c = ( f−1

up (Gδ ))
0 ⊔ ( f−1

up (Gδ )
c)0 ⊑

f−1
up (Gδ )

0 ⊔ f−1
up ((Gδ )

c)0 = f−1
up (G

0 ⊔ (Gc
δ )

0) =

f−1
up ((Gδ )

b)c = ( f−1
up (Gδ )

b)c and we
havef−1

up (Gδ )
b ⊑ ( f−1

up (Gδ ))
b.

(4) =⇒ (5). Let Gδ be aGFSSover (Y,K). Then By
(4), and theorem 2.22(2),
f−1
up (Gδ ) = f−1

up (Gδ ⊔ Gb
δ ) = f−1

up (Gδ ) ⊔ f−1
up (G

b
δ ) ⊑

f−1
up (Gδ )⊔ ( f−1

up (Gδ ))
b = f−1

up (Gδ ).
(5) =⇒ (3).This follows from Theorem 2.20(1) and

Theorem 3.11(1).
(3) =⇒ (1). Let (Fµ) be aGFSSopen set inX. Then

for fup(Fµ) ∈ GFSS(Y,K). By (3),
( f−1

up ( fup(Fµ)))
0 ⊑ f−1

up ( fup(Fµ))
0. Again since

Fµ = F0
µ ⊑ ( f−1

up ( fup(Fµ)))
0 ⊑ f−1

up ( fup(Fµ))
0. This

shows thatfup is GFS-open.

Theorem 5.3.Let fup : (X,T1,E)−→ (Y,T2,K) be aGFS
bijection. Then fup is continuous if and only if
( fup(Fµ))

0 ⊑ fup(Fµ)
0, for everyFµ ∈ GFS(X,E).

Proof (=⇒) Let Fµ ∈ GFSS(X,E). Then for
fup(Fµ) ∈ GFSS(Y,K),( fup(Fµ))

0 ⊑ fup(Fµ) and so
f−1
up ( fup(Fµ))

0 ⊑ f−1
up ( fup(Fµ)) . Since fup is bijection

andGFS- continuous,f−1
up ( fup(Fµ))

0 ⊑ F0
µ . Again Since

fup is surjictiv,( fup(Fµ))
0 ⊑ fup(Fµ)

0 as claimed.
(=⇒) Let Gδ be aGFSopen set inY. Then sincefup

is surjictiv, Gδ = G0
δ = ( fup( f−1

up (Gδ )))
0. By using

hypothesis,Gδ ⊑ fup( f−1
up (Gδ ))

0. Since fup is injectiv,
f−1
up (Gδ ) ⊑ ( f−1

up (Gδ ))
0. This shwo that f−1

up (Gδ ) is
GFSSopen set inX.

Definition 5.4.Let (X,T1,E) and(Y,T2,K) be twoGFST-
spaces. AGFSmapping fup : (X,T1,E) −→ (Y,T2,K) is
called a generalized fuzzy soft closed [GFS-closed in short
] if fup(Fµ) ∈ T

′

2 for eachFµ ∈ T
′

1.

Theorem 5.5. A GFS mapping
fup : (X,T1,E) −→ (Y,T2,K) is closed if and only if
fup(Fµ)⊑ fup(Fµ), ∀Fµ ∈ GFS(X,E).

Proof. It can be proved directly.

Theorem 5.5.Let fup : (X,T1,E)−→ (Y,T2,K) be aGFS
bijection. Then fup closed if and only if

f−1
up (Gδ )⊑ f−1

up (Gδ ),∀Gδ ∈ GFS(Y,K).
Proof. It is similar to that of theorem 5.3.
The concepts of GFS-coninuous, GFS-open,

GFS-closed mappings are all independent of each other.

Example 5.7. Let X = {x1,x2}, Y = {y1,y2},
E = {e1,e2}, K = {e

′

1,e
′

2}, we define theGFS mapping
fup : (X,T1,E)−→ (Y,T2,K) as

u(x1) = y1, u(x2) = y1,
p(e1) = e

′

1, p(e2) = e
′

2.
The collection
T1 = {0̃θX 1̃△X ,(Fµ)1,(Fµ)2,(Fµ)3,(Fµ)4} is GFS

topology over(X,E). Where
(Fµ)1 = {(e1 = { x1

1
3
, x2

2
5
}, 2

5),(e2 = { x1
2
7

x2
3
4
}, 3

4)},

(Fµ)2 = {(e1 = { x1
1
3
, x2

1
5
}, 1

3),(e2 = { x1
4
5

x2
1
2
}, 4

5)},

(Fµ)3 = {(e1 = { x1
1
3
, x2

1
5
}, 1

3),(e2 = { x1
2
7

x2
1
2
}, 3

4)},

(Fµ)4 = {(e1 = { x1
1
3
, x2

2
5
}, 2

5),(e2 = { x1
4
5

x2
3
4
}, 4

5)}.

Also the collection
T2 =

{0̃θY 1̃△Y ,(Gδ )1,(Gδ )2,(Gδ )3,(Gδ )4,(Gδ )5,(Gδ )6,} is
GFStopology over(Y,K). Where

(Gδ )1 = {(e
′

1 = { y1
2
5
, y2

0 },
2
5),(e

′

2 = { y1
3
4

y2
0 },

3
4)},

(Gδ )2 = {(e
′

1 = { y1
1
3
, y2

0 },
1
3),(e

′

2 = { y1
4
5

y2
0 },

4
5)},

(Gδ )3 = {(e
′

1 = { y1
1
4
, y2

0 },
1
4),(e

′

2 = { y1
1
2

y2
0 },

1
2)},

(Gδ )4 = {(e
′

1 = { y1
2
5
, y2

0 },
2
5),(e

′

2 = { y1
4
5

y2
0 },

4
5)},

(Gδ )5 = {(e
′

1 = { y1
1
3
, y2

0 },
1
3),(e

′

2 = { y1
3
4

y2
0 },

3
4)},
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(Gδ )6 = {(e
′

1 = { y1
1
3
, y2

0 },
1
3),(e

′

2 = { y1
1
2

y2
0 },

1
2)},

f−1
up (Gδ )5(e1)(x1) = (G5(p(e1))(u(x1)),δ (p(e1))) =

(G5(e
′

1)(y1), δ (e′

1)) = (1
3,

1
3) f−1

up (Gδ )5(e1)(x2) =
(G5(p(e1))(u(x2)),δ (p(e1))) =
(1

3,
1
3) f−1

up (Gδ )5(e2)(x1) = (G5(p(e2))(u(x1)),

δ (p(e2))) = (G5(e
′

2)(y1),δ (e
′

2)) =

(3
4,

3
4) f−1

up (Gδ )5(e2)(x2) = (3
4,

3
4). Then

f−1
up (Gδ )5 = {(e1 = { x1

1
3
, x2

1
3
}, 1

3),(e2 = { x1
3
4

x2
3
4
}, 3

4)} and

(Fµ)
c
3 = {(e1 = { x1

2
3
, x2

4
5
}, 2

3),(e2 = { x1
5
7

x2
1
2
}, 1

4)}. Put

Hν = (F)c
3. Then, by calculation we have

fup(Hν)(e
′

1)(y1) =
(
∨

s∈u−1(y1)

∨
e∈p−1(e

′
1)

H(e)(s),
∨

e∈p−1(e
′
1)

ν(e)) =

(
∨

s∈{x1,x2}
{x1,x2}(s),

2
3) = (4

5,
2
3), fup(Hν)(e

′

1)(y2) =

(0, 2
3)(asu−1(y2) = φ ). By similar calculation

consequntly, we havefup(Hν ) = fup(Fµ)
c
3 = {(e

′

1 =

{ y1
4
5
, y2

0 },
1
3),(e

′

2 = { y1
4
5

y2
0 },

1
4)}. Here f−1

up (Gδ )5 /∈ T1 and

fup(Fµ)
c
3 is notGFSclosed set. Thus theGFSmapping is

not GFS-continuous and notGFS-closed. But it is
GFS-open [ as fup(Fµ)1 = (Gδ )1, fup(Fµ)2 =
(Gδ )2, fup(Fµ)3 = (Gδ )6, fup(Fµ)4 = (Gδ )4].

Example 5.8. Let X = {x1,x2}, Y = {y1,y2},
E = {e1,e2}, K = {e

′

1,e
′

2}, we define theGFS mapping
fup : (X,T1,E)−→ (Y,T2,K) as

u(x1) = u(x2) = y2 andp(e1) = e
′

1, p(e2) = e
′

2.
Here theGFSSsare defined as follows:
(Fµ)1 = {(e1 = { x1

2
5
, x2

3
5
}, 3

5),(e2 = { x1
1

x2
1
2
}, 1

2)},

(Fµ)2 = {(e1 = { x1
1
5
, x2

2
5
}, 2

5),(e2 = { x1
1
3

x2
1
4
}, 1

4)},

(Fµ)3 = {(e1 = { x1
3
5
, x2

2
5
}, 2

5),(e2 = { x1
0

x2
1
2
}, 1

2)},

(Fµ)4 = {(e1 = { x1
1
5
, x2

2
5
}, 2

5),(e2 = { x1
0

x2
3
4
}, 1

4)},

(Fµ)5 = {(e1 = { x1
3
5
, x2

3
5
}, 3

5),(e2 = { x1
1

x2
1
2
}, 1

2)},

(Fµ)6 = {(e1 = { x1
3
5
, x2

2
5
}, 2

5),(e2 = { x1
2
3

x2
1
2
}, 1

2)},

(Fµ)7 = {(e1 = { x1
2
5
, x2

2
5
}, 2

5),(e2 = { x1
0

x2
1
2
}, 1

2)},

(Fµ)8 = {(e1 = { x1
2
5
, x2

2
5
}, 2

5),(e2 = { x1
4
5

x2
1
2
}, 1

2)},

(Gδ )1 = {(e
′

1 = { y1
1 ,

y2
1
5
}, 1

5),(e
′

2 = { y1
1

y2
1
4
}, 1

2)},

(Gδ )2 = {(e
′

1 = { y1
1 ,

y2
1
5
}, 1

5),(e
′

2 = { y1
1

y2
1
4
}, 1

4)},

(Gδ )3 = {(e
′

1 = { y1
1 ,

y2
2
5
}, 2

5),(e
′

2 = { y1
1

y2
0 },

1
2)},

(Gδ )4 = {(e
′

1 = { y1
1 ,

y2
1
5
}, 1

5),(e
′

2 = { y1
1

y2
0 },

1
4)},

(Gδ )5 = {(e
′

1 = { y1
1 ,

y2
3
5
}, 3

5),(e
′

2 = { y1
1

y2
1
2
}, 1

2)},

(Gδ )6 = {(e
′

1 = { y1
1 ,

y2
2
5
}, 2

5),(e
′

2 = { y1
1

y2
1
2
}, 1

2)}.

Then
T1 =

{0̃θX 1̃△X ,(Fµ)1,(Fµ)2,(Fµ)3,(Fµ)4,(Fµ)5,(Fµ)6} and
T2 =

{0̃θY 1̃△Y ,(Gδ )1,(Gδ )2,(Gδ )3,(Gδ )4,(Gδ )5,(Gδ )6}

are GFS topologies over (X,E) and (Y,K)
respectively. The mappingfup is GFS-closed, but not
GFS-open and notGFS-continuous.

Here
fup(Fµ)1 = {(e

′

1 = { y1
0 ,

y2
3
5
}, 3

5),(e
′

2 = { y1
0

y2
1 },

1
2)} is not a

GFSopen set and
f−1
up (Gδ )1 = {(e1 = { x1

2
5
, x2

2
5
}, 2

5),(e2 = { x1
1
4

x2
1
4
}, 1

2)} /∈

T1.
Note:

fup(Fµ)
c
1 = (Gδ )

c
6, fup(Fµ)

c
2 = (Gδ )

c
2, fup(Fµ)

c
3 =

(Gδ )
c
3, fup(Fµ)

c
4 = (Gδ )

c
4, fup(Fµ)

c
5 = (Gδ )

c
5, fup(Fµ)

c
6 =

(Gδ )
c
1, fup(Fµ)

c
7 = (Gδ )

c
3, fup(Fµ)

c
8 = (Gδ )

c
6.

Defintion 5.9.Let (X,T1,E) and(Y,T2,K) be twoGFST-
spaces. AGFSmapping fup from (X,T1,E) to (Y,T2,K)
is called a generalized fuzzy soft homeomorphsim [GFS-
homeomorphsim in short] iffup is GFS bijective, GFS-
continuous, andGFS-open.

When someGFS-homeomorphsim exists, we say that
X is generalized fuzzy soft homeomorphic toY. Theorem
5.10. Let (X,T1,E) and (Y,T2,K) be two GFST-spaces
and fup : (X,T1,E) −→ (Y,T2,K) be a GFS bijective
mapping. Then the following conditions are equivalent:
(1) fup is GFS-homeomorphsim;

(2) fup is GFS-continuous andGFS-closed mapping;
(3) fup is GFS-continuous andGFS-open mapping.
Proof. It is easily obtained.
By Theorem 4.14, 5.2 ,5.3 and 5.5 we can formulate

the following theorem:

Theorem 5.11.Let fup : (X,T1,E)−→ (Y,T2,K) be aGFS
mapping. Then the following statements are equivalent:

(1) fup is GFS-homeomorphsim;
(2) fup(Fµ)

0 = ( fup(Fµ))
0, ∀Fµ ∈ GFS(X,E);

(3) ( f−1
up (Gδ ))

0 = f−1
up (Gδ )

0,∀Gδ ∈ GFS(Y,K).
(4) f−1

up (Gδ )
b = ( f−1

up (Gδ ))
b, ∀Gδ ∈ GFS(Y,K);

(5) f−1
up (Gδ ) = f−1

up (Gδ ), ∀Gδ ∈ GFS(Y,K).

(6) fup(Fµ) = fup(Fµ), ∀Fµ ∈ GFS(X,E).

6 Perspective

In this paper, we have defined the notion of mappings on
the families of GFSSs. We have studied the properties of
GFS images and GFS inverse images which have been
supported by examples and counterexamples. The notions
GFS-continuous, Q − GFS neighborhood,GFS-open
(closed) mappings andGFS-homeomorphism for
generalized fuzzy soft topological spaces are introduced,
and some interesting results that may be of value for
further research are obtained.
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