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Abstract: In the theory of generalized hypergeometric series, dabk¥atson summation theorem play an important role. In 2010
Kim et al. have given two extensions of the classical Watsonrsation theorem. In this note, we aim to provide a new proobhe
of the extended Watson summation formula for the sejftgs
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1 Introduction Ford = 3(a+B+1), (1) reduces to the well known

i ] ) Gauss second summation theoreqh8] viz.
The hypergeometric functions are particular types among

the special functions and can be represented by the
hypergeometric series. These functions have many
applications in mathematical as well as in physical 2F1
sciences. In particular, the classical summation theorems

for the generalized hypergeometric series such as Gauss,
Gauss second, Kummer and Bailey for the serEs
similarly, Watson, Dixon and Whipple for the serigis, . .
play key roles in theory and applications. Bailey I [ 1.2 Extension of Watson summation theorem,
pointed out the several interesting applications by using{4]

the above summation theorems. Further, in 2010, these

summation theorems were extended by K&nal. [4].

a, B.}}: (B (3(a+B+1))
Ha+B+1)'2 r(%(a+1))r(%(ﬁ+1))'(2)

Fs [oul B, v, 5+1_1
In the present study we recall some of results that we sla+f+3), 2y, 6
need for the future development of our proof. _ 2P (y+ HIF(G(a+B+I)M(y—F(a+B+1)
(a=B-1)(a—B+L (3) (a)r(B)
) ) Ay r(3a)r(ip) ﬁl’(%(a+1))l’(%([3+l))
1.1 Extension of Gauss second summation Ty-Sa+Hriy-18+3) " r(y-Sa)r(y-18)
theorem, #] @
provided R¢2y—a — ) > 1.
a, B, o+11 Also, the constantg, andys are given by
3F2 f(a+B+3), o ’2] @
TrGa+B+3)rza-p-1) ) ) oyiq 9B .
F(%(G—B—CB)) yn=ay—a)+B2y—B)—2y+ _T( V—G—B_(4))
1
y ja+p-1-f ol o2 and 4
r3a+1))r(38+1) r(3a)r(3p) r=3a+p+1) -8 )
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For 0 = %(a + B +1), (3) reduces to the classical

Watson summation theorerg] viz. (Bl — r(B+n)
rB)
a, B, v we obtain, after some arrangement
3P (a+B+1), 2y1 ©6)
_ T+ Hri@+p+)riy-i@+p-1) IZF(B)i (@n(BnWn(0+ L )
M+ )M GE+IMy-3a+ ) (y-38+3) (304 38+ 3n(@)n(@)n

provided R&2y— a — B) > — Now summing up the terms of series, we have

B, Y, 0+1,
2a+2[3+2, 2y, o 1. (10)

1.3 Gauss summation theorerg, §] I (B)4Fs

On the other hand, writing®j in the form
2F1

y ry—a)r(y-B) | = (B) (@) (B)n(6+1)n {Zn(V)n}
provided R¢y— a — ) > 0. nZo(%a+%B+%)n(5)n2”n! 2y)n |

Now, using the result), we have

A special case of7) [5, p49]

—In, —in4+1.1 2"(yn _ < (@)n(B)n(d+1)n
ZFl[Z v+t 2’1}‘<2y>n' ® =P T 1813 (On2

It is interesting to mention here that Kimt al. [4] woFy {—%n 12n+ 5. 1}
established the resulB) by using contiguous functions y+3

relation together with Watson summation theor&nand . .
its contiguous result which was obtained by Laveteal. Now, writing oF; as a series, we have after some
[7] and Cho et al.3] established by using[ and [g]. calculation

In this note, we aim to provide a new proof of the [n] .
extended Watson summation theoresh ( ZO (a) (B)n(8+Ln(=3N)m(=3n+F)m

m=0 a+ 23"’ In(d)n2"(y+ )mm!n!'

2 Derivation of (3) Using the identity
In order to derive§), we proceed as follows. Consider the N 1n 1n 1\ nl
integral )om = ") (73 +5 =
we have
_ [Tty a, Yy, o+1
= R ey, 2 st =)

o (3]
(@n(Bln(8+Ln
for Re(f3) > 0. Zmo (Sa+ 3B+ Dn(y+Hm(S)n22™nm! (n—2m)!’

Expressing thgFs as a series and changing the order  Now substitutingn by n+ 2m and making use of the
of integration since the series converges uniformly, weknown result in 8, Eq.8, p57]
have
o [3]

_ZO 5+1) /we_ttﬁ""n_ldt. n=0m=0
a+2[3+ n(2y)n(d)nn! Jo we have

Evaluating the well known gammaintegral and making! = I (B)

C(m,n) = C(m,n+2m),
IR

use of the relation of following Pochhammer symbol with 22 )n+2m (B)nram (04 L)niom
gamma function 20 20 2a+ 1B+ 3)niom(Y+ Hm(S)niom2HH4mmint”
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Using the identity

(B)n+zm= (B)2m(B +2m)n

and after some calculation, we have

— 2m(B)2m (8 +1)om
% U+ZB+ 2)em(Y+ 3)m(3)2m24mmi
(a+2m)n (B +2m)n (d+ 1+ 2m),
o (3a+3B+3+2m)y(8+2m)p 20t

Summing up the inner series, thus we have

(a)2m (B)2m(8+ 1)

=W5>ZO; To 3 1 5m am
=0 (30 + 3B+ 3)2m(Y+5)m(8)2m2*mmi!

% 3F a +2m, B+ 2m, 0+1+2m 1
3 fa+p+3)+2m o+2m 2]

0

We now observe that thegF, appearing can be
computed with the help of 1 and after much
simplification, seperating into two terms and finally

applying (7), we get

1
2

1

—r (@) )F(%H%M%)F(%a— 2
(— —zﬁ—z)

X{%(OH—B v-% athil o }

r(a+ )(B+§) r(za)r(zB)

2
Finally, equating the resultd() and (1), we obtain
the required result3). The new proof of8) is completed.

3 B-1)

(11)

1
za

RemarkBy considering the particular and special cases

one can obtain many relationship between the present

study and another special functions, s& {[ 10)).

3 Conclusion

In this note, an attempt has been made to provide a ne
proof of extended Watson summation formula for the
seriesyF3 due to Kim et al. It should be remarked here
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that whenever generalized hypergeometric functions
reduce to gamma function, the results are important from

the application point of view. We conclude this note by
remarking that as an application, evaluation of finite

single and double integrals are under investigations and

will form a part of our subsequent paper in this direction.
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