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Abstract: In this paper, we introduce a new class of convex functiorfichvis called generalized harmonic convex functions on
fractal setR? (0 < a < 1). This new class of convex functions includes generalizen@ofunctions and harmonic convex functions
as special cases. We obtain several new Hermite-Hadaneqdatities for generalized harmonic convex functions. &special cases
are also discussed. The ideas and technique of this papemotasate further research in this field.
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1 Introduction In particular, a functiorf : | = [a,b] C R — R is said to
be generalized convex function, if and only if,

Recently, scientists and engineers have given utmost a+b rl+a f(a)+ f(b

attention to study the fractal calculus. According to f( > > (é_a)a)a|b(a)f(x) S%, (1)

Mandlebrot, the set whose Hausdorff dimension strictly
exceeds the topological dimension is called a fractal setvhich is called generalized Hermite-Hadamard inequality
[14]. The calculus on fractal set is exceedingly practical for generalized convex function.

and comprehensive in science and engineering for theiHermite-Hadamard inequalities are used to find the upper
real world models. Many researchers used variousand lower bounds of the mean value. For a novel
approaches to construct fractional calculus on fractal set application of Hermite-Hadamard inequalities in the
Yang [36] systematically analyzed the local fractional nrqof of inequalitye < (1+l)n+0.5 see Khattri 11]. Itis
functions on fractal space, which included local fractiona yown that the minimum of the differentiable convex
calculus. Later on Mo et al.1f] introduced the g nctions on the convex sets can be characterized by

generalized convex function on fractal sets andyariational inequalities, see, for example, NA®RO, 21]
established the generalized Jensen's inequality and.q the references therein.

generalized Hermite-Hadamard inequality related to

generalizeql convex functiqn. Wei et aBy introduced a It is well known that the harmonic means have

local fractional integral inequality on fractal space gngjications in electrical circuits. The total resistanée

comparable to Anderson’s inequality for comprehensiveget of parallel resistance is obtained by adding up the

convex funco'flons. The generalized convex function Onyecinrocals of the individual resistance values and then

fractal setsR® (0 < a < 1) can be stated as follows: considering the reciprocal of their total. For examplBf
and R, are the resistances of two parallel resistors, then

A function f : I = [a,b] C R — R? is said to be {he total resistance is obtained by the formula
generalized convex function, if R= 11 = 2% which is half the harmonic mean.
FI(A-tx+ty) < (1-1)%F(x) +t7f(y), These harmonic means also played a crucial in the

X,y e l,te0,1]. developments of parallel algorithms. For the novel
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applications of harmonic means in the stock market, see 7.2 +0% =09 +a* = a” anda?19 = 19a% = a“
Al-Azemi and Colin [l]. Noor [21] used the harmonic e . o

means to construct a wide class of iterative methods for  1he definition of local fractional derivative and local
solving the nonlinear equations. Noor and Nopg,p3 ~ fractionalintegral may be given as:

peoved that the optimal conditions of the differentiable
harmonic functions can be expressed in term of
variational inequalities. Anderson et a] considered the
harmonic functions apd investigated varioug applications " do AT(F(X) — (X))
of harmonic functions. Iscan 2p] derived the f'%(x) = d71‘(X) ZJ@ T
Hermite-Hadamard type inequality for the harmonic X=Xo o —%o
functions. These integral inequalities are used to find th a B - B

upper and lower bounds. For recent developments an%NherEA (00 = (%)) =1+ a)(F(X) — f(x0)).
other aspects of harmonic convex functions, see ki1 times
[8,9,14-19] and the references therein.

Definition 1.[36]. The local fractional derivative of (k)
of ordera at x= X, is defined by

)

——
If there exists 1% (x) = DZ..D¢ f(x) for any xe
It is clear that the generalized convex functions and! € R, then we denote € D, 1)q(l), where k=0,1,2...
harmonic convex functions are two different classes of
convex functions. It is natural to unify these two different Definition 2.[36]. The local fractional integral of (x) is
classes. Inspired by these investigations, we introduce defined by
new class of generalized convex function, which is called
generalized harmonic convex function on fractal sets.al (a)f(x): 1 /bf(t)(dt)".
This new class of generalized harmonic convex functions Frl+a)la
include generalized convex functions and harmonic
convex functions as special cases. We derive some fractdlemma 1[36].
Hermite-Hadamard inequalities for generalized harmonic 4@
convex function. Some special cases are discussed which =_yka
can be obtained from main results. Results obtained in ~ dx?

this paper continue to hold for these cases. Interested I (1+ka) 4 1)q
readers are encouraged to find the applications of these (14 (k—1)a)
convex functions in different areas of pure and applied 1 b
i . — [ X“(dt)
sciences ,_(1+a)/a (dt)
- _ (1+ka) (pktDa _gkilay R,
2 Preliminaries r(1+k+1a)

Recall the setR® of real line numbers and use Definition3[33. A set IC R\ {0} is said to be a
Gao-Yang-Kangs idea to describe the definitions of theharmonic convex set, if
local fractional derivative and local fractional integrste Xy

[36]. ——
For 0< a <1, we have the followingr-type set. et (1-ty

1.Z°: the a-type set of the integer is defined as the set It has been shown that the minimum of a

el, vx,y e l,t €10,1].

{09,419 429 +n9 ). differentiable harmonic convex functions on the harmonic
2.Q7: the a-type set of the rational numbers is defined convex set can be characterized by a class of variational
as the sefm® = (p/q)? : p€ Z,q +# 0} inequalities, which is called the harmonic variational
3.J9: the a-type set of the irrational numbers is defined inequality. This shows that the harmonic functions have
as the sefm® # (p/q)? : p € Z,q # O}. some properties which convex functions have. For recent
4RY: the a-type set of the real line numbers is defined developments, see21,22,2330] and the references
as the seRY = Q2 U J¢, therein. We now introduce the new concept of harmonic
convex functions.
If a, b? andc® belong to the seR? of real line numbers,
then Definition 4. A function f: 1 = [a,b] CR\ {0} — R% is
said to be generalized harmonic convex function éhet

1.a% +b% anda”b” belongs to the s&k” < 1) if
280 +b% = b +af = (a+b)? = (b+a)? asl)i
3a%+ (b +c%) = (a” +b%) 4 c“ xy
4.2%p% =b%a” = (ah)? = (ba)? <f) < (A=) f(x)+tYf(y),
5_aa(baca) — (aaba)ca tX"’( _t)y

6.2 (b% +c%) = a%b® + adc” vx,y € l,t €10,1]. (2)
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The functionf is said to be generalized harmonic concaveThus, integrating the resulting inequality with respect to
function, if -f is generalized harmonic convex function. If over|0, 1], we obtain
t = 3, then2 reduces to

1 2ab
f(xziy) RLEL() @/0 f(la—ib)w:b

which is called the generalized Jensen harmonic convex

. 1
function. ab a
+, f((l—t)athb) (ct) }
If o = 1, then definitiond reduces to the definition of ab)? 1 b f(x
(ab) X ga
harmonic convex function, seel(. For the recent = f—ga I'(1+O!)/a 20 (dx)“.
development in harmonic convex functions, sé§,24, o
25,26,27] This implies
a b
; 2ab < (ab) f(x) (d)°. @)
a+b (b—a)a Jo x2
Definition 5.[15). A function f: [a,b] C R\ {0} — R is ] k ) .
said to be harmonic symmetric with respectag%, if Now f is a generalized harmonic convex function, then
ab
fl —————— ) <(1-1)%(a)+t%f(b)
_ abx (ta+ (1—t)b)

f((l_f;ﬁ)) <t9f(a)+ (1—1)7f(b).

Definition 6.[32]. Two functions fg are said to be

similarly ordered (f is g-monotone), if and only if, By adding these inequalities we have
f(x) — f(y),g(x) — >0, X,y € R". _ab _ab
(10— 15,909~ 9(v)) = y (o) * (e

One can show that the product of two similarly ordered < (1—t)%f(a)+t“f(b)+t“f(a)+ (1—t)?f(b)
generalized harmonic convex functions is again a — f(a)+ f(h).

generalized harmonic convex function. i ] o ] ]
Then, integrating the resulting inequality with respect to

over|[0, 1], we obtain

3 Main Results 1 /lf ab ()
rl+a ta+(1 t)b
In this section, we derive generalized Hermite-Hadamard +/ (dt)®
type inequalities for generalized harmonic convex 1-t a+tb
functions. / “
= [f(a) + f(b)](dt)”.
Theorem1llet f: 1 = [ab] € R\ {0} — RY be ) I'(1+ )Jo
generalized harmonic  convex  function.  If Itiseasy to see that
f(x) € alp'®[a,b], then 1 /1f ab (dt)®
a b ri+a) ta+(1 t)b
¢ 2ab - (ab) / f(x)(dx)“< f(a)+ f(b)
at+b/ — (b—a)a /a x2 - 2a ’ +/ < >(dt)"}
x € [a,bl. 3) 1-t a“b
2% (ab)“ 1 b f(x )(dx)"

ProofLet f be generalized harmonic convex function with B (b—a)o M (1+ a)/a x2a
t = 3 in the inequality2, then

and
2x f(x)+ f 1 ' a_ f@+ 1D
f(x+);)< (X);‘; v wyel. I_(1+a)/0[f(a)+f(b)](dt) - ricay
So
Letx_ai andy = 73 Then a b
ta+(1-0b I-t)atib (ab) a/a 1;(;;) (" < f(a)zj:{f(b). (5)

2ab - 1 ¢ ab ¢ ab (b—a)
at+b/ = 20 tat+ (1—t)b T (1-t)a+tb /| Combining4 and5, we obtain the required result.
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Theorem 2. Let f,g:1 Cc R\ {0} — RY be generalized
harmonic convex functions. If f@lﬁa)[a, b], then

(@) 1
(b—

< BaM(a,b) +

b ()0 zri )
a1+ a)/a x2a

r(1+2a)
r(1+3a)

(d0)°

N(a,b),
where

M(a,b) = f(a)g(a) + f(b)g(b), (6)

N(a,b) = f(a)g(b) + f(b)g(a),

t9(1—1)7
Ba 1+a/

Fl+a) r(1+2a)
T r(1+2a) T (1+3a)

()

(8)

Proof. Let f,g be generalized harmonic convex functions.
Then

@) 1 b F09(Greras)
(b—a)d T (1+a) / X2

I'(%ra) /o1 f (ta+ (alb_ t)b) g ( (1- 32+tb> ()
1

1 a a
Fira) Jy (107 @+t 1)
%[t"g(a) + (1-1)%g(b))(ct)°

1 1
f(@)9(b) gy [, 0% (@)°

1 1
+[f(a)g(a) + f(b)g(b)]mfo (1 -t)%(dt)®

+f(b)g(a)l_(1i - [esay
Balf(2)9(2) + f(b)g(b)]

r(1+2a)
m[f (@)g(b) + f(b)g(a)]
r(1+2a)

= BaM(@b)+ ===

which is the required result.O0

(A

N(a,b),

Theorem 3Let f,g: | c R\ {0} — RY be generalized
harmonic convex functions. If f@lﬁa)[a, b], then

(ab)? 1 b f(x)g(x)
(b—-a)r(1+a) /a X2

F(L+20) 12 b+ BaN(ab),

~— ' (1+43a)
where Ma,b), N(a,b) and B, are given by6, 7 and 8

respectively.

(ax)®

M(a,

Proof. Let f,g be generalized harmonic convex functions.
Then

(ab)” 1 bF(X)9(X), .\«
(b—a)“l'(1+a)/a aa ()

/-(11+ a) /olf<ta+

t)b>g<ta+
1

. a a
Fira) J, (a0 @+ (o)
X[(1-1)7g(@) + (b)) (ct)”

1 1
f(@)g(a) g |, (-0 (@)°

(1+a) o
1
o | ey

ab
(1-

ab
(1-

o) (@

+[f(a)g(b) + f(b)g(aﬂm

1
b)) g [ (@)
r(1+2a)

= F{ 130y T(@0(@) + fb)g(b)
+Balf(2)g(b) + f(b)g(a)]
(

r(1+2a)
WM a,b) 4 BaN(a,b),

which is the required result.00

Theorem 4.Let f,g:1 c R\ {0} — R? be generalized
harmonic convex functions. If feglﬁa)[a, b], then

29 ¢ 2ab 2ab
riita) \atb/%\arp

(ab)® 1 PE(X) o a
_(b—a)"l'(1+a)/a xea (&)

< BaM(ab) + L1720

r(1+3a)
where Ma,b), N(a,b) and 3, are given by6, 7 and 8
respectively.

N(a,b),

ProofLet f,g be two generalized harmonic convex
functions, witht = 1. Then

2xy f(x)+ f(y)
< .
f<x+y> < > , X,y el
2y - 909 +9(y)
< .
g(x+y> < Sa vx,yel
Letx = g5, andy = rrjar- Then

¢ 2ab <i
at+b/) — 2¢

2ab <i
g at+b/) — 2¢

Thus

¢ 2ab 2ab
a+b 9 a+b

(@roos)  (aoars)|
ab

) o aoers) )

ol
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- i'f ab w ab

= 4a | \ta+(1—t)b (1—t)a+tb
X{g(tzﬂ— 1-t b)+ ( 1- ta+tb)]
_ L

_G_ ta+1tb ta+1tb

2

+f( 1- ta+tb>g< 1- ta+tb)

+f(ta b>g< - ta+tb)

+f( 1- ta+tb>g<ta+ b)}

4i{ (ta—i— 1- tb)g tat ( i tb)

+f( 1- ta+tb>g< 1 ta+tb)
[(1-t)%f(a) +t7f “g(a)+ (1-1)%g(b)]

(b)]
+[t"f(a)+ (1~ )“f(b)][( ¢ (a)+t“9(b)}}-

Integrating ovef0, 1], we have
1 ¢ 2ab 2ab
[(14+a) \a+b g a+b
1 1 /1f ab
49 | F'(1+a)to \ta+(1-t)b
ab o
><g<ta+(1 t >(dt)

1+a < 1- ta+tb>

( 1- ta+tb>
f(

2@ +
Hf(@glb) + (b)o(a)]
L ey

IN

><I'(1+a 0
1{ (ab)“ 1 P1(X)9(9) . \a
- _{(b—a)a Ao s e

+Ba[f(a)g(a) + f(b)g(b)

|
e taato)+ f(ojg(a) |

_ 1/ (ab® 1 P F(X)9(X) ,  \a
_2_"{(b—a)"l'(1+a)/a ea (@)

I(1+2a)
r(1+3a)N(a’b)}’

which is the required result.00

+BaM(a,b) +

D90 s [ -0

Theorem 5. Let f,g: 1 C R\ {0} — R? be generalized
harmonic convex functions. If f@l)go'> [a,b], then

rararh L b (srtiom)

g(ﬁ) (@) (e)° (09°
2“F(1+2a - / f(x

= T(1+3a) 1+a
Ba [M(a,b) +N(a,b)],

(b a)2ax20{
29(I (1+ a))?(ab)2@

where Ma,b),
respectively.

+

N(a,b) and B, are given by6, 7 and 8

Proof. Let f,g be two generalized harmonic convex
functions onl. Then

) < (11T +E(y),

Xy
(tx+ (1-t)y

ety < (- 0%+
Thus

(1-t)y
Xy
(srrizey)? (w )
< [A-t)%F(x) +tf ()} [(1-1)%g(x) +tg(y)]

(-1 (x)g(x) +t*(1-1) [ (x)g(y) +9(x) f (y)]
+H2E(Y)g(Y).

Integrating both sides of the above inequality of@d],
we have

r (11 a) /o1 f (tx+ (XZE/— t)y) g(tx—k (XZE/— t)y) ()

< ﬁf(x)g(x) [a-v=ay
i) / S
+r(11+a)[ 0 f(y)] /Olt“(l—w“(dt)
— e 09900 + F)a00)] + Ba [F0930) + G0 )]

Now, integrating ovefa, b, we have

(I'(liiLLGW/ab/ab/c)lf<tx+(xly—t)y)

)(dt)“(dy)“(dx)“
r(1+2a)

= T (1+3a) 1+a //f

b
+//fygyy X]
a Ja

X Xy
g tx+ (1—-t)y
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b rb
ﬁﬁa[ / / f(X19(y)(@)° (¢ Thus
f< X[2%%) )Q( X[3%] )

o [om } o0z \eras oz

1—|—2£Y — o o zib
T T+3a)( 1+a / flx : [(1_t) F+t f(a+b)]

+/a f(y)a(y)(dy) } X{(l—t)"g(X)th"'g(aZTai)]
b b —(1— 2(:(]:

a0 (o e 2

. o 2 +t"(1—t)°’[f(x)g<m) +g(x)f<m>]
+/9x )(dx) /f )(dy) ] +t2C,f(mb) (Zib)
297 (1+2a) (b— / f(x atb)\atp)

- T(1+3a) ’_ 1+0' Integrating ovef0, 1], we have
+2a(r(?1+a;2;)xi:b)2aﬁa[( (@) + f(b)(g(a) + g(b)] — (28] )
2ab
_ 20’/_(14—20 — / f(x r(l+a) Ozab tx+(1— t)[a+b]
(1+3a I_ 1+O! xg( X[a—s—b} )(dt)a
b— a20!x2a tx+ (1—t)[ 28]

PR Gl Ba [M(a,b) +N(a,b)] +

20 (I (14 a))2(ap)2a " L e

1 a a
< e 00 [ (-0 (@)

which is the required result.O0

Th 6.Let f,g:1 C R\ {0} =R b lized Lo g( &b 2ab /1t2"’(dt)"
eorem .Let f,g: C \{ }—(;) e generalize rita) \atb g atb) /o
harmonic convex functions. If fglx’[a,b], then

N 1 F(%) (Zab)
// ( fitt’, ) I'(1+a) 9\ atp
1+a tx+ (1 gig N 2ab / (9(1_1)a
2ab I'(1+a a+b
xg(%)(oﬂ)“(d@“ rat2a)f, ¢ 2ab 2ab
X = it
. [a+b] r(1+3a) 09909 + (a+b)g(a+b)]
+2a)

f(x 2ab 2ab
ra+3a)r 1+OI / +Ba[f(x)9(m> +9(X)f(m)]-
ri+2a) (b—a“ . .

27 (11 3a) l'(1+or)[ (a,b) +N(a,b)] Now, integrating ovefa, b], we have
(b—a)5 Sii’,
Jr20'1'(14— a)(ab)"Ba [M(20) +N(ab)], 1+a / / tx+ (1 ﬁg
where Ma,b), N(a,b) and 3, are given by6, 7 and 8 2ab
respectively. xg (ﬁ) (dt)® (dx)“
a+
Proof. Let f,g be two generalized harmonic convex r(1+2a)
functions onl. Then FA+3a)T 1+a / f(x
x[23] 2ab r(1+2 1 2ab\ ([ 2ab
() e (22), w+20 / 2\ (28
<tx+(1 t)[22] (A=1)71) a+b +I’(1+3a)l‘(1+a) "\a+p)%\a5p )@
2ab 2ab
vx,—— € l,t € |0,1].
¥arp©" €01 (1+a) (a+b)/ Feo(e0)”
x[ 2] ) ( 2ab) ( 2ab> }
—_— 1-t +t9%( — |,
g(tx+(1 t)[ 2] (1=9%g0)+t% a+b a+b
2ab r(1+2a)
st <
v a+b€| tefo.1] F(A+3a)T 1+a / fx
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8152 ((1_+§)f<;it:))g(§it;)
(

b—a)Ix* Ba <g(a);9(b)><f(a)+f(b))

E‘ )( > (@) +9(b) }
9(a)+g
1+2a >< g ﬂ

(1+3a)T 1+a/f g(x)(d

ril+2a) (b—a)“

ra+3ao)r(1+a)

2% (b —a)x%a g(@) +g(b)\ / f(a)+ f(b)

L @)@y B"( 2% )( )]
eIl

I'(1+2a
(b=2)" \1(ab) +N(ab)

B

+~uﬁ+

(1+3a)

r(1+2a)
49T (143a) T (1+a)
(b_a)aXZC{

29T (1+a)(ab)”
which is the required result.0

+ Ba [M(a,b) +N(a,b)],

Theorem 7. Let f,g: 1 C R\ {0} — R be similarly
ordered generalized harmonic convex functions.

fge 15" [a,b], then

2ab
rararl [ (t—x+)((i[61—+:)][@]>

at+b
[233]

><g(tx+(1

) (cx)
) e

< ﬁ / F(X)g(x) (c)

(b—a)?
m[M(a, b) +N(a,b)],

where Ma,b), N(a,
respectively.

b) and 3, are given by6, 7 and 8

Proof. Let f,g be two similarly ordered generalized
harmonic convex functions dn Then

X[az_a%] a a 2ab
f(m><(l—t) f(x)+t f(ﬁ))’

VX,Zib el,te]0,1].
a+b

[Zab]

Xlath > < a a ( 2ab)
—athl 1-t)%g(x) +t% — ),
g(tx—k(l—t)[%] =107+ o
2ab
VX,mel,te[O,l].

Thus, we have

X[ 5] X[£55]
f (tX+ (1—t)[§%%]>g(tx+ (1—t)[@]>

<f( );f(b))(g(a);g(b)ﬂ < r(1ia)

<@g -1 22 Yo 228

Integrating ovef0, 1], we have

2ab
( a+b
i)
[ 2ab}
)<dt>“
a+b]

a+b
><g(tx—k (1-
1
109909 [~ (@—0)7(e)?

rave (e o) [ @
_ % f(X)g(X)JFf(%J)g(%J)}

Now, integrating ovefa, b], we have

1+a // (tx+ Eﬁ%[ ])

(28]

Xg(tx—k(l—t)[%]

1+or

SR

b
f < ﬁ JARCSECIC

2ab 2ab

+ﬁ/ bf(a—HJ)g(a—m) (0"
1+ 2a) / Flx

(b
+m[f( a) + f(b)][g(a) + 9(b)]

b
- Fa /. e

(b—a)”
m[M(a, b) +N(a,b)],

which is the required result.c0

+

4 Conclusion.

In this paper, we have introduced and investigated a new
class of convex functions, which is called the general
harmonic convex functions. Several new
Hermite-Hadamard type inequalities are derived. Results
obtained in this paper represent significant contribution i
this field. It is expected that results obtained in this paper
may stimulate further research.
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