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Abstract: The present paper aims to distinguish two graphs associated to KU-algebras. We construct KU-algebras graph using right
zero divisors notion. Properties of right zero divisors in KU-algebras were studied. Moreover, it is proved that the set of right zero
divisors of the identity element is a quasi R-prime ideal, whereas the sets of right zero divisors of all other elements are not quasi ideals.
A condition is given for a graph to be a star and a complete graph. Then, we show that the diameter of a right zero graph of KU-algebras
is two at most. Finally, graph isomorphism has been considered. It has been shown that KU-algebras graph constructed in this paper is

not isomorphic to the KU-algebras graph constructed using KU -annihilator.
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1 Introduction

The study of graphs was established to represent relations
between objects. Many researches have been conducted to
connect graph theory and algebraic structure as
commutative rings (see for example [1-4] and algebras
(see [5-8]) where the associated graphs for
BCK /BClI-algebras, IS-algebra, UP-algebras and hoop
algebras were studied. In [9], Beck was the first to
introduce the idea of coloring a commutative ring. Then,
many researches were devoted to the subject with
modification to the definition of the zero divisors, see
([10-18]).

In [19], Mostafa et al. addressed the graph of

commutative KU-algebra, X based on the KU -annihilator
of a subset S of X defined as the set
{xeX:(xxs)*s=0, forall s € S} and the graph of
equivalence classes.
Most studies in graph theory address simple graphs. A
simple graph is a graph with no loops and the edge that
connects two pairs of vertices is unique. A simple graph
is considered complete if each distinct pair of vertices is
connected by an edge. If no edges exist in a graph, then
the graph is empty ( [20]).

In this paper, we investigate zero divisors simple
graphs of KU-algebra. Typically, right zero divisors as the
set of left zero divisors is empty-as we will check it- and

so the graph associated to it is an empty graph. Moreover,
we show that right zero divisors graphs are connected
graphs, i.e. any two of its vertices are joined by a path.
We give a condition for the right zero graph to be a star
and to be complete. Moreover, we find the diameter
which is the greatest distance among all minimal paths
between each pair of vertices. Several properties and
illustrating examples are presented throughout the paper.

2 Preliminaries

We start by recalling basic definition.

An algebraic structure (X, x,0) of type (2,0) is said to be
a KU-algebra if

(1) (Vx € X)(xxx=0),

2) (VxeX)(xx0=0),

3) (VxeX)(0xx=x),

4) (Vx,z € X)(x*z=0and z*x= 0 imply x = z),

) (Vx,3,z € X)((x+2) # ((zxy) * (x*y)) = 0).

X will denote a KU -algebra. Define a partially ordered
relation on X by x < z if and only if zxx = 0. Then, 0 < x,
so X is bounded. Having x < z implies x*y = zxy. (We
refer the reader to [21-23] for more information on KU -
algebras).
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Definition 2.1. Let J be a non empty subset of X. We say
that J is an ideal of X if 0 € J and (Vx,z € X)(if zxx €
Jandx €J, thenz € J).

Definition 2.2. For a non empty subset S of X,

left zero divisors are the set

L(S)={xeX:xxs=0, forall s € S}

and right zero divisors are

R(S)={xeX:sxx=0, forall s € S}.

Definition 2.3. Let J be a non empty subset of X. We say
that J is a quasi-ideal of X if

(VzeX)(Vxel), ifzxx=0, thenz € J.

Definition 2.4. Let J be a proper quasi-ideal of X. Then, J
is called a quasi L-prime ideal if
(Vx,z € X), if L({x,z)} C J, thenx € Jorz € J.
Similarly, a quasi R-prime ideal if

(Vx,z € X), if R({x,2)} CJ, thenx € Jorz e J.

3 Left and right zero divisors in KU-algebras

It is obvious from the definition of KU-algebra (2) that
R({x,z}) # ¢. Moreover, R({x,0}) = {0}. Denote the set
of all left and right zero divisors of an element x € X by
£, and ‘R, respectively, i.e.

Le={zeX:L{x,z})={0}}

R, ={z€X:R({x,z}) ={0}}.
Lemma 3.1. If J is a proper quasi-ideal in X, then O is not
inJ.
Proof. Let J be a proper quasi-ideal containing 0. Then,
having x*0 =0 (Vx € X) implies x € J (Vx € X) and so
J = X which gives a contradiction. Thus, 0 € J.

Example 3.1. Consider the KU-algebra (X;*,0) where X
is the set {0,1,2,3} and the operation * is presented in
Table 1.

Table 1: Cayley table

+]0 1 2 3
0[0 1 2 3
1{0 0 1 3
200 0 0 3
300 1 2 0

Then, J = X is a quasi-ideal containing 0, whereas
I =1{0,1,2} is not quasi-ideal. All possible proper quasi-
ideals are {1,2,3}, {1,2},{2,3},{2} and {3}.
Moreover, they are L-prime quasi ideals and R-prime
quasi ideals in X as Definition 2.4 is satisfied. See Table 2
where the left and right zero divisors for each pair are
found. Then, for any element x € X, the set of all left zero
divisors, £, = ¢ and the set of all right zero divisors of
0,1,2 and 3 are Ry = {1,2,3},7R; = {0,3}, R, = {0,3}
and 93 = {0, 1,2}, respectively.

Table 2: Left and right zero divisors for each pair {x,z}

{xzh | L{xz}) | R({xz2})
{01y 1 {1,2} {0}
{0,2} {2} {0}
{0,3} {3} {0}

{1,2} {2} {0,1}
{1,3} ¢ {0}
{2,3} ¢ {0}

Remark 3.1. For any two distinct elements x and z in X,
L({x,z}) # {0} and so £, = ¢.

The set of all left zero divisors is empty. Thus, this
paper is devoted to exploring right zero divisors starting
with the following properties.

Lemma 3.2. Let S be a non empty subset of X. Then
R(S) = NyesR({s})-

Proof. Since § = J,c{s}, then

R(S) = R(Uses{s}) = Nies R({s})-

Proposition 3.1. [5] Let S be a non empty subset of X.
Then,

(1)S C L(R(S)) and S C R(L(S)),

(2) L(S) = L(R(L(S))) and R(S) = R(L(R(S)))-
Proposition 3.2. [5] If S| and S, are non empty subsets of
X such that §1 C S5, then

R(S2) CR(S)).

Proposition 3.3. If S; and S, are non empty subsets of X
such that §| C S5, then

(D R(S1NS2) =R(S1),

Q) R(S1US2) = R(S2).

Proof. Straightforward

Proposition 3.4. If S; and S, are non empty subsets of X
with S| NS, # @, then the following is true:

(1) R(Sl ﬂSz) D) R(Sl) UR(Sz),

) R(S[ USz) :R(Sl)ﬁR(SQ).

Proof. (1) We know that S; NS, C Sy and S NSy C S5.
Using Proposition 3.2, we have R(S;) C R(S; N S,) and
R(Sz) CR(S; ﬂSz). Thus, R(Sl) UR(Sz) CR(S; ﬂSz).
(2) On one hand, we know that §; C S{ US> and S» C S1U
S». Using Proposition 3.2, we have R(S;US,) C R(S;) and
R(Sl US2) C R(S2). Thus, R(S; USZ) - R(Sl) ﬂR(Sz). On
the other hand, let x € R(S;) NR(S>). Then, §*x = 0 for
all s € S; and §xx = 0 for all § € S,. Thus, s*x = 0 for all
s € S1US,. Hence, x € R(Sl USz).

Lemma 3.3. Let x,z € X such that x*z = 0. Then,
R({z}) € R({x}).
Proof. If m € R({z}), then z+m = 0. Having z < x, we get
xxm < zxm and so xxm < 0. That is, 0% (x*m) = 0. It
follows from the definition of KU-algebra (3) that x «m =
0. Therefore, m € R({x}).

The converse of Lemma 3.3 is untrue in general as
proved by the next example.
Example 3.2. Consider the KU-algebra (X;*,0) where X
is the set {0,1,2,3,4} and the operation x is given by
Table 3:

@© 2021 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 15, No. 1, 17-22 (2021) / www.naturalspublishing.com/Journals.asp

Table 3: Cayley table

«|0 1 2 3 4
oo 1 2 3 4
1{o 1 2 3 4
200 0 0 3 4
310 1 2 0 4
410 1 2 3 0

We have R({1}) = {0} € {0,3} = R({3}) while 3 %
140.

Lemma 3.4. Forall x € X and z € X \ {0}, if xxz =0, then
Ry CR,.

Proof. Let x € X and z € X \ {0}. Suppose that m € R,.
Consider R({m,z}). We know that 0 € R({m,z}).Then,
using Lemma 3.3, we have R({m,z})=
R({m}) 1 R({z})S RUmDOR({x})= R({m,x}) = {0}.
Thus, R({m,z}) = {0}. Thatis, m € R,.

In general, the converse of Lemma 3.4 is untrue as
shown in the next example.

Example 3.3. Consider the KU-algebra (X;*,0) where X
is the set {0,1,2,3,4,5} and the operation * is presented
in Table 4.

Table 4: Cayley table

* 0 1 2 3 4 5
o0 1 2 3 4 5
1{fo o 2 3 2 3
210 1 0 2 1 4
3]0 1 0 O 1 1
410 0 0 2 0 2
5/)0 0 0 0 O O

Then, R4 = {0} C {0,1} = N3, but4*x3=2#0.

Theorem 3.1. For any x € X \ {0}, 2, is not quasi ideal of
X. Moreover, if Ry is maximal, then it is a quasi R-prime
ideal.

Proof. Suppose for all x € X \ {0}, R, is a quasi ideal.
Then, (Vx € X \ {0})(Vz € R,) with x*z = 0 implies
x € PR, which is a contradiction. Thus, R, is not quasi
ideal.

Now, leta € X \ {0} and b € Ry with a b = 0. Then,
R({0,a}) = R({0}) N R({a}) = R({0}) = {0}. Hence,

a € Ry, so Ry is a quasi ideal of X.

Suppose that R is maximal and let a,b € X such that
R({a,b}) CRp. As 0 ¢ Ry and 0 € R({a,b}), then it does
not exist R({a,b}) where R({a,b}) C Ro. Thus, Ry is R-
prime.

4 Right Zero divisors graph

In graph theory, a graph is a pair (V(X),P(X)) where
V(X) the set of vertices are the elements of X which are
connected by edges P(X).

Definition 4.1. A right zero divisor graph of X is a graph
where the vertices are the elements of X and an edge
exists between two distinct vertices x and z if and only if
R({x,2}) = {0}.

As the graph under study is simple and indirect, we
have the following corollary.

Corollary 4.1. For x,z € V(X), the relation “there is an
edge between two distinct vertices x and 7 is irreflexive
and symmetric. Moreover, it is intransitive as in Example
3.1 Table 2, we have R({2,3}) {0} and

R({3,1}) = {0}, but R({2,1}) # {0}.

The following
Definition 4.1.

Theorem 4.1. In right zero divisor graphs, an edge exists
between two distinct vertices x and z if and only if x € R;.

Corollary 4.2. In KU-algebras, £, = ¢, for all x € X, so
no edge exists between any two distinct vertices x and z.
On the contrary, in right zero divisor graph, an edge exists
between every vertex x € X \ {0} and 0.

Thus, we have the following.

theorem follows directly from

Theorem 4.2. A left zero divisor graph of KU-algebras is
an empty graph. Moreover, it is a disconnected graph.
Theorem 4.3. A right zero divisor graph of KU-algebras
is a connected graph.

Theorem 4.4. If R, = {0} for all x € X \ {0}, then G(X)
is a star graph.

Proof. Using Corollary 4.2, we know that for all x € X \
{0} there is an edge 0 — x and deg(0) =| X | —1 as Ry =
X\ {0}. Since %R, = {0}, then there is an edge x — 0 where
deg(x) =1,Vx € X \ {0}.

Example 4.1. Consider the KU-algebra (X;*,0) where X
is the set {0,1,2,3,4,5} and the operation * is given by
Cayley Table 5.

Table 5: Cayley table

|0 1 2 3 4 5
0[0 1 2 3 4 5
1{o o0 2 2 45
210 0 0 1 4 5
3/0 0 0 0 4 5
410 0 0 1 0 5
510 00 0 00
Then,  R({0,1}) = R({0.2}) = R({0,3})
R({0,4}) = R({0,5}) {0}
R({1,2}) = R({1,3}) = R({1,4}) = R({1, 5}) = {0, 1}
R({2,3}) = R({2,4}) = R({2,5}) = R({3,4})
© 2021 NSP
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Fig. 1: The graph of the right zero divisors of X
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Fig. 2: The graph of the right zero divisors of X

R({4,5}) = {0,1,2} and R({3,5}) = {0,1,2,3}. Thus,
Ro= {1,2,3,4,5} and R = Ry= R3= Ry= Rs5= {0}
Thus, the graph of the right zero divisors of elements of X
presented by Figure 1 is a star graph.

Theorem 4.5. If %R, = X \ {x}, for all x € X, then G(X) is
a complete graph.

Proof. Straightforward.

Example 4.2. Consider the KU-algebra (X;,0) where X

is the set {0,1,2,3} and the operation x is presented in
Table 6.

Table 6: Cayley table

«[0 1 2 3
0[0 1 2 3
1o 0 2 3
200 1 0 3
310 1 2 0

Then, we have, Ry = {1,2,3},R; = {0,2,3},R, =
{0,1,3},%3 = {0,1,2} and the graph of the right zero
divisors of elements of X is given by the complete graph
in Figure 2.

Theorem 4.6. The diameter of a right zero divisor graph
of X is two at most.

Proof. Let a,b € X. Then, either a € R, ora &€ Ry,. If a €
Ry, then we have an edge a — b. If a € R, then there exists
apath a —0—b. Therefore, the maximum distance between
a and b is two. The theorem is proved.

S Graph isomorphism

For algebras X and Y, two graphs G(X) = (V(X),P(X))
and G(Y) = (V(Y),P(Y)) are isomorphic if and only if
(1) There is a bijection /i : V(X) = V(Y),

(2)If a,b € V(X) such that b € R, then fi(b) € Ry,
Lemma 5.1. Let G(X) and G(Y) be two isomorphic
graphs. Then, if h(x) = z, then A(Ry) = R, (for all
xeV(X),zeV(Y)).

Proof. If hi(x) = z, then h(NR,) = Ry = K.

Example 5.1. Consider two KU-algebras (Xi;%i,0),
(X2;%2,0) where X = X
={0,1,2,3,4} and the operations x| and *; are presented
in Table 7 and Table 8, respectively.

Table 7: Cayley table

*1 | 0o 1 2 3 4
o(0 1 2 3 4
110 0 0 0 1
210 3 0 3 4
300 1 2 0 1
410 0 0 O O
Table 8: Cayley table

» [0 1 2 3 4
o(0 1 2 3 4
1 0O 0 2 3 3
210 1 0 1 4
310 0 O O 3
410 0 0O O O

R({0,4}) = R({2,3}) = {0},
R({1,2}) = R({2,4}) = {0,2},
R({1,3}) = R({3,4}) = {0,3} and
R({1,4})={0,1,2,3} and so

Ry = {1525354}5%2 = {0,3},%3 = {052} and
R =Ry = {0}. Thus, the graph of the right zero divisors
of the elements of X is presented in Figure 3.

Similarly, we have the following in X5,

R({0,1}) = R({0,2}) = R({0,3}) = R({0,4}) =
R({1,2})={0},

R({2,3}) = R({2,4}) = {0,2},

R({1,3}) =R({1,4}) = {0, 1} and
R({3,4})={0,1,2,3} and so
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Fig. 3: The graph of the right zero divisors of X
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Fig. 4: The graph of the right zero divisors of X»

9%() = {1,2,3,4},95&1 = {0,2},9%2 = {0,1}, and
M3 = Ry = {0}. Thus, the graph of the right zero divisors
of elements of X, is given by Figure 4 which is an
isomorphic graph of Figure 3 as there exists a bijection /2
such that 1(0) = 0,h(1) = 3
n2) = 2,A3) = 1 and R(4) = 4 and
ﬁ(mo) = Dio,ﬁ(ml) = 9‘{3,h(£¥{2) = %z,h(ﬂ%) = 9‘{1 and
h(R4) = Ra.

Although the KU-graphs constructed in [19] using
KU-annihilator are identical to the graphs constructed in
this paper using right zero divisors, they are not
isomorphic. Recall the following structural property of
the former graph.

Theorem 5.1. [19] The diameter of KU-graph in which
two distinct elements are adjacent if and only if (zxx)*x =
0 is three at most.

Thus, Theorem 4.6 and Theorem 5.1 indicate that the
diameter of the graphs is not preserved. Since graph
diameter is invariant under graph isomorphism, it follows
that the graph of KU-algebras constructed using
KU -annihilator and the graph of KU-algebras constructed
using right zero divisors are not isomorphic, which results
in the following:

Corollary 5.1. For KU-algebras X, where G(X) is the
graph constructed using KU -annihilator and G(X) is the

graph constructed using right zero divisors, we have
diam(G(X)) # diam(G(X)). Hence, these two graphs are
not isomorphic.
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