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1 Introduction and Preliminaries

In this section, we shall briefly introduce some recent
studies of the subject. We discuss some previously known
concepts and results. These preliminaries help the readers
to understand the main results of the paper. Before
proceeding let us recall the classical convexity on
coordinates, which is also known as two dimensional
classical convexity. Dragomir [7] was the first to
investigate this extension of classical convexity in
connection with integral inequalities. Let us consider a
bidimensional intervalΩ = [a,b]× [c,d]⊂ R

2 with a< b
andc < d. A function F : Ω → R is said to be convex
function onΩ , if the following inequality

F (tx+(1−t)z, ty+(1−t)w)≤ tF (x,y)+(1−t)F (z,w),

holds, for all(x,y),(z,w) ∈ ∆ andt ∈ [0,1].

A function F : Ω → R is said to be convex onΩ ,
if the partial functionsFy : [a,b] → R, Fy(u) = F (u,y)
andFx : [c,d] → R, Fx(v) = F (x,v) are convex for all
x∈ [a,b] andy∈ [c,d].

Definition 1. Consider the rectangleΩ = [a,b]× [c,d]⊂
R

2. A functionF : Ω →R is said to be coordinated convex

function onΩ , if

F (tx+(1− t)y, ru+(1− r)w)

≤ trF (x,u)+ t(1− r)F (x,w)

+r(1− t)F (y,u)+ (1− t)(1− r)F (y,w),

whenever x,y∈ [a,b], u,w∈ [c,d] and t, r ∈ [0,1].

Recently Gordji et al. [11] introduced the class of
η-convex function.

Definition 2. A functionF : I ⊂ R → R is said to beη-
convex function with respect toη : R×R→R, if

F (tx+(1− t)y) ≤ F (y)+ tη(F (x),F (y)),

∀x,y∈ I , t ∈ [0,1].

This class generalizes the class of convex functions. For
some recent studies onη-convex functions, interested
readers are referred to [4,10].
Riemann-Liouville integrals are defined as follows:

Definition 3([13]). Let F ∈ L[a,b]. Then
Riemann-Liouville integrals Jαa+F and Jα

b−F of order
α > 0 are defined by

Jα
a+F (x) =

1
Γ (α)

x
∫

a

(x− t)α−1
F (t)dt, x> a,
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and

Jα
b−F (x) =

1
Γ (α)

b
∫

x

(t − x)α−1
F (t)dt, x< b,

where

Γ (α) =

∫ ∞

0
e−txα−1dx,

is the well known Gamma function.

For more details and studies on the concepts and results of
fractional calculus, see [13].
Sarikaya [18] gave new extensions of classical Riemann-
Liouville integrals as follows:

Definition 4. Let F ∈ L([a,b] × [c,d]). The

Riemann-Liouville integrals Jα ,β
a+,c+ , Jα ,β

a+,d− , Jα ,β
b−,c+ and

Jα ,β
b−,d− of orderα,β > 0 with a,c≥ 0 are defined by

Jα ,β
a+,c+F (x,y)

=
1

Γ (α)Γ (β )

x
∫

a

y
∫

c

(x− t)α−1(y− s)β−1
F (t,s)dsdt,

x> a,y> c

Jα ,β
a+,d−F (x,y)

=
1

Γ (α)Γ (β )

x
∫

a

d
∫

y

(x− t)α−1(s− y)β−1
F (t,s)dsdt,

x> a,y< d

Jα ,β
b−,c+F (x,y)

=
1

Γ (α)Γ (β )

b
∫

x

y
∫

c

(t − x)α−1(y− s)β−1
F (t,s)dsdt,

x< b,y> c

Jα ,β
b−,d−F (x,y)

=
1

Γ (α)Γ (β )

b
∫

x

d
∫

y

(t − x)α−1(s− y)β−1
F (t,s)dsdt,

x< b,y< d,

respectively.

Note that

J0,0
a+,c+F (x,y) = J0,0

a+,d−F (x,y)

= J0,0
b−,c+F (x,y)

= J0,0
b−,d−F (x,y) = F (x,y),

and

J1,1
a+,c+F (x,y) =

1
Γ (α)Γ (β )

x
∫

a

y
∫

c

F (t,s)dsdt.

Also,

Jα
a+F

(

x, c+d
2

)

= 1
Γ (α)

x
∫

a
(x− t)α−1F

(

t, c+d
2

)

dt,

x> a

Jα
b−F

(

x, c+d
2

)

= 1
Γ (α)

b
∫

x
(t − x)α−1F

(

t, c+d
2

)

dt,

x< b

Jα
c+F

(

a+b
2 ,y

)

= 1
Γ (β )

y
∫

c
(y− s)β−1F

(

a+b
2 ,s

)

ds,

y> c

Jα
d−F

(

a+b
2 ,y

)

= 1
Γ (β )

d
∫

y
(s− y)β−1F

(

a+b
2 ,s

)

ds,

y< d.

Following auxiliary results will play significant role in the
development of the main results of the paper.

Lemma 1([19]). Let F : Ω ⊂ R
2 → R be a partial

differentiable functions onΩ := [a,b]× [c,d] in R
2 with

a < b and c< d. If ∂ 2F
∂ t∂s ∈ L (Ω), then the following

equality holds:
∧

F

(a,b,c,d;x,y)

=
(b−a)(d− c)

4

1
∫

0

1
∫

0

(1−2t)(1−2s)

×
∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)dtds,

where
∧

F

(a,b,c,d;x,y)

=
F (a,c)+F (a,d)+F (b,c)+F (b,d)

4

+
1

(b−a)(d− c)

b
∫

a

d
∫

c

F (x,y)dydx

−
1
2

[

1
b−a

b
∫

a

[F (x,c)+F (x,d)]

+
1

d− c

d
∫

c

[F (a,y)+F (b,y)]

]

.

Lemma 2([20]). Let F : Ω ⊂ R
2 → R be a partial

differentiable functions onΩ := [a,b]× [c,d] in R
2 with
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a < b and c< d. If ∂ 2F
∂ t∂s ∈ L (Ω), then the following

equality holds:
∨

F

(a,b,c,d;x,y;α,β ;Γ )

=
(b−a)(d− c)

4

×

{ 1
∫

0

1
∫

0

tαsβ ∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)dsdt

−

1
∫

0

1
∫

0

(1− t)αsβ ∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)dsdt

−

1
∫

0

1
∫

0

tα(1− s)β ∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)dsdt

+

1
∫

0

1
∫

0

(1− t)α(1− s)β

×
∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)dsdt

}

,

where
∨

F

(a,b,c,d;x,y;α,β ;Γ )

=
F (a,c)+F (a,d)+F (b,c)+F (b,d)

4

+
Γ (α +1)Γ (β +1)

4(b−a)α(d− c)β

[

Jα ,β
a+,c+F (b,d)+ Jα ,β

a+,d−F (b,c)

+Jα ,β
b−,c+F (a,d)+ Jα ,β

b−,d−F (a,c)
]

−
Γ (β +1)

4(d− c)β

[

Jβ
c+F (a,d)+ Jβ

c+F (b,d)

+Jβ
d−F (a,c)+ Jβ

d−F (b,c)

]

−
Γ (α +1)
4(b−a)α

[

Jα
a+F (b,c)+ Jα

a+F (b,d)

+Jα
b−F (a,c)+ Jα

b−F (a,d)

]

.

For some recent details on different generalizations of
classical convexity and integral inequalities of
Hermite-Hadamard type, see [1,2,3,5,6,7,9,12,15,16,
17].
Inspired by the research work discussed above, we define
a new class of convexity which is a joint generalization of
coordinated convex functions andη-convex functions.
This class is called as generalized convex functions of
2-variables on coordinates. We also derive some
Hermite-Hadamard like inequalities via generalized

convex functions of 2-variables on coordinates. This is
the main motivation of this paper. It is expected that the
results obtained in this paper may stimulate further
research in this direction.

2 Generalized coordinated convexity

Now we are in a position to define the class of so called
Generalized convex functions of 2-variables on
coordinates.

Definition 5. Consider the rectangle

Ω = [a,b]× [c,d]⊂ R
2
.

A functionF : Ω → R is said to be Generalized convex
function of 2-variables onΩ with respect to bifunction
η(., .), if

F (ta+(1− t)b, rc+(1− r)d)

≤ F (a,c)+ r(1− t)η (F (b,d),F (a,c))

+t(1− r)η (F (a,d),F (a,c))

+(1− t)(1− r)η (F (b,d),F (a,c)) .

Note that if we takeη(β ,α) = β −α, then we have

F (ta+(1− t)b, rc+(1− r)d)≤ trF (a,c)

+r(1− t)F (b,c)+ t(1− r)F (a,d)

+(1− t)(1− r)F (b,d).

3 Results in connection with ordinary
calculus

In this section, we derive some Hermite-Hadamard like
inequalities via generalized convex functions on
coordinates using the concepts of ordinary calculus.

Theorem 1. Let F : Ω ⊂ R
2 → R

2 be a partial
differentiable functions onΩ := [a,b]× [c,d] in R

2 with

a < b and c< d and ∂ 2F
∂ t∂s ∈ L (Ω). If

∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣
is

generalized convex function of 2-variables on
coordinates, then the following inequality holds:
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

16

×

[

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

]

.
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Proof. Using Lemma1 and the property of modulus, we
have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

1
∫

0

1
∫

0

|1−2t||1−2s|

×

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dtds.

Since it is given that
∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣
is generalized convex function

of 2-variables on coordinates, so we have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

1
∫

0

1
∫

0

|1−2t||1−2s|

×

[

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

+ r(1− t)η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+t(1− r)η
(
∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+(1− t)(1− r)η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

]

drdt

=
(b−a)(d− c)

4

×

[

1
4

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

+
1
16

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+
1
16

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+
1
16

η
(
∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

]

.

This completes the proof.⊓⊔

Theorem 2. Let F : Ω ⊂ R
2 → R

2 be a partial
differentiable functions onΩ := [a,b]× [c,d] in R

2 with

a < b and c< d and ∂ 2F
∂ t∂s ∈ L (Ω). If

∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣

q
is

generalized convex function of 2-variables on
coordinates, then for q> 1, we have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

16

×

{

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)
}

1
q

.

Proof. Using Lemma1 and the property of modulus, we
have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

1
∫

0

1
∫

0

|1−2t||1−2s|

×

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dtds.

Using power mean inequality, we have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

( 1
∫

0

1
∫

0

|1−2t||1−2s|dtds

)1− 1
q

×

( 1
∫

0

1
∫

0

|1−2t||1−2s|

×

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

q

dtds

)
1
q

.

Since it is given that
∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣

q
is generalized convex function

of 2-variables on coordinates, so we have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

(1
4

)1− 1
q

×

[ 1
∫

0

1
∫

0

|1−2t||1−2s|

{

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q

+ r(1− t)η
(
∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)

+t(1− r)η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)

+(1− t)(1− r)η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)
}

drdt

]
1
q

=
(b−a)(d− c)

16

×

{

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)
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Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 2, 337-344 (2018) /www.naturalspublishing.com/Journals.asp 341

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)

+
1
4

η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

q)
}

1
q

.

This completes the proof.⊓⊔

Theorem 3. Let F : Ω ⊂ R
2 → R

2 be a partial
differentiable functions onΩ := [a,b]× [c,d] in R

2 with

a < b and c< d and ∂ 2F
∂ t∂s ∈ L (Ω). If

∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣

q
is

generalized convex function of 2-variables on
coordinates, then for1p +

1
q = 1, we have
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∣
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∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4(p+1)
2
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∣

∣

∣
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∣

∣

∣

∣

q
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η
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∣

∣

∂ 2F
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∣

∣
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q
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∣

∣

∣

∂ 2F

∂ t∂s
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∣

∣

∣

∣

q)

+
1
4

η
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∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

q
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∣

∣
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∣
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∣
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+
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∂ 2F
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∣
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∣

∣

∣

∣

q)
}

1
q

.

Proof. Using Lemma1 and the property of modulus, we
have
∣

∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

1
∫

0

1
∫

0

|1−2t||1−2s|

×

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dtds.

Using Hölder’s inequality, we have
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∣

∣

∣

∣

∧

F

(a,b,c,d;x,y)

∣

∣

∣

∣

∣

≤
(b−a)(d− c)

4

( 1
∫

0

1
∫

0

|(1−2t)(1−2s)|pdtds

)
1
p

×

( 1
∫

0
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∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
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∣

∣

∣

∣

∣

q

dtds

) 1
q

.

Since it is given that
∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣

q
is generalized convex function

of 2-variables on coordinates, so we have
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∣
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∣

∣

∣
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2
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∣

∣
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∣

∣

∣
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q
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∣

∣

∣
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∣

∣

∣
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q
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∣
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∣
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∣

∣

q)
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drdt

]
1
q

=
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4(p+1)
2
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×
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+
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+
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4
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∣

∣

∣

∣

q)
}

1
q

.

This completes the proof.⊓⊔

4 Results in connection with fractional
calculus

In this section, we derive some fractional estimates of
Hermite-Hadamard like inequalities via generalized
convex functions on coordinates using the concepts of
fractional calculus.

Theorem 4. Let F : Ω ⊂ R
2 → R be a partial

differentiable functions onΩ := [a,b]× [c,d] in R
2 with

a < b and c< d and ∂ 2F
∂ t∂s ∈ L (Ω). If

∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣
is

generalized convex function of 2-variables on
coordinates, then the following inequality holds:
∨

F

(a,b,c,d;x,y;α,β ;Γ )

≤
(b−a)(d− c)

4(α +1)(β +1)

×

{

4

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

+η
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∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣
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∣

∣

∣

∣
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∂ t∂s
(a,c)

∣

∣

∣

∣

)

+η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

+η
(∣

∣

∣

∣

∂ 2F

∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 2F

∂ t∂s
(a,c)

∣

∣

∣

∣

)

}}

.
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Proof.Using Lemma2 and property of modulus, we have
∣

∣

∣

∣

∣

∨

F

(a,b,c,d;x,y;α,β ;Γ )

∣

∣

∣

∣

∣

=
(b−a)(d− c)

4

×

{ 1
∫

0

1
∫

0

tαsβ

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dsdt

−

1
∫

0

1
∫

0

(1− t)αsβ

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dsdt

−

1
∫

0

1
∫

0

tα(1− s)β

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1−s)d)

∣

∣

∣

∣

∣

dsdt

+

1
∫

0

1
∫

0

(1− t)α(1− s)β

×

∣

∣

∣

∣

∣

∂ 2F

∂ t∂s
(ta+(1− t)b,sc+(1− s)d)

∣

∣

∣

∣

∣

dsdt

}

.

Since it is given that
∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣
is generalized convex function

of 2-variables on coordinates, then
∣

∣

∣

∣

∣

∨

F

(a,b,c,d;x,y;α,β ;Γ )

∣

∣

∣

∣

∣
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4

×
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∫

0

1
∫

0
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∣

∣

∣

∂ 2F

∂ t∂s
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∣

∣

∣

∣
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∣
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∣
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∣

∣
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∣
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∣
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∣

∣

∣
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∣

∣

∣

∂ 2F
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∣

∣

∣
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∣

∣

∣
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∣

∣

∣
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∣

∣

∂ 2F

∂ t∂s
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∣

∣
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∣
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∣
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∣

∣
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}

=
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4(α +1)(β +1)

×

{
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∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣

∣
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∣
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(a,d)

∣

∣

∣

∣
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∣

∣

∣

∣
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∣

∣

∣

∣

)
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∣
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∣
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∣

∣

∣

∣
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∣

∣

∣

∣

)
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This completes the proof.⊓⊔

Theorem 5. Let F : Ω ⊂ R
2 → R be a partial

differentiable functions onΩ := [a,b]× [c,d] in R
2 with

a < b and c< d and ∂ 2F
∂ t∂s ∈ L (Ω). If

∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣

q
is

generalized convex function of 2-variables on
coordinates, then for1p +

1
q = 1, we have

∨

F

(a,b,c,d;x,y;α,β ;Γ )

≤
(b−a)(d− c)

4(α +1)(β +1)

×

{
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∣

∣

∣
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∂ t∂s
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∣
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∣
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∣

∣

∂ 2F

∂ t∂s
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∣
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∣

∣

∣

∣
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∣

∣

∣

∣

)

}}

.

Proof. Using Lemma2 and property of modulus and the
Hölder’s inequality, we have
∣

∣

∣

∣

∣

∨

F

(a,b,c,d;x,y;α,β ;Γ )

∣

∣

∣

∣
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≤
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×
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+
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p

+
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∫

0

1
∫

0
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( 1
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∣

∣
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∣
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∣

∣

∣

∣

∣

q

dsdt

) 1
q

.

Since it is given that
∣

∣

∣

∂ 2F
∂ t∂s

∣

∣

∣
is generalized convex function

of 2-variables on coordinates, then
∣

∣

∣

∣

∣

∨

F
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∣

∣
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∣
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+s(1− t)η
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∣
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∣

∣
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,

∣
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∣

∣
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∂ t∂s
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∣
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)

+
1
4

η
(∣
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∂ t∂s
(b,d)

∣

∣

∣

∣

,

∣

∣

∣

∣
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∣

∣

∣

∣

)

}
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This completes the proof.⊓⊔

5 Conclusion

A new extension of convexity called as generalized
convex functions of 2-variables on coordinates has been
introduced and investigated in connection with integral
inequalities of Hermite-Hadamard type using both the
concepts of ordinary and fractional calculus. It is worth to
mention here that the results obtained in this paper reduce
to the results for classical convexity by taking
η(β ,α) = β − α. Thus these results are quite unifying
one. Interested readers are encouraged to further explore
and investigate the class of generalized convex functions
of 2-variables on coordinates in perspective of
applications.

References

[1] M. Alomari, M. Darus, Co-ordinateds-convex function in
the first sense with some Hadamard-type inequalities, Int. J.
Contemp. Math. Sciences, 3(32), 1557-1567,(2008).

[2] M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor,
Some fractional extensions of Trapezium inequalities via
coordinated harmonic convex functions, J. Nonlinear Sci.
Appl., 10, 1714-1730, (2017).

[3] M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, A.
G. Khan, Some new bounds for Simpson’s rule involving
special functions via harmonich-convexity, J. Nonlinear Sci.
Appl., 10(4), 1755-1766, (2017).

[4] M. U. Awan, M. A. Noor, K. I. Noor, F. Safdar, On
strongly generalized convex functions, Filomat, 31(18),
(2017), 5783-5790.

[5] G. Cristescu, L. Lupsa, Non-connected Convexities and
Applications, Kluwer Academic Publishers, Dordrecht,
Holland, 2002.

[6] G. Cristescu, M. A. Noor, M. U. Awan, Bounds of the
second degree cumulative frontier gaps of functions with
generalized convexity, Carpath. J. Math., 30(2), (2014).

[7] S. S. Dragomir, On Hadamard’s inequality for convex
functions on the co-ordinates in a rectangle from the plane,
Taiwanese J. Math., 4, 775-788(2001).

[8] S. S. Dragomir, R. P. Agarwal, Two inequalities for
differentiable mappings and applications to special means
of real numbers and to Trapezoidal formula, Appl. Math.
Lett. 11(5,91-95 (1998).

[9] S. S. Dragomir, C. E. M. Pearce, Selected topics on Hermite-
Hadamard inequalities and applications, Victoria University,
2000.

[10] M. E. Gordji, M. R. Delavar, S. S. Dragomir, Some
inequalities related toη-convex functions, RGMIA, 18,
Article No. 8, (2015).

[11] M. E. Gordji, M. R. Delavar, M. D. L. Sen, Onϕ-convex
functions, J. Math. Inequal., 10(1), 173-183, (2016).

[12] D. Y. Hwang, K. L. Tseng, G. S. Yang, Some Hadamard’s
inequalities for co-ordinated convex functions in a rectangle
from the plane, Taiwanese J. Math., 11, 63-73, (2007).

[13] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and
applications of fractional differential equations. Elsevier,
Amsterdam (2006).

[14] M. A. Latif, M. Alomari, Hadamard-type inequalities for
product two convex functions on the co-ordinetes, Int. Math.
Forum, 4(47), 2327-2338,(2009).

[15] M. V. Mihai, M. A. Noor, M. U. Awan, Some inequalities
for two dimensional harmonich-convex functions, RCSAM,
111(3),765-779, (2017).

[16] M. A. Noor, K. I. Noor, M. U. Awan, Integral Inequalitiesfor
coordinated harmonically convex functions, Complex Var.
Ellip. Equat., 60(6), 776-786, (2015).

[17] M. A. Noor, K. I. Noor, M. U. Awan, J. Li, On Hermite-
Hadamard Inequalities forh-preinvex functions, Filomat,
28(7),1463-1474,(2014).

[18] M. Z. Sarikaya, On the Hermite-Hadamard-type inequalities
for co-ordinated convex function via fractional integrals,
Integral Transf. Spec. Func., 25(2), 134-147, (2014).

[19] M. Z. Sarikaya, E. Set, M. E. Ozdemir, S. S. Dragomir, New
some Hadamard’s type inequalities for co-ordinated convex
functions, Tamsui Oxford J. Infor. Mathe. Sci., 28(2), 137-
152, (2012).

[20] M. Z. Sarikaya, E. Set, H. Yaldiz, N. Basak, Hermite-
Hadamard’s inequalities for fractional integrals and
related fractional inequalities, Math. Comput. Model.,
57(910),2403-2407, (2013).

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


344 M. U. Awan et al.: Generalized coordinated nonconvex...

Muhammad Aslam
Noor earned his
PhD degree from Brunel
University, London, UK
(1975) in the field of Applied
Mathematics(Numerical
Analysis and Optimization).
He has vast experience
of teaching and research
at university levels in various
countries including Pakistan,

Iran, Canada, Saudi Arabia and UAE. His field of interest
and specialization covers many areas of Mathematical
and Engineering sciences such as Variational Inequalities,
Operations Research and Numerical Analysis. He has
been awarded by the President of Pakistan: President’s
Award for pride of performance on August 14, 2008 and
Sitar-e.Imtiaz on August 14, 2016, in recognition of his
contributions in the field of Mathematical Sciences. He
was awarded HEC Best Research award in 2009.
He is currently member of the Editorial Board of
several reputed international journals of Mathematics
and Engineering sciences. He has more than 925
research papers to his credit which were published in
leading world class journals. He is one of the highly
cited researchers in Mathematics, (Thomson Reuter,
2015,2016). 2017 NSP prize was awarded to Dr. Noor for
his valuable contribution to Mathematics and its
Applications by Natural Sciences Publishing Cor. USA.

Muhammad Uzair Awan
has earned his PhD degree
from COMSATS Institute
of Information Technology,
Islamabad, Pakistan under
the supervision of Prof.
Dr. Muhammad Aslam
Noor. Currently he is working
as an Assistant Professor
in the Department of
Mathematics, GC University,

Faisalabad, Pakistan. His field of interest is Convex
Analysis, Mathematical Inequalities and Numerical
Optimization. He has published several papers in
outstanding International journals of Mathematics and
Engineering sciences.

Marcela V. Mihai earned
her PhD degree from
Craiova University, Romania
(2015) in the field of Applied
Mathematics (Results of
Hermite-Hadamard type for
generalized convex functions)
under the supervision of Prof.
Dr. Constantin P. Niculescu.
She has a great experience of

teaching and research at hight school and university levels
in Bucharest and Craiova, Romania. Currently she is
member of scientific-methodological Department Session
of the Board of Directors Branch RMS Bucharest. She
has published several articles in international prestigious
journals of mathematics and engineering sciences.

Khalida Inayat Noor
is a leading world-known
figure in mathematics and
is presently employed as HEC
Foreign Professor at CIIT,
Islamabad. She obtained her
PhD from Wales University
(UK). She has a vast
experience of teaching and
research at university levels
in various countries including

Iran, Pakistan, Saudi Arabia, Canada and United Arab
Emirates. She was awarded HEC best research award in
2009 and CIIT Medal for innovation in 2009. She has
been awarded by the President of Pakistan: Presidents
Award for pride of performance on August 14, 2010 for
her outstanding contributions in Mathematical Sciences.
Her field of interest and specialization is Complex
analysis, Geometric function theory, Functional and
Convex analysis. She introduced a new technique, now
called as Noor Integral Operator which proved to be an
innovation in the field of geometric function theory and
has brought new dimensions in the realm of research in
this area. She has been personally instrumental in
establishing PhD/ MS programs at CIIT. Prof. Dr. Khalida
Inayat Noor has supervised successfully more than 25
Ph.D students and 40 MS/M.Phil students. She has been
an invited speaker of number of conferences and has
published more than 500 research articles in reputed
international journals of mathematical and engineering
sciences. She is member of educational boards of several
international journals of mathematical and engineering
sciences.

c© 2018 NSP
Natural Sciences Publishing Cor.


	Introduction and Preliminaries
	Generalized coordinated convexity
	Results in connection with ordinary calculus
	Results in connection with fractional calculus
	Conclusion

